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Abstract

The main objective of this thesis is an analytical study of the blow-up of solutions for
certain pseudo-parabolic equations. In the first study, we focused on equations with
source and damping terms with fixed exponents. To prove the blow-up, we used the
method of differential inequalities. In the second study, we highlighted pseudo-
parabolic equations with variable exponents. By also using differential inequalities, we
obtained the blow-up of the solution. Finally, we study the blow-up of solutions for
pseudo-parabolic equations with variable exponents in the presence of a matrix with
variable coefficients.

Keywords: Blow—up , pseudo-parabolic equation , Lower bound , upper bound
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Résumé

L'objectif principal de cette mémoire est une étude analytique de I'explosion des
solutions pour certaines équations pseudo-paraboliques. Dans la premiere étude, nous
nous sommes concentrés sur les équations avec des termes de source et
d'amortissement avec des exposants fixes. Pour prouver I'explosion, nous avons utilisé
la méthode des inégalités différentielles. Dans la deuxieme étude, nous avons mis en
lumiere les équations pseudo-paraboliques avec des exposants variables. En utilisant
également les inégalités différentielles, nous avons obtenu I'explosion de la solution.

Enfin, nous étudions |'explosion des solutions pour les équations pseudo-paraboliques
avec des exposants variables en présence d'une matrice avec des coefficients variables.

Mots-clés: Explosion, équation pseudo-parabolique, borne inférieure, borne
supérieure
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General Introduction \

In all this work
*T>0
* () is a bounded domain in R"(n > 1), with smooth boundary 0f2.

Consider the initial boundary value problem

v(z,t) = 0, on 09 x (0,00), @Y

v(z,0) = wvo(x), x €, 2
for a linear operator differential equations
(1+ Lo(x)) vy + Li(z)v = f(t,z,v), inQ x (0,00) 3)

where Ly(z) and L, (z) are second-order partial differential operators.

Examining the possibility that some evolution problems’ solutions blow up in finite time is why

we are interested in this work. We are then in the presence of a local time, but not globally.

A variety of nonlinear evolution equations exhibit the blow-up phenomenon. It happens for hy-
perbolic equations,Schrédinger equations, parabolic equations as well as pseudo-parabolic equa-
tions. In this work, we shall deal only with pseudo-parabolic equations.

For the first initial boundary value problem, operators Ly(z), L;(x) have the form Ly(z) = Ly(z) =
—A (A is the Laplacian in z) and f(¢,z,v) = v”. For the second initial boundary value prob-
lem Lo(z) = —A, Li(z) = ApnyDrizy Ay = div(|Vo|" @2 Vo) is th r(z)-Laplacian in z) and
F(t,z,0) = [v]"™ 2 0. For the third problem Lo(z) = —A, Li(t,z) = div(A(z,t) |Vo|[" @2 Vo)
and f(t,z,v) = [v]'™ 2 0.

Historiography.

Many problems of thermodynamics, hydrodynamics, and filtration theory lead to equations of

type 3. Let us consider some examples.

1. C. G. Rossby [39] considered one of the earliest equations of type (3) in 1939. It is in the form

ADyw + BDg,u =0, n=2 4

It first appeared in research on how certain kinds of ocean waves move. In the literature, it is




now referred to as the Rossby wave equation, where A represents the Laplacian in x.

2. S. L. Sobolev’s equation [44] considered in the study of small oscillations of a rotating ideal
fluid is

AD}v+w?D} u= f(t,z), n=3 (5)
( g is the angular velocity). S. L. Sobolev developed some new mathematical physics problems in

addition to studying the Cauchy problem and the first and second boundary value problems for
this equation. This was the first comprehensive analysis of equations that were not solved for the

maximum derivative in terms of time. This is why now (5) is called the Sobolev equation.

3. In 1960, G. I. Barenblatt, J. P Zheltov and I. N. Kochina [5] examined one of the first equations
of type (3). It has the form

(ﬁA—l)DtU—l—ﬁA’U:f(t,l'), n=3 (6)

It explains why uniform liquids seep through fissure rocks( A is the Laplacian in x).
Moreover, the equation (6), for n = 1 appeared in other physical papers unrelated to seepage

problems (see, for example, [11], [12]).

4. For the problem of non-stationary processes in semiconductors in the presence of sources, the
following equation was found
Dy — ADyw — Av = f(v), (7

the term Awv, — v; represents the rate at which the free electron density changes, while Av rep-
resents the linear dissipation of the free charge current. The source term f(v), which can be
expressed as either f(v) = v*~! or f(v) = |v[’ *v, represents a source of free electron current (

see [24])
5. Studying the aggregation of populations leads to the equation

1
= pvi = B8 = [off ¢ [ ol ®
Q

the function v(z,t) is utilized to denote the density of the species at a particular position = and
time ¢. The rate of reproduction is defined as the reaction term |v|” — & [, |[v|” dz. The nonlocal
term [, [v|” dz can be used to express how, as a result of spatial inhomogeneity, the evolution
of a species at a given point in space depends not only on the density close by but also on the
mean value of all species present (see [21][10][34]). Nonlocal reaction terms can also be used
to characterize the behaviors of cancer cells in response to therapy or the Darwinian evolution of

a structured population density (see [29][28] ).




The appearance of equations of type (3) - which are also known as Sobolev-type equations or
Sobolev-Galpern-type equations, was first introduced by S. Sobolev[32]- in many physical ap-
plications simulated the interest of mathematicians in them. Sobolev-type equations have taken
several different paths since the 1950s. In particular, the qualitative behavior of solutions to cer-
tain initial boundary value problems has been examined in conjunction with spectral problems.
A general theory of boundary value problems for those equations was constructed, and it was the

subject of numerous papers.

H. Di’s, X. Zhu’s, M.I. Vishik’s, G. I. Eskin’s, S. A. Galpern’s, Y. Zheng’s, J. Zhou’s, Pavlov’s, R. Z.
Xu’s, B. K. Romanko’s, R. E. Showalter’s, A. G. kostyuchenko’s and other works were devoted to
the construction of a general theory of boundary value problems for Sobolev-type equations (see,
for example, the bibliography in [46][14]).

Object, method, and aim.

The object of this work is to answer the questions usually posed in the study of the blow-up
phenomenon, which includes which solutions blow up and where and how they do. We use
a differential inequality technique. The essence of the method is to show that G = ||v|| Hi(@)
satisfies a differential inequality which leads to blow up in finite time. This method is used
in([14][25][31] [331[38]...). The first goal considers the study of the blow-up of solution for
the nonlinear pseudo-parabolic equation with damping and source terms. The second goal is
also centered on the study of these problems for the nonlinear pseudo-parabolic equation with
damping and source terms of variable-exponent types. The third one is to prove that the solution
of the pseudo-parabolic equation with damping and source of variable-exponent type with the

presence of a matrix, blows up in finite time.
Contents.

The monograph contains four chapters, except Introduction and References. The first chapter is
auxiliary and contains useful later facts about functional analysis, variable exponent space, and
function theory. In the second chapter, we consider the following pseudo-parabolic equation

with source and damping terms

( vy — Av — Avy = 0P, in Q x (0, 00),
v(z,t) =0, on 0f) x (0,00),
\ v(z,0) = vo(x), x € €,

where p > 1. First, we present the theorem of the existence of a solution. Next, we show that the




energy is decreasing and we use some assumptions for initial data to prove a blow-up result. In
the third chapter, we consider the following nonlinear pseudo-parabolic equation with damping
and source terms of variable-exponent types

(v, - div(|Vo|" ™2 Vo) — Av, = |v|f® 20, in ©Q x (0, 00),

v(z,t) =0, on Jf) x (0,00),

| v(x,0) = vo(x), x €,

where r(.) and p(.) are measurable functions. First, we present the result concerning the existence

of the local solution of this system. Next, we show that the energy is decreasing, and by some
assumptions for the variable exponents 7(.),s(.), and the initial data, we obtain the blow-up
results. In the fourth chapter, we consider the following nonlinear pseudo-parabolic equation

with damping, source, and with presence of a matrix with variable entries in the divergence
operator

vy — Avy — div(A(z, 1) [Vo" D2 Vo) = [o]*@ 2, in Q x (0, 00),

v(z,t) =0, on JN x (0, 00),

| v(z,0) = vo(z), x € (),

where A(z,t) = (a;j(x,t));; is a matrix that satisfies some conditions to be specified later. We
assume that the conditions on p(x) and r(x) given in Chapter 3, hold. First, we present the result
concerning the existence of the local solution of this system, then we show the usual energy is
decreasing. After that, we use some assumptions for the variable exponents (.), s(.), the initial
data, and the matrix A(.,¢) to prove that the solution becomes unbounded at a finite time 7', and

find an upper bound for this time with a negative initial energy




Chapter 1
Auxiliary material

Elements of Functional Analysis - Variable Exponent Spaces - Important Lemmas - Notion
of blow-up.

In this chapter, We specify some of the symbols we will constantly use throughout the memory
and recall some basic notions about differential operators, elements of Functional Analysis,

Variable Exponent Spaces, and the notion of blow-up. For more information see [41] [15] [8].

1.1 Elements of Functional Analysis

1.1.1 Basic Notations and Facts

* The gradient of a function  is defined by:

n 2
gradu = Vu = < Ou Ou Ou ) , then |Vu|* = Z <8u) . (1.1)

Oxy Oxy’ 7 Oxy, — ox;
1=

* The divergence of a function u is defined by:

divu-V~u-§—£+§—i+...+§i—;gJZ (1.2)
* The Laplacian of u ; ; ; .
Au:g—;g—kg—;g—k...—kgxg - iﬂg—;;. (1.3)
* A, (y) is the so-called r (x)-Laplace operator defined as
Ay = div(|Vu| 72 Va), (1.4)

7



Chapter 1. Auxiliary material

* If v has continuous partials up to the order % (included) in the domain €2, we say that u is of
class C* (Q),k > 1. The class of functions that are continuously differentiable with any order in
() is represented by C™ ().

* Ck(Q),0 < k < oo denotes the vector subspace of the compactly supported C* () functions in
Q.

* The space C§° (©2)which we will also note D (£2), is called the test function space on 2.

* An operator A is called linear, if A(Az + py) = MNAz + pAy for any z,y € D(A) and for any
A e R ()

Lemma 1.1 Let u and v two functions of C'(Q), for all : 1 <1i < n we have

ou
azivdx = —/
Q 0

Where 7,(z) = cos(n, z;) cosinus direction of the angle between external regulator on 0f2 in z

v udxr + /vumds (1.5)
al’i
a0

point and axis of z;

Corollary 1.1 ( Green’s Formula). Let € be a bounded open of class C*. Then for all functions
u € C*(Q) and v € C* () we have

ou

/Au (x)v () de = an (x)v (z)dl — /Vu(:c).Vv(a:)d:c, (1.6)

Where g—z = Vu(z) - n(x) (normal derivative of ).

1.1.2 Norms and Banach Spaces

Definition 1.1 : Over the scalar field R or C, let X a linear space . A real function that satisfies the

following properties for every x,y € X and every scalar \ is called a norm in X

1. ||z|| > 0; ||z|]| = 0 if and only if z = 0 (positivity)
2. Azl = |A] ||z (homogeneity)
3. lz+yll < |lz|| + ||yl (triangular inequality)

Definition 1.2 : A linear space X with a norm is called a normed space.With a norm determined by

the distance between two vectors, which is given by

d(z,y) = ||z =y

1.1. Elements of Functional Analysis [
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which makes X a metric space and allows us to define a topology in X and a notion of convergence

in a very simple way.

Notation 1.1 : A normed space in which every Cauchy sequence converges is called complete and

deserves a special name.

Notation 1.2 : Banach space is the name given to a complete, normed linear space.

Definition 1.3 : XY linear spaces, endowed with the norms X and Y, respectively, and let F :
X — Y. We say that F is continuous at x € X if

1F(y) = F(2)lly =0 when [ly — x| x
or; equivalently, if, for every sequence {z,,} C X,
[2m — xlly — 0 implies |[F(zn) — F(x)|ly — 0
*If F is continuous at every x in X, then it is continuous in X. Specifically:

Proposition 1.1 [41]. Every norm in a linear space X is continuous in X.

Notation 1.3 : A few illustrations are necessary.

Spaces of continuous functions: Let X = C(A) represent the set of continuous functions (real

or complex) on A, where A is a compact subset of R" that has the norm

1 lleeay = max /] (1.7)
A sequence { f,,} converges to f in C'(A) if

mE’X |fm - f‘ — 0

in other words, if f,, converges to f in A uniformly. C'(A) is a Banach space because a uniform
limit of continuous functions is continuous.

1.1. Elements of Functional Analysis €]
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Summable and bounded functions: Let p a natural number and €2 an open set in R". The set
of functions f such that | f|” is Lebesgue integrable in 2 is denoted by X = L?(0Q).

Equipped with the norm
<1 o) = (JolcP)” (1.8)

LP(§2) becomes a Banach space when equipped with the norm

Definition 1.4 Let X = L*> () the set of essentially bounded functions in §). Remember that if there
exists M such that
lf (z)| <M a.e.on ) (1.9)

then f : Q — R (or C) is effectively bounded.

The essential supremum of f is the infimum of all numbers M having the property (1.9), and it
is represented by
1l () = esssup|f ()] (1.10)

11l oo (@) 18 @ norm in L*°($2), and L*>(2) becomes a Banach space

Lemma 1.2 (Young’s Inequality). Let p,r €]1,00[,s > 1 such that 1 = % + 1. Then, for all

1
p
a,b >0, we have

< — 4+ — (1.11)

By taking s = 1. It follows that for any € > 0, we have
ab < ea” + c(e)V', where c¢(e) = 1/r(ep)».

For p = s = 2, it comes
b2
ab < ea® + —.
4e

Lemma 1.3 (Holder’s Inequality).  Let p,r €]1,00[ such that ; + = 1. If f € L?(Q) and
g € L"(Q), then fg € L'(Q) with
1fglly < WA, Mgl (1.12)

By taking p = q = 2, we obtain the Cauchy-Schwargz inequality

1fglly < W fll2 [lgll (1.13)

1.1. Elements of Functional Analysis



Chapter 1. Auxiliary material

1.1.3 Hilbert Spaces

Definition 1.5 : Let X a linear space over R. An inner or scalar product in X is a function
(L): X xX—>R

with the following three properties. For every x,y,z € X and scalars \, i € R:

1. (x,z) > 0and (z,z) =0ifand only if x = 0

2. (z,y) = (y,2)

3.(ur + Ay, 2) = p(,z) + Ay, 2)

A linear space endowed with an inner product is called an inner product space.

An inner product induces a norm, given by:
2]l = v/ (z, z) (1.14)

Definition 1.6 Let H an inner product space. We say that H is a Hilbert space if it is complete with
respect to the norm (1.14), induced by the inner product.

Example 1.1 R” is a Hilbert space with respect to the usual inner product

(X, Y)pn = XY = szyl, (1, s ), Y = (Y1, ey Yn)

The induced norm is
x| = (Zx ) (1.15)

Example 1.2 L2 (Q) is a Hilbert space (perhaps the most important one) with respect to the inner
product
(U, 0) 2y = /uvdw (1.16)
Q
If 2 is fixed, we will simply use the notations (u,v) instead of (u,v);», and [[u] instead of

Hu||L2(Q)

Definition 1.7 ( Weak Derivative ) Let @ C R" be an open set. Assume that and u € L, (). Let
a = (a1, g, ..., a,) € N™ be a multi-indice. If there exists g € L}, (Q) such that

aal—i-ag,...—&-ocnw al1+tas,...fo 0
U de = ()M [gde, W € GR(Q)
5 Q

0Ygy...0%x,

then g is called a weak partial derivative of u of order «.
The function g is denoted by D!®lu or by

8a1+a2,...+o¢nu
0% x1...0%Nn 1,

1.1. Elements of Functional Analysis
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Definition 1.8 (Sobolev Spaces) Let m,p € N. We define the constant exponent Sobolev space
WmP(Q) as follows:

WmP(Q) = {u € LP(Q) such that D*lu € LP(Q) with |a| < k}.

where |a| = a1 + ag, ... + «, equipped with the following norm

lellymagy = lull oy + Y I1D%ull g (1.17)
0<|a|<m
Clearly
Wor(Q) = LP(Q)
and

WP (Q) = {u € LP(Q) such that Vu exists and Vu € LF(Q)} (1.18)

equipped with the norm
||u||wl<p(9) = “u”LP(Q) + ||VU’||LP(Q) (1.19)

we denote H*(Q) = WH2(Q).
Definition 1.9 The space W'%(2) equipped with the norm
lull = llull® + | Vu|® (1.20)

and the inner product
(u,v) i1 = (4, 0) 2 + (Vu, Vv) s (1.21)

is a Hilbert space.
* Let Q C R". We introduce an important subspace of H!(Q)
Definition 1.10 We denote by Hj () the closure of D(2) in H'(2).

* The following Poincaré inequality represents a significant property of H}(Q2), which is especially

helpful when solving boundary value problems.

Theorem 1.1 ( Poincaré’s inequality)[41]. Assume that the domain €2 C R"™ is bounded. There

exists a positive constant C,, (Poincaré’s constant) such that, for every u € H; ()

lull < Cp [Vull (1.22)

1.1. Elements of Functional Analysis
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1.2 Variable Exponent Spaces

1.2.1 Lebesgue Spaces With Variable Exponents
Definition 1.11 The Lebesgue space L") (Q) is defined by

LPY(Q) = {u : Q — R is measurable in Q) : / IAu(2)]P™ dx < oo for some A > 0}
Q

where p is a variable-exponent
L) (Q) is endowed with the following Luxembourg-type norm

p(z)
mefﬂﬁ{k>0:/1L> <mg1}
Q

Lemma 1.4 If p(.) = p, where p is constant. Then

:
full, = ([ 1o da:);’

2

ifp=2

el = / jula)| dx
Q

In order to obtain the Poincaré inequality in the variable case, we now introduce the most crucial

condition on the variable exponent, known as the log-Hoélder continuity condition:

Definition 1.12 We say that a function r : Q — R is a log-hdlder continuous on §, if there exists

constant a > 0 such that for all 0 < § < 1, we have

—a

= ——— forall z,y € Qwith |z —y| <. (1.23)
log |z —y|

r(z) —r(y)]
Theorem 1.2 [15] If r : Q — [1, 00 is a measurable functions, then L"™)(Q) is a Banach space.
* These are the Young’s and Holder’s inequalities, just as they are in the case of constant exponent.

Lemma 1.5 (Young’s Inequality)[15] Let p,r,s > 1 be measurable functions defined on €) such
that

1
= + , fora.ex €.

1.2. Variable Exponent Spaces
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Then, for all a,b > 0, we have
(ab)s(') _ (a)p(-) (b)r(-)
s() = p()  r()

By taking s = 1 and 1 < p,r < oo, it follows that, for any ¢ > 0, we have

ab < ea? + c(e)b, where () = 1/r(ep)».

For p = s =2, it comes
b2
ab < ea® + —.
4e

Lemma 1.6 (Holder’s Inequality )[15] Let p,r,s > 1 be measurable functions defined on {2 satis-

fying
1 1 1
= + , fora.ex €.

s(z)  plx)  r(z)
If f € LPO(Q) and g € L™(Q) then fg € L*Y)(Q) and

1 9llscy < I f 1o gl - (1.24)

Case p = q = 2 yields the Cauchy-Schwarsz inequality.

1.2.2 Sobolev Spaces With Variable Exponents

The Sobolev space is a vector space of functions with weak derivatives. One motivation for
studying these spaces is that solutions of partial differential equations belong naturally to Sobolev
spaces. In this section, we define the variable exponent Sobolev spaces and cite some important

properties and results related to this class of spaces.

Definition 1.13 Let m € N. We define the variable exponent Sobolev space W™P(2) as follows:
WmrO(Q) = {u € LY (Q) such that D'*lu € LPY)(Q) with |a] < k}.
where |a| = a; + ao, ... + «,, equipped with the following norm

||U||Wm,p(-)(9) = HUHLP(»)(Q) + Z ||Dau||LP(»)(Q) (1.25)
0<|a|<m
Theorem 1.3 The space W™0)(Q) is a Banach space, which is seperable if p is bounded and reflexive
fl<p <p'<oo

Remark 1.1 If p(.) = 2 and m = 1 then we set H}(Q) = W, *(Q)

The version of the Poincaré inequality, in the variable exponent case, is presented in the following

theorem.

1.2. Variable Exponent Spaces
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1.3 Important Lemmas

The version of the Poincaré inequality, in the variable exponent case, is presented in the following

theorem.

Theorem 1.4 (Poincaré’s inequality)[15]. Let Q C R™ be a bounded domain. If p satisfies the
log-Hélder inequality ( 1.23 )on €, then

lull,y < CIVul,, , forallue Wy () (1.26)

where C'is a positive constant deponding on 2 and p(.). In particular, the space WO1 P (')(Q) has an
equivalent norm given by
HU”W1 »Oq = [[Vull,, (1.27)

Lemma 1.7 (Embedding Proprety) [15]. Let Q0 C R™ be a bounded domain with a smooth
boundary 0). Assume that p,q € C(Q) such that

1<p <plx)<pt<occand1<q <qx)<q" <ocforalsecQ

a 2@ if > gt
and p(x) < ¢*(z) in Qwith ¢* = ¢ "~ Q(w if q*
o0, lfTL S q )

then we have continuous and compact embedding W, ’Q(')(Q) — LPO(Q).

Corollary 1.2 If g € O(Q) such that ¢ > 2 and q (z) < 2* in Q with
2* _ n, If’I'L > 2
oo, ifn <2,
then we have continuous and compact embedding H}(Q2) — L%0)(Q). So, there exists C' > 0 such
that

[ull ooy < C llull ga e - (1.28)

1.4 Notion of blow-up

1.4.1 Elementary example. Blow-up in ODE.

The ODE problem
du — o2 fort >0

(1.29)
u(0)=a>0

1.3. Important Lemmas
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is the simplest example in which the phenomenon of blow-up appears. Only the finite interval

[0, T[, where T" = 1/a, defines the unique solution :

1
= 1.
u(t) = —— (1.30)
and satisfies tlin%u(t) = oo. Inspired by this example, blow-up is defined as a phenomenon for

which there is no globally defined solution because it tends to infinity in a finite amount of time.

1.4.2 Blow-up in PDE.

When a problem involves multiple variables, or partial derivatives, the study of blow-up becomes
much more complex and fascinating from a mathematical perspective. The usual case is a PDE
where the solution depends on a spatial variable z € R™, n > 1 and a time variable u = u(z, t).
The so-called pseudo-parabolic equations are a special class of these evolution equations that first
appear in the 19th century and are primarily used to model biological and physical processes.
We emphasize the use of mechanics, technology, biology, and ecology. Thus we have equations in
divergence form
ov

i div A(v, Vu, Vo, x,t) + B(v, Vo, z,t), (1.31)

the prototype being the semilinear equation

W Aot dv () (1.32)

We complement our equation with an initial datum
v(z,0) = vg(x)

and also with some boundary condition, usually v = 0 at 012, if 2 is not all of R".

A local theory must be established first in the study of blow up; Theorem (2.1), Theorem (3.1)
and Theorem (4.1) show that the solution exists and is unique for a small time interval 0 < ¢ < .
When u is bounded for every 0 < ¢ < 7" but tends to infinity at some point(s), that is the simplest
scenario in which 7" can be finite,

o

u(, 1) € L2(Q) YO <t <T,  limsup|ju(., ), = o0

Then we say that « blows up at 7, which is the blow-up time.
The works of Kaplan ([23]), Fujita ([18] [19]), Friedman [20]) and others marked the beginning
of the mathematical theory of blow-up in the 1960s (of the previous century). The books [6] )

and ( [42] ) are the best sources to start with.

1.4. Notion of blow-up
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Blowing-up solution to a pseudo-parabolic

equation with source and damping terms

- Introduction - Main tools in the study of blow-up - Blow-up result

2.1 Introduction
In this chapter, we consider the following pseudo-parabolic equation

( vy — Av — Avy = 0P, in Q x (0, 00),

v(z,t) =0, on Jf) x (0,00), 2.1

[ v(z,0) = vo(z), x €,

where Q C R" (n > 1) is a bounded domain with smooth boundary, vy(z) € Hg(Q2),T € [0, o0].
Problem 2.1 describes a variety of significant physical and biological phenomena, such as the
analysis of nonstationary processes as discussed in [24], and the aggregation of populations as
explored in [49].Moreover, equation 2.1 can be regarded as a Sobolev type equation as demon-
strated in [44].

For problem 2.1, many results have been obtained, such as the existence and uniqueness in [43],
the maximum in [7/], asymptotic behavior discussed in ([30], [50]), blow-up phenomena in ([50],
[51]), and homogenization explored in ([37]). Especially, in ([50]), the authors proved that there
are solutions that blow up in finite time 7 in H}()-norm.

17
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In Section 2, first we present the theorem of existence of solution. Next, we show that the energy
is decreasing. In Section 3, we use some assumptions for initial data to prove a blow-up result.
By means of a differential inequality technique, we obtain an upper bound for blow-up time. Also,

a lower bound for blow-up time is determined under some other conditions.

Most of results in the chapter were obtained by Peng Luo ([31]) (2015). Similar result was
obtained by Xu and Su ([50]) (2013) before.

2.2 Main tools in the study of blow-up.

We devote this section to enumerating the main tools and techniques used in the study of blow-up
for the problem 2.1. We first start with the following existence and uniqueness of local solution,
which can be obtained by using Faedo-Galerkin methods as in ([50]).

Let us introduce the definition of a weak solution for our problem.

Definition 2.1 ( Weak solution) Let vy € H}(Q) be given. Any functions v such that
v e L=([0, T, Hy (),  ve € L*([0, Tol, Hy (2))
is called a weak solution of (2.1) on [0;T), if
(v, w) + (Vug, Vw) + (Vo, Vw) = (VP w),
fora.e. t € 0, Tp] and all test function w € H} ().

The local existence of solutions to 2.1 is assured by the

Theorem 2.1 Under the condition p > 1, and for vy € Hj (), the problem 2.1 has a unique local
weak solution v on [0,7") in the sense of Definition 2.1. Moreover, v can be extended to the whole of

[0, 00) or there is T' < oo such that lim;_ HUHH(%(Q) =0

In order to state and prove our result, we introduce the following functionals,

1 1
J(v) = 5/ \Vo|? da — m/vp“dx, (2.2)
Q Q

sometimes called energy, and
I(v) = / \Vo|? do — /Up+1dx. (2.3)
Q Q

The decay of the energy of the system 2.1 is given in the following lemma:

2.2. Main tools in the study of blow-up.
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Lemma 2.1 The energy functional J is a decreasing function.

Proof. By multiplying v; on both sides of first equation in 2.1 and performing integration, we

/vtvtdx — /Avtvtdx - /Avvtdm = /Upvtdx
Q

Q Q Q

obtain:

Then,we use the generalized Green formula and the boundary conditions, to find

1 d
/ (|’Ut|2$ + ‘V’Ut|2) dx + /VUVUtdZE = m% Up+1dl’
Q Q

This implies that

/(]v,f—l— IVu?) da + ——/]V *d t/vp“dx.

Q Q
So

d 1 2 I o - / 2 2

o (2 V| dz P dx = (Joe]™ + |V |7) da

Q Q
Then, we find
d

[ ]

2.3 Blow-up result

In this section, we study the blow up time for a solution v to problem 2.1 that blows up at a
certain time 7" > 0. By means of a differential inequality technique, we obtain an upper bound
for blow-up time if constant exponents p and the initial data satisfy some conditions. Also, a

lower bound for blow-up time is determined under some other conditions.

2.3. Blow-up result
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2.3.1 Upper bound for blow-up time

The first main result of this chapter is given in the following theorem.

Theorem 2.2 [31] For any p > 1, if v, € Hj () N LPY(Q), J(vo) < 0, v(z,t) is a solution of

problem 2.1, then v(z,t) blows up in finite time T in H}(Q)-norm. Moreover, an upper bound for

blow-up time T is given by

||U0||§11(Q)
Tmax S —0
(1 —p*)J (vo)

Proof. Let us define the auxiliary function

o0 = ol Ol = |

v (z,t)dw + / \Vo(x, )| de
Q Q

and

U(t)=-2(p+1)J(v)=—(p+ 1)/ IVo|? dz + 2/vp+1d3:.
Q

Q
Multiplying v on two sides of equation 2.1, and integrating by part, we have

/ (vupdr + VoVu,) de = —/ Vol da + /Up+1d£E.
Q Q A
By differentiate () with respect to ¢, we obtain

¢'(t) = 2/ (vvedz + VoVuy) dx.
Q

Combining 2.6, 2.7 and 2.8, we get

o'(t) = —2/ \Vol? da + 2/’Up+1d$ > U(t).
Q

Q

Now differentiate W(¢) with respect to ¢ to obtain

Uty = =2p+ 1)/VU.VUtd(E +2(p+ 1)/Upvtda:
0 Q

= 2(p+1) —/VU.Vvtd:c—l—/vpvtda:

Q Q

Multiplying v, on two sides of equation 2.1 and integrating by part, we have

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

2.3. Blow-up result
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/(vfdx+|Vvt|2) de = —/VU.VUtdx—i—/vpvtdm (2.11)
0 Q 0

We then substitute for (— JVu.Vudze + | vpvtdx) from 2.11, hence 2.10 becomes
9 )

U'(t)=2(p+1) /v,?da:+ / Vo2 dx | . (2.12)
Q Q
By using Cauchy-Schwartz inequality, we obtain:

oV (t) = 2(p+1) /v2dx—|—/\VU]2dx /vfd:v+/|Vvt\2dx
0 0 0 0
2

> 2(p+1) /thdx + /VUVUtd:L‘
¢ 0

By LemmaZ2.1 and the fact that J(ug) < 0, it follows that ¥(¢) > 0 for all ¢ > 0. Hence, by 2.9 we
obtain:

p(t)V'(2)

v

This can be expressed as:

v

(2.13)

By integrating 2.13 from 0 to ¢, we obtain:

t t

d¥(§) (p+1)dp(&)
[ We) - /

Then

2.3. Blow-up result
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(p+1) '

2

ol > |23 )]

0

SO

AV

using 2.9, we obtain

¢'(t) v(o
(p+1) Z (p+1) (214)
(p(t) 2 (p(0)) "=
Integrating inequality 2.14 from 0 to ¢, we see
t
2 1 v (0
- 1 P—1 2 (p+1) t
Pr L) = |, ((0)) =
then
1 1 —1 Y0
S Pl £ 9 ( G
(p(t) = ((0)) = ((0)) =
o}
1
p(t) = ; (2.15)

< 1 1 w(0) t> Pl
P—1 T (pF1)
(p(0) 2" (0(0)) 5

Clearly, 2.15 cannot hold for all time, this means v(x.t) blows up in finite time 7" in Hg({2)-norm.
In fact, let t — T, 2.6 and 2.15 yield:

HUOH?P(Q)
T< — 0%
— (1=p%) J(vo)

2.3. Blow-up result
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2.3.2 Lower bound for blow-up time

The second main result of this chapter is given in the following theorem.

Theorem 2.3 [37] Suppose p € [1,222], vy € H}(Q), J(vo) < d,I(ug) < 0, then the solution

' n—2

v(x,t) of problem 2.1 blows up in finite time T in H}(Q)—norm. Moreover, Tis bounded in the

succeeding text by
—p+1
[|vol| HE(Q)

(p—1)CP*
where C' is the Sobolev embedding constants for Hg(Q2) — LP(Q).

(2.16)

Proof. Consider ¢(t) as in 2.5

o) = [ Dl = [vPGa)da+ [ [Fotat)fdo.
Q

Q

By multiplying v(z,t) on both sides of equation 2.1 and performing integration by parts, we

obtain:
/(th + VoVu) de = —/ IVo|? da + / Pt dx (2.17)
Q Q Q
A direct differentiation of ¢(t) yields:
¢ (t) = 2/ (vuy + VoVuy) du. (2.18)
Q
From 2.17 and 2.18, we obtain
O'(t) = —2/ IVo|? dz + 2/Up+1d:15 (2.19)

Q Q

By the Sobolev embeddings (See Lemma 1.7), we have

ptl

/ jo[P* de < CPH (/ IVo|? dx) (2.20)
Q Q

p+1

Pl(t) < 207 (p(t) =

Then 2.20 and 2.19 imply
If there exists ¢, € [0,7) such that ¢(¢y) = 0, then we can obtain ¢(7') = 0. ,which contradicts the
fact that u(z,t) blows up at T in the H'-norm. So we see ¢(t) > 0 and the following inequality,

@’(tz _ < o0t (2.21)
()=

2.3. Blow-up result
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By integrating inequality 2.21 from 0 to ¢, we obtain:

1-p

p(0) 7 — (1) 7 < (p— 1O

SO

1—p P

p(0)7° — p(t) 7"
= (p—1)Crtt

If v blow-up in Hj-norm, then we establish a lower bound for 7,,;, by the form:

—p+1
”UOHHE—&)

~ (p—1)Crtt

(2.22)

2.3. Blow-up result
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Blowing-up solution to a nonlinear
pseudo-parabolic equation with source and
damping terms with variable exponents

nonlinearities

- Introduction - Main tools in the study of blow-up - Blow-up result

3.1 Introduction

In this chapter, we consider the following pseudo-parabolic equation

(v, — div(|[Vo[" ™2 Vo) — pAv, = [ 2 0, in Q x (0, 00),

v(z,t) =0, on 99 x (0, 00), (3.1)

| v(,0) = v(z), x € Q,

Where € is a bounded domain of R™ with a smooth boundary 8. The nonlinear term div(|Vo|" "% V)
is the so called r(z)-Laplace operator. The term with a variable exponent |v|” (©)=2,, plays the role
of a source, and the dissipative term Auw; is a linear strong damping term. The exponents r(.) and

p(.) are given continuous functions defined on €2 and satisfy
2<r_<r(r)<ry <p- <px) <p; <o, (3.2)

25
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where
r_ = ess infr(x), r, =ess supr(z)
p— = ess inf p(x), p, = ess supp(z)

and the Zhikov-Fan conditions:
r(@) = r(y)] =
log |z — y|

for all z,y € Q with |z — y| < §, where a,b > 0and 0 < § < 1.

—b

- (3.3)
log |z — y|

and |p(z) — p(y)|

Problem (3.1) occurs in the mathematical modeling of various physical phenomena, e.g., the
flows of electrorheological fluids, nonlinear viscoelasticity, fluids with temperature-dependent
viscosity, processes of filtration through a porous media and image processing, and so on... See

[2] [24] [3] [40].

In the case when r, p are constants, there have been many results about the existence and blow-up
properties of the solutions,we refer the readers to the bibliography given in [2], [16], [24] and
[43]. Obviously, if © = 1, r(z) = 2,p(z) = p, then Eq (3.1) reduces to the following pseudo-
parabolic equation

v — Avy— Av = v’ %u, inQx (0,7). 3.4

In their work [50], Xu and Su proved that the solutions to the problem (3.4) blow up in a finite
time in H}(Q2)-norm. In other studies [31], Luo considered the same problem treated in the work
of Xu and Su [50], and he obtained an upper bound and a lower bound of the blowup rate.

In the absence of the damped term (¢ = 0), Eq. 3.1 becomes
vy — div(|Vo[" @2 Vo) = [ 2, (3.5)

Alaoui, Messaoudi and Khenous [1] proved that any solutions of this equation with nontrivial
initial datum blow up in finite time. For the constant exponents case (r(x) = r, p(z) = p), Eq. 3.5
has been extensively studied and results concerning existence, nonexistence and asymptotic be-
havior have been established by many authors [[35]-[4]]. For instance, Payne et al. [[35],[36]]
obtained the upper and lower bounds on blow up time when blow up does occur by applying the
differential inequality techniques.

In Section 2, we present a main tools to study blow up (local existence ,energy). In Section
3, the blow up in finite time of solutions to the problem 3.1 is proved. The proof is based on
differential inequality techniques. We dedicate first the upper bound for blow up time to problem
3.1 under suitable conditions on 7(-), p(:) and the initial data. Also, the lower bound of blow up

time is obtained under some other conditions.

The results presented in this chapter were mostly obtained by Di, Shang and Peng [14] (2017).

3.1. Introduction
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3.2 Main tools in the study of blow-up.

We first start with the following existence and uniqueness of local solution for the problem (3.1),
which can be obtained by using Faedo-Galerkin methods as in ([2] [17] [27]). Here, the proof is

thus omitted. For simplicity, we set ;1 = 1.

Theorem 3.1 Let vy € Wy ()N LPO)(Q) be given. Assume that the conditions on r(z), p(z), given

in Section 3.1, hold. Then, problem (3.1) has a unique local solution v on [0, Tp)
v e L2([0, Tl W " (@) N PI(Q)), vy € L2([0, ToJ; W (9))
for some Ty > 0, satisfying
(v, W)+ (Voy, Vw) + (Vo] @2 Vo, V) = (joP™ 2 0,w), foral w e Wy (Q)NLPI(Q) (3.6)

Moreover, the following alternatives hold

i)Ty, = o0 or

i) Ty < +oo and tlimT IVl + [Jv]l3 = 400

The decay of the energy of the system (3.1) is given in the following lemma:

Lemma 3.1 The energy functional E of the problem (3.1) is a decreasing function. Here

B(t) = / {T;\wr(f)—]%m“ﬂ do

Proof. Replacing w by v, in the Eq. 3.6, we have

2 2 d 1 r(z) - d 1 p(x)
/ (|ve]” + [Voe|*) da + i) ) Vo™ dx = i) v |o]P* dx 3.7)
Q Q Q
We then define the energy by:
Bt) = / {L Vol@ - L |v|p<x>} de 3.8)
r(z) p(x)
Q
Therefore, from equations 3.7 and 3.8, we obtain:
E'(t) = —/ (Jve]* + [Vve|*) da < 0 3.9

Q

3.2. Main tools in the study of blow-up.
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3.3 Blow-up result

In this section, we derive an upper and lower bound for the blow-up time of problem (3.1) under

certain conditions on the variable exponents 7(.), p(.), and initial data. For simplicity, we set

w=1.

3.3.1 Upper bound for blow-up time

Theorem 3.2 [14]Assume that (3.2) and (3.3) hold. Let v, € W&’T(')(Q) N LPO)(Q) such that

1 T 1 r(z

Then, the solution v of the problem 3.1 blow up in finite time T*in H}())-norm. Moreover, an upper

bound for blow up time is given by
2(F(0)'=

T < (3.11)
(r—2)p
where (3 is a suitable positive constant given later and F'(0) = HUOHZ(%
Proof. We introduce an auxiliary function:
F(t) = /v2dx + / \Vo|? da (3.12)
Q Q

By multiplying v on both sides of problem 3.1 and integrating by parts, we obtain:

/thdx—i—/Vv.Vvtdx:/]v[p(z) dx—/\VUV(I) da (3.13)
Q Q Q Q

By differentiating F'(¢) with respect to ¢, we obtain:

F’(t) = 2/UUtdZL'—|— Q/VU.VUtd$ = 2/ |U‘p($) dr — 2/ |VU|7‘(J:) dx
Q

Q Q Q

B N |U|p(w)_’VU|T(:L")
} 2{ " >[p<x> i)

As E'(t) < 0 see Lemma 3.1, we have:

r(z)

dx + QZp(:v) {L - Z%} Vo' dz  (3.14)

§ |U|p(x) - |VU|T(I) N N |U0|p(u’v) - |Vvo|r(x) N
4 oo [p<x> w | / M@ T e |
|U0|p(w) - ‘VUOV(J:)
> gp [ (@) () dz >0 (3.15)

3.3. Blow-up result
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By (3.14) and (3.15), we see:

, 1 1 r(@
Q
1 1
> Q/p_ {— - —] Vo] dz = 00/ Vo™ d, (3.16)
Q e Q

where Cy = 2p_ [i - i] .

pP—
We define the sets Q, = {z € ,|Vv| > 1} and Q_ = {z € Q,|Vv| < 1}, so we get

F'(t)

\Y

Co /|VU|”dx+ / Vol da
Q_ Q+_

F'(t)

v

e | [(ver)Fars [ (vol) T as

according to ||Vul|, < C||Vuv||, for all > 2.
This implies that

2

(F(1)™ > Cy / Vol?dz > 0and (F'(1))7 / Volds > 0 (3.17)

The Poincaré inequality gives ||[Vv||* > Ay ||v]|*, where \,is the first eigenvalue of the problem
Aw+ A w =0, inQ
w =0, on 0f)

Hence, we have:

2 1 2 1 2 )\1 2 )\1 2
— _— > _—
Vol = o 190l T 190l 2 55 ol + 5 vl
)\1 2
> 1 .
> vl (3.18)
It follows from (3.17) and (3.18) that:
(F'())F + (F'(1)~ > 02/|Vv|2da7+03/|Vv|2dx
Q- Q
> (C2+O3)/|VU|2‘11'
Q
> (Cy+Cy) Vo
)\1 2
> 1
> Tn (C2 + Cs) [lvll
> C,F(t) (3.19)

3.3. Blow-up result
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or

(Fﬁ»i(1+uwﬂ%i”9>;uzF@ (3.20)

From (3.19) and the fact that F'(t) > F(0) > 0 (F'(t) > 0), we deduce either

2 2

2 (F'(t))7+ > CuF(t) or 2(F'(t))- > CyF(t)

SO
F(t) > 2F(0) (3.21)
which implies that

T+
2

F'(t) > Cs (F(0))® or F'(t) > C5 (F(0)F

Therefore,we have that F’(t) > «, where o = min {05 (F(O))% ,Cs (F(0)2 } Moreover, utiliz-
ing -- — - < 0 and (3.20), we get:

T+

(F’(t))% (1 + (a)2<£r_rl)> > CyF(t)

then
Fl(t) > B(P(t)T (3.22)
Where the constant 3 = 041 T
1+(a)2<ﬁfi)

Integrating the inequality (3.22) from 0 to ¢, we observe

t

[iwa==

0

then

SO

F(t) < (3.23)

2(F(0)' =T

Thus, (3.23) shows that F(¢) blows up at some finite time 7% < ErE

blows up in Hj(2)-norm in finite time.

, so the solution v

Remark 3.1 Considering the time estimate (3.11), it becomes evident that the larger F(0) is, the

faster the blow-up phenomenon occurs.

3.3. Blow-up result
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3.3.2 Lower bound for blow-up time

Theorem 3.3 [14]Suppose that (3.2) and (3.3) hold. Furthermore assume that 2 < p, < oo if
n<22<p < 2if n>3, 0 Wy Q)N LPO(Q) and the solution u of the problem (3.1)
becomes unbounded at finite time T* in H'(Q2)-norm, then a lower bound T* for blow up time is
given by

0 dn
O)QB?fn%* +2B" T

T >

(3.24)
(

where B,,B_ are the Sobolev embedding constants for H}(Q2) — LP+(Q), H}(Q) — LP-(Q),

respectively and F'(0) = HUOqué

Proof. We define the function F'(¢) as in equation (3.12), and perform calculations as in the

previous section.
F'(t) = Q/thdx + Q/VU.VUtdLC
Q

Q

according to (3.13)

F'(t) = 2/ o™ dz — 2/ Vol dz < 2/ lv|P™ da (3.25)
Q 0 0

By defining the sets 2, = {z € Q| [v| > 1} and Q_ = {2z € Q| |v| < 1} , we get:

/‘U|p($)d$ < /|U\p+ d:v+/|v|pda:
Q Q4 O
/Mmm+/wwm
Q Q

By using Sobolev embedding inequalities, we obtain :

IN

Py

2 2

/|U|p(m) dz < BE* /|VU|2 dx + B /|VU|2d$ (3.26)
Q Q Q

where B, ,B_ are the optimal constants satisfying theSobolev embedding inequalities ||v||;», <
|Vvll, and ||v]|;»- < ||Vv]|, respectively. Therefore, the combination of (3.25) and (3.26) implies

3.3. Blow-up result
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that

ofF
¥

F(t)

IN

2B+ /|VU|2dx + 2B /]VU|2dx
Q Q

o
]
|

F'(t) < 2B /\vvy%zx + 2B~ /yw|2dx

Q Q
p_

< 9B (F(t))? +2B" (F(t))7 (3.27)

Integrating the inequality (3.27) from 0 to ¢, we get:

F(t)

dn
P — <1 (3.28)
/ 2B ()2 +2B" ()T

£(0)

If u blows up in the Hj(2)-norm, then we derive a lower bound for 7* given by:

dn

T > - —
2BV (n)? 4+ 2B ()

(3.29)

—

Obviously, the integral is bounded since the exponents p, > p_ > 2. This completes the proof of
Theorem 3.3 m
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Blowing up solution to a nonlinear
pseudo-parabolic equation with presence of
a matrix with variable entries in the

divergence operator.

- Introduction - Main tools in the study of blow-up - Blow-up result

4.1 Introduction

This chapter is the subject of an article written by Toualbia. A (University of Tebessa). This article
[45] will published in Applied Mathematics E-Notes. The novelties are the presence of the matrix

with variable entries in the divergence operator.
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Chapter 4. Blowing up solution to a nonlinear pseudo-parabolic equation with presence of a matrix
with variable entries in the divergence operator.

In this chapter, we consider the following problem:

;

vy — Ay — div(A(z, 1) [Vo" @2 Vo) = [P0, inQ x (0,00),

v(x,t) =0, on 9 x (0, 00), (4.1)

| v(2,0) = vo(z), x €,

where (2 is a bounded domain in R"”,n > 1, with a smooth boundary 0f.
The matrix A = (a;;(,t));;, where a;; is a function of class C'(Q2 x [0, 0c]), and there exists a
constant ag > 0 such that, for all (z,t) € Q x [0, 00[ and ¢ € R™, we obtaine :

AL.E > ag ¢ (4.2)

and
AEE<0 (4.3)

where A’ = 21 (., t) .The exponents r(.) and p(.) are given continuous functions defined on (2 and

satisfy

2<r_<r(z)<ry<p-<plx)<p; <oo 4.4)
where
r_ = ess infr(z), r. =ess supr(x)
p— = ess infp(z), p. = ess supp(x)

Obviously, if A = I,,, then Eq (4.1) reduces to the following pseudo-parabolic equation
v — Avy, — div(|Vo" @72 Vo) = [0 %0, in Q x (0,7T). (4.5)

We proved in the precedent chapter that the solutions to this problem blow up in a finite time

in Hg(Q2)-norm, and we obtained an upper bound and a lower bound of the blowup rate.

In this chapter, we use some assumptions for the variable exponents r(.), p(.), initial data, and
matrix A(.,t) to prove the blow-up of the solution to the problem 4.1. By means of a differential
inequality technique, we prove that the solutions become unbounded at a finite time 7", and find
an upper bound for this time with a negative initial energy. Also, a lower bound for blow-up time

is determined.

The novelty in this chapter is the presence of the matrix with variable entries in the diver-
gence operator.

4.1. Introduction
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4.2 Main tools in the study of blow-up

We first start with the existence and uniqueness of a local solution for the problem (4.1), which
can be obtained by using Faedo-Galerkin methods as in ([2] [17] [27]). Here, the proof is thus

omitted.

Theorem 4.1 Let vy € Wy"Y(Q) N LPO(Q) be given. Assume that the conditions on p(z),r(z), and
A, given in Section 4.1, hold. Then, problem (4.1) has a unique local solution v on [0, Tp)

ve L2([0, Tol; Wy "(2) N LPO(Q), vy € L2([0, To); Wo*())
for some Ty > 0, satisfying

(v, w) + (Yo, Vo) + (A Vo[ @2 Vo, Vw) = (oD 20, w), forallw e We™(Q) n LPO(Q)
(4.6)

Moreover, the following alternatives hold

i)Ty, = +oo or
it) Ty < +oo and tlimT IVl + J|lul; = 00

Remark 4.1 It is easy to see, under the condition (4.4) that |v["™ v, A|Vu|"™2Vv € L2(Q);
hence ([v""” 2 v, w) and (A |Vv|""% Vv, Vw) make sense in formula (4.6).

The decay of the energy of the system (4.1) is given in the following lemma:

Lemma 4.1 The energy functional E of the problem (4.1) is a decreasing function. Here

E(t)_/LA’VU‘T(m)_QVU.VUdZ'—/L‘U‘p(gj) dx “4.7)
o) o p(z)

Proof. It is enough to multiply the first equation in (4.1) by v; and integrate over 2, to obtain

/Utvtd:c—/Avtvtdm—/div <A|VU‘WC)_2 VU) vtdx:/\v|p(x)_zvvtdz
Q Q Q Q

Then, we use the generalized Green formula and the boundary conditions, to find

1
/ (’Ut|2 + |VUt|2) dr + / A|Vo|" D72 Vo Vode = i/ o™ da.
@ o dt Jo p(x)

4.2. Main tools in the study of blow-up
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This implies that

d 1 1
/ (Jve)? + Vo)) do + — [ —A Vo2 Vo . Vude — / — A Vo2 Vo . Vuda
Q dt Jo () o ()
1
= 4 —|v|p(x) dz.
dt Jqo p(x)
So
/ 1 i —
E(t) = —/ (lof? + [Vo|?) da + / —A' V"2 Vo .Vud, (4.8)
Q o)
Taking into account condition (4.3) on A, we find
E(t) < —/ (Jorl? + [Vor]?) d < 0 4.9)
Q

4.3 Blow-up result

4.3.1 Upper bound for blow-up time

Theorem 4.2 ([45]) Assume that (4.2), (4.3), (4.4), and (3.3) hold. Let v be a solution of (4.1)
and assume that vy € Wo'" (Q) N LPO(Q) satisfies

1 1 _

/ — ’U0|p(x) dx — / ——A(z,0) |VU0|T($) > Vo.Vugdz > 0, (4.10)
o p(z) o r(r)

then the solution v blow up at finite time Ty, > 0 in H}(Q)-norm. In addition, there exists an upper

bound for the time as given by

_ 260

max < 4.11
(ro—2)K (4.11)
where K is a suitable positive constant is given later and the constant G(0) = ||vo||§{é(9) .
Proof. Let us define the auxiliary function
G(t) = ”U”ifé(ﬂ) = / vidx +/ IVo|? da (4.12)
Q Q

Our goal is to show that G satisfies a differential inequality which leads to blow up in finite time.

Multiply (4.1) by v and integrate over 2 to get

4.3. Blow-up result
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/ v + / VoVuds = / 0P do — / A Vo' vy Voda (4.13)
Q Q Q Q

Now differentiate G(¢) with respect to ¢ to obtain

/

G (t) = 2/ (vvgdz + VoVu,) de = 2/ <]v|p(r) — A|Vo|" )2 Vv.Vv) dx
Q Q

B . |’U’p($) B A|VU|T(3§)—2 Vou.Vou N L B L Ur(x)72 o N
- /Q<p< )<p<a:> '@ #0) (5 = g ) AT v )
4.14)

By (4.10) and the fact that E(t) < E(0) (E'(t) < 0), we have

/p(x) Bl B A|Vo|"™ 2 V. Vo
0 p(z) r(z)

ip > /p(x) [P _ A(z,0) IVuo|" ™2 Vg Vg i
~Ja p(z) r(z)

) / luo[P™ A(, 0) [Vue|" ™72 V. Vg
~Ja P(SU) 7“(35)

By (4.14) and (4.15), we see

G'(t) > Q/p (i — i) A Vo2 V. Voda
Q

Ty -
Using condition (4.2) on A, we obtain
G'(t) > aOC'O/ Vo' da, (4.16)
0

1 1
where Cy =2 p_ (— — —) > 0.
Ty -

Now we define the sets 2, = {z € Q: |Vu| > 1} and Q_ = {z € Q:|Vv| < 1}. By using the fact
that ||v]|, < C'||v|, for all r > 2, we get

G'(t) > ayCy </_|VU|”dx—|—/Q+ |Vv|’°d:1;>
Cy ((/|VU|2dx)r2++ (/Q+ |Vv|2dx)t>.

V

v

This implies that

4.3. Blow-up result

dz > 0. (4.15)
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<G'(t)>ri > Cy (/Q |VU|2dm) and (G'(t))i > Cy (/Q+ |Vv|2d:):) . (4.17)

The Poincare inequality gives || Vv||> > X ||v||2, where ) is the first eigenvalue of (
we get

—A) . Therefore,

Vol = T IIVoll; +

A
1+)\ ||U||§{3(Q) (4.18)
It follows from (4.17) and (4.18) that

2 2

/ " / o 2 (C2+C3)
(E®)7 +(¢0) = (ot o) IVol 2 =522 [l = CiG0)
Since we have G(t)

(4.19)
> G(0) > 0 (because G (t) > 0), and from (4.19), we get
<G (t))” > 024(;@) > %G(O) or (G’(t))E > %G(t) > %G(O). (4.20)
This implies that
G'(t) > Cs (G0)) > or G'(t) > Cs(G(0)) .
Now put 5 = min {05 (G(0 ))% , Cs (G(O))%} , then we get
G(t)>p (4.21)
(4.19) implies that
(')~ (1 + (G'(t>)2(’+_7)> > C4G(1) (4.22)
From (4.2), we observe that 2 (ri - r_) < 0. Making use (4.21), we get
LT
G (t) > K (G(t) ™ (4.23)
where K = Ca

2
- is a positive constant.
14 g2 )
Integrating (4.23) from 0 to ¢ we get

4.3. Blow-up result
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1

— oy =7+ w)

which implies that G(t) — oo as t — Tpay in H}(Q), where

2(6(0) )

Tinax <
(r- —2)K

Consequently, the solution to the problem (4.1) blows up in finite time. Hence the proof is

completed. =

4.3.2 Lower bound for blow-up time

In this section, we determine a lower bound for the blow-up time of the problem (2.19).

Theorem 4.3 [45]Suppose that the conditions on p(z),r(z), and A, given in section 1, hold. Fur-
thermore assume that 2 < p, < coifn <2, 2 < py < 2 ifn > 2 vy € Wy () N LPO(Q) and v
be a blow-up solution of problem (2.19), then a lower bound for blow-up time T,;, can be estimated

in the form

Tmin 2/ dg P4 p_\ (424)
G(0) 2max(C**, CY7) (57 + §7>

where C_, C', are the optimal constants satisfying the Sobolev embedding inequalities
[v][pr- < C-|[Volly and [[v][ o < C4 |Vl , respectively.
Proof. Consider G/(t) as in (4.12)

G(t) = HUH?{g(Q)-

Multiply (4.1) by v and integrate over 2 to get

/UUtd$+/VUVUthJ:/‘U‘p(w) dm—/A|VU\T(x)_2 Vu.Vudz
Q Q Q Q

A direct differentiation of G(t) yields

/

G (t) = 2/ (vuy + VoVuy) dx,
Q

4.3. Blow-up result
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then

G (t) =2 [/ v da — / A Vo' Vodz | .
Q Q

Taking into account condition (4.2) on A, we find

Q) <2 / W@ da. (4.25)
Q
Defining the sets

Q={zeQ:|v|>1} and Q_={x € Q: |v| < 1}.

/ P dr = / o™ dz +/ o™ dz
0 Q _
/ |u|P* dx+/ [P~ dx

o a_
< lo|P* dx—l—/ lv|P~ d.
Q Q

By the Sobolev embeddings (Lemma 1.7), we have

/ ’U|P(w) dx
Q

Thus, we have

IN

P+

chr (/ \Vv|2dx> e (/ |Vv\2dx) )
Q 0
5 &
< max(C?,CY7) ((/ |Vv|2dx> + (/ |VU|2d:E) )
Q Q

< max(C™*, ) ((G(t))pT+ + (G(t))7> (4.26)

IN

where C_ and C, are the corresponding embedding constants. Therefore, (4.25) becomes

G (t) < 2max(C”*, C) ((G(t))pT+ + (G(t))pT> 4.27)

By integrating both sides of the last inequality over (0,7), we obtain

G(1) dé
/ < <T.
G(0) 2max(C”",C%") (5 47 )

If v blow-up in H}-norm, then we establish a lower bound for 7,,;, by the form

Tmin Z/ df Py P_\ )
G(0) 2max(C**,C%7) ({7 +§7>

which is the desired result. m

4.3. Blow-up result
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4.4 Conclusion

In this study, we aim to investigate the possibility that solutions to certain evolution problems
experience blow-up in finite time. This implies dealing with the presence of local, but not global,
time. We concentrate here on the case in which the singularity occurs because the solution
becomes unbounded in a specific region, causing the equation in question to lose its meaning.
This is what we refer to as blow-up.

The blow-up phenomenon is observed in various types of nonlinear evolution equations, including
Schrodinger equations, hyperbolic equations, parabolic equations, and pseudo-parabolic equa-
tions. In this work, we will specifically address pseudo-parabolic equations.

In this work, we have answered the questions that are usually posed in the study of the blow-up

phenomenon, which include which solutions blow up, where, and how this occurs.

4.4. Conclusion
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