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Chapter 0

Abstract

This memoir aims to study two cases of general mixed problems with integral con-
ditions, both classical and non-local.

The memoir begins with an introduction providing background and interest in the
addressed topic, along with mentioning some preliminary concepts useful later on.

In the second chapter, a problem involving a non-local boundary condition for a
parabolic differential equation is addressed. We employ functional analysis method to
prove the existence and uniqueness of the strong solution to the problem.

In the third chapter, our focus shifts to exploring the weak solution of the problem
and proving its existence and uniqueness related to the specific issue, relying on the a
priori estimation method used in the previous chapter for proving uniqueness. As for
the existence of the solution, the Galerkin method is utilized. Finally, a fixed point

argument is used to prove the existence of the local solution to the problem.

Saidani Mohammed



Chapter 0

Résumé

Ce mémoire vise a étudier deux cas de problémes mixtes généraux avec des conditions
intégrales classiques et non locales. Le mémoire commence par une introduction qui
expose le contexte et 'intérét du sujet traité, ainsi que la mention de certains concepts
préliminaires utiles ultérieurement.

Dans le premier chapitre, nous introduirons quelques concepts de base de la théorie
des espaces fonctionnels et de la théorie des opérateurs, ainsi que quelques inégalités
importantes que nous utiliserons dans les chapitres suivants.

Dans le deuxieme chapitre, nous aborderons un probleme mixte pour des equations
hyperbolique de deuxieme degre’, ou nous combinerons une condition classique avec
une condition intégrale. En utilisant la méthode d’estimation a priori, nous prouverons
I'unicité de la solution pour le probleme spécifique. En ce qui concerne 'existence de la
solution, nous montrerons que I’ensemble de I'image de l'opérateur associé au probleme
étudié est dense dans I'ensemble d’arrivée.

Enfin, dans le dernier chapitre, nous étudierons une équation aux dérivées partielles
parabolique avec des conditions classiques, ou notre concentration sera sur I’exploration
de la solution faible du probleme et la preuve de son unicité associée au probleme
spécifique. Nous utiliserons la méme méthode que dans le chapitre précédent, a savoir
la méthode d’estimation a priori. En ce qui concerne 'existence de la solution, nous
utiliserons la méthode de Galerkin. Enfin, nous utiliserons la théorie du point fixe pour

prouver l'existence de la solution locale du probléme.

Saidani Mohammed
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Chapter 0

Introduction

The method of Priori estimate or energy inequalities, also known as the functional analysis
method, originate from the work of 1.G.Petrovsky [26] used in solving the cauchy problem related
to (Hyperbolic, Elliptical, Parabolic) type equations. it has been applied and further developed in
many works by A.A.Dezin [7], K.Friderichs [10] and N.I.Yurchuk [30]. The method subsequently
underwent significant developments by J.Leray [17] and L.Garding [11].

The method of energgy inequalities or a priori estimates has proven to be an effective tool in
the study of non-classical problems [9].

it has also been used to solve various problems in the fields of thermal conduction theory,
plasma physics, electrochemistry, and others. During the application of this method, difficulties

are encountered, among which we mention:
@ The choice of the solution space.
@ The choice of the multiplier.
@ The choice of regularization operators.

The application of functional analysis, the energy method, and Priori estimate method are
generally difficult to apply in solving problems of this type. It should be noted that the theoretical
study of non-local problems is associated with significant difficulties.

This method has been used to solve mixed problems related to elliptic [16], parabolic [12],
hyperbolic [23, 25, 18] and other types of differential equations.

In mixed problems models involving a non-local constraint with integral conditions, the fun-
damental reasons for their importance lie in the basic physical meaning of the integral condition,
which includes average, flux, total energy, moment, and so on. These models are encountered in
the theory of heat conduction, thermoelasticity, and semiconductors.

In this memoir, we applied the a priori estimation method (the energy inequality method) to
certain linear mixed problems with non-local boundary values. We mainly proved the existence,
uniqueness (you can refer to the theses from Bounama Fatiha [9]), and continuous dependence of
the solution on the provided data (we showed that the posed problems are well-posed).

The memoir is organized as follows: In the first chapter, we will introduce some fundamental
concepts from the theory of functional spaces and operator theory, along with some important

inequalities that we will use in the subsequent chapters.

Saidani Mohammed E



Chapter 0

In the second chapter, we investigate a mixed problem for second-order hyperbolic equations by
combining a classical condition with another integral one. Using a priori estimation, we establish
the uniqueness of the solution to the given problem. Regarding the existence of the solution, we
prove that the image of the operator generated by the studied problem is dense.

Therefore, we prove the existence and uniqueness of a generalized strong solution to the given
problem.

In Chapter Three, we study a semi-linear problem for a parabolic equation with the Bessel
operator and classical boundary conditions. Our focus is on finding the weak solution to the
problem and proving its uniqueness related to the given issue. We rely on the same method
used in the previous chapter, namely the a priori estimation method. As for the existence of the
solution, we employ the Galerkin method. Finally, we use a fixed point argument to prove the

local existence of the solution to the problem.

Saidani Mohammed E



Chapter 1

Preliminary Notations

In this chapter, we revisit several fundamental theories in functional analysis and review how
to classify second-order partial differential equations, while addressing some concepts and theories
related to sequences. Additionally, we review some iportant functional inequalities and mention

a set of additional theories.

1.1 Classification of second-order linear PDEs [22]

Consider the general form of a second order partial defferential equation (PDE) according to

two independent variables ( z and y):

0? 0 0
f+Da—Z+Ea—j+F¢+G:O

2 2
3¢+B8¢ +C

A
0x? 0x 0y oy

A fairly simple classification of this equation can be made on the basis of the coefficients

associated with the high order derivatives A, B and C. we calculate the determinante defined by:
A = B? —4AC

The equation is said to be of type:
@ Elliptical if A >0
@ Parabolic if A =0

@ Hyperbolic if A <0
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1.2 Some properties of sequences [5]

Definition 1.2.1. (Convergent sequences and divergent sequences)
(Un), ey @ sequences value u, € E, we say about this sequence is convergent if exists | € E where

lim u, =1€ FE if:

n—oo

Ve > 0,3n. €,Yn > n. = d (up,l) < e.
A sequence which is not convergent is said to be divergent.

Theorem 1.2.1. Any sequences extracted from a convergent sequences (uy), oy @ convergent and

has the same limit as (up), oy -

Definition 1.2.2. (sequences of Cauchy )

A sequence (uy),cx 5 called Cauchy if:

Ve > 0,3n. € N,Vp,q € N,p,q¢ > n. = d (ug,uy) < €.

Theorem 1.2.2. every convergent sequence (Un), oy s a Cauchy sequence.
Theorem 1.2.3. if (E,d) is a complete metric, then every Cauchy sequence is convergent in F.

Theorem 1.2.4. (Bolzano Weierstrass)

Fvery bounded sequence admits a convergent subsequence.

1.3 Characterization of injective and surjective linear ap-

plication

Let f: E — F be a linear application from the vector K-space E to the vector K-space F.

@ The mapping f is surjective if and only if its image is equal to the space F.

[ Surjective & Img (f) = F

@ The mapping f is injective if and only if its kernel contains only the zero vector.

f Injective & Ker (f) = {0g}

Saidani Mohammed E



Chapter 1

1.4 Linear Space

Let X be a set of elements denoted by: z, y...... ,We assume that each pair of elements (x,y)
can be combined by a process called addition to give another element z denoted z =z + .

We also assume that each real number o and each element = can be combined by a process
denoted multiplication to give another element y denoted by y = ax.

The set X with these two processes is called a linear space if the following axioms are satisfied:
rT+yYy=y+zx

r+(y+z)=(x+y) +=z

In set X there exists a unique element, denoted by 0 called the zero element such that:
r+0=uxa foreveryx e X

For every x € X there exists a unique element denoted by —x such that:

where «, [ represents real numbers and x,y are elements in X.

Definition 1.4.1. (Linear Space): Let X and Y be two linear spaces (both real or complez).
Let A be a function from domain D(A) in X and image R(A) in Y.
Then A is called a linear operator if D(A) is a subspace of X and if:

o A(Il + ZEQ) = A(L’l + AQ’IQ

@ A(ax) = aAx

Saidani Mohammed H
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Here a is a scalar and xy,x2, x3 are vectors in D(A).
If D(A) = X, we often say that A is a linear operator from X toY .
An important subset of the domain of A is the null space of A, N(A) where:

N(A)={x € D(A) : Az =0}

Theorem 1.4.1. Let A be a linear operator on D(A) in X and image R(A) in Y, where X and

Y are linear spaces Then:
@ A~! emists if and only if N(A) = {0}.
@ If A~! exists it is a linear operator.

Definition 1.4.2. (Linear Functional): Let X be a real (or complex) linear space and let Y

be a scalar field associated with X. A linear operator on X to'Y is then called a linear functional.
Proposition 1.4.1. Let f € BL(E; F), f is surjective if and only if Img (f) = f(E) = F.
Proposition 1.4.2. Let f € BL(E; F), f is injective if and only if Kerf = N(f) = {0}.

Remark 1.4.1. BL(E;F) is the set of linear application of E in F.

1.5 Normed Space [6]

Definition 1.5.1. (the Norm): Let X be a real (or complex) vector space, a norm on the linear
space X is a real-valued function |.|| : X — [0,4o00[, where the value at z is denoted by ||x| and

has the properties:
@ [lz]| =0
@ |azx| = |al||z]| for all scalars a
@ [z #0 if x#0
@ [lz+yl < llzll+ vl

Definition 1.5.2. (Normed Linear Space): A linear space (X, ||.||) on which a norm is defined

1s called a normed linear space.

Definition 1.5.3. (Complete Space): The normed space X is complete if every Cauchy se-

quence in X converges to an element in X (i.e.) has a limit that is an element of X.

Saidani Mohammed E
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1.6 Banach Space [21]

Definition 1.6.1. (Banach Space): ): If a normed linear space X = (X, ||.||) is complete, it

is called a Banach space.

Theorem 1.6.1. Let X be a normed linear space, Then there exists a linear space Y such that'Y
is complete and X is a dense subset of Y.

Up to isometry, the space Y is unique.

Definition 1.6.2. (Completion): The space Y given by Theorem 1.3.1 is called the comple-
tion (partition) of X.

1.7 Hilbert Space [29]

Definition 1.7.1. (Pre-Hilbert Space): A complez linear space X is called a pre-Hilbert space
if for each pair of elements x,y in X, there exists an associated complex number (x,y) called the

pre-Hilbertian of x and y with the following properties:

@ (r+vy,2)=(z,2)+(y,2), forall =zyzeX

@ (z,y) = (y,z), where the bar denotes complex conjugate.
@ (ax,y) = a(z,y), Va

@ (r,2) >0, forallxelX,

@ (z,2)=0<2=0, forallzeX

The pre-Hilbert space is a special case of a normed linear space, as expressed by the following

lemma.

Lemma 1.7.1. Let X be a linear space equipped with a scalar product. Then the expression

|z|| = \/(z, ), for all x € X, defines a norm on X.

Definition 1.7.2. (Hilbert space): A Hilbert space is a complete pre-Hilbert space (a normed
linear space).
A distance on H is given by:

|z —yll= v —y,z—y).

Therefore, pre-Hilbert spaces are normed spaces, and Hilbert spaces are Banach spaces.

Saidani Mohammed E
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1.8 Space of Sobolev [2, 20]

Definition 1.8.1. Let Q C R"™ be an open set, k a non-negative integer, and let 1 < p < oo, We
define W}(Q) to be the set of all distributions u € LP() such that D*u € LP(Q) for |a| < k,

where « € N, o= (o, q9,....,ap), «a; €N, i =1,n such that:
k « . .
W3(Q) = {u e LP(Q), D € LF(Q); Va: |a] <k}

where

0« =
D% = . , el = Z &

0 x0%2x,....... 0%z, =

and

LP(Q2) = {u : measurable \/ lu(x)[Pdx < oo}
L>®(Q) = {u : mesurable \ Jc such that |u(x)| < ¢ on Q}.

LP(QY) is a complete space for the norm

1
T p— / (@) Pdz)s, 1< p< oo

and L>®(Q) is a complete space for the norm:

[ ]| oo () = sup [u(z)] -
e

in WE(Q), a norm is defined by:

||u||W§(Q) = Z ||Dau||LP(Q)7 p <0
laf<k

[ullwze o) = max| D%ull e o)

For p =2, we define a scalar product as:

() = 3 (Dou(@), Do) oy = S /Q Do u(z) D (x)da.

loo| <k lor| <k

for W¥(Q) we also use the notion of H*(Q).

Saidani Mohammed m
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1.9 Orthogonality-Orthogonal Complement

Definition 1.9.1. (Orthogonality): Let H be a Hilbert space (more generally, a pre-Hilbert
space). We say that two elements of H, x and y are orthogonal (or x is orthogonal to y) if:

(z,y) =0,
and we write x 1Ly Similarly, for the inclusion
A BCH

we write:

xly if zla, Va€e A

Definition 1.9.2. (Orthogonal Complement): For each subspace M of H, we define the

orthogonal complement as:

M*={zec H\ (x,a)=0, VYae M}

which is the set of all vectors orthogonal to M.

It is clear that M~ is a closed subspace. If M is also closed, then H is a direct sum of M and M*:
H=Meo& M
Theorem 1.9.1. Let H be a Hilbert space, A subspace M of H is dense if and only if M+ = {0}.
M*+={0} & M=H

Theorem 1.9.2. (Completion): For any normed space (Pre-Hilbert space) X, there exists a
Banach space (Hilbert space) X and an isometry A from X to a dense subspace W of X : the space
X is unique, except for isometries.

The following concepts are very useful for studying unbounded operators.

Saidani Mohammed m
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1.10 Closed operators [15]

Definition 1.10.1. The graph of a linear operator A : X —'Y is the set of ordered pairs:
I['(A) ={(z,Az) \x € D(A)} C X xY

Note that the graph is a subspace of X X Y.

Lemma 1.10.1. The operator A is an extension of A if and only if:

I(A) 5 T'(A)

Definition 1.10.2. An operator A is said to be closed if its graph is closed as a subset of C X XY

Definition 1.10.3. A is called closable if it has a closed extension, Every closable operator has a
smallest closed extension called its closure and denoted by A.

The following lemma is a direct consequence of the definition of a closed operator.

Lemma 1.10.2. An operator A is closed if and only if it has the following properties, Whenever

there is a sequence x,, € D(A) such that:

@z, —zx

@ Ax, — f
then
@ Vz € D(A) then Ax = f

A similar characterization holds for a closable operator.

Lemma 1.10.3. An operator A is closed if for any sequence x, € D(A) such that x,, — 0, we

have either:
@ Ax, — 0
@ or lim Ax, does not exist.

n—o0

Corollary 1.10.1. If A is closed, then:

Saidani Mohammed m
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1.11 Integration by part

Let u,v € H' (Q), for all 1 < i < n we have

Ou vdr = / ov udx + /uvmda,
Q

Q o0N

Where n; (x) = cos (1, z;) is the direction cosine of the angle between the exterior normal at OS2

the point and the axis of x;.

1.12 Green’s Formula [8]

We suppose that  is a bounded domaine from R™, to boundary 9 of class C*, let u,v two

class function C? in Q, the following are called Green’s formulas:

@ First green formula:

/ Aud) = / oy
on
Q o0

where d\ is the lebesgue measure and do the eculidean measure on 02

@ Seconde green formula:

ou ov
/(UAU — uAv)d\ = / (v% — u%) do

Q [2}9]

1.13 Regularization of Operators
Let W be a function of class C'°, with the variables « such that:

Wi(a) = 0; W=0, |a|>1

and

7W@M:jW@MZ1

We denote by:

Saidani Mohammed m
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For every € > 0, we have:
1

/We(x,y)dy = /Ws(x,y)dy =1,

21
and

We(z,y) =0, |z —y|>ec.

We define the smoothing operator J. : L*(Q) — L*(Q) by the formula:

o0

(Jov) (2) = / We(z, y)o(y)dy

— / We(z,y)v(y)dy,

lz—y|<e
where Q = (a,b) C R and v € L*(Q2) This operator has the following properties:
@ The function J.v € C* if v € L*(2), and

om om _ -
— (Jov) = Je (ax—mJev> , siveC™(Q)

ox™

@ if v € L?(Q), then

[Jev = ][ p2(q) — 0, when & —0

and

[Jev]l 20y < 10l 220

@ if 5 € C(Q) and v € L*(Q), then

18J-v = J-(Bv)|| 2y — 0, when € =0

@ if 3 CY(Q) and v € L*(Q), then

— 0, when ¢ = 0
L2(Q)

|5z (50 1.(60)

Saidani Mohammed
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1.14 Important Inequalities

1.14.1 Cauchy inquality

for all a,b € R, we have:

1oy, 1. .5
b< - —|b
ab < Sfaf’ + 1o

1.14.2 Cauchy inequality with ¢

The following inequality:
e 2 1 2
< —la|* + — R
ab 2[&\ 26]b| , a,be

remember for everything € > 0.

1.14.3 Cauchy-Schwartz Integral Inequality [3, 1]

For all u,v € L? (2), we have the following inequality:

is called the Cauchy-Schwartz integral inequality.

1.14.4 Holder inquality [13]

For all u,v € L (§2), we have the following inequality:

/u(x)v(x)dxﬁ /\u($)|pdas /|v($)|qdz :

Q

where p > 1 and % + % = 1, this inequality is the generalization of the inequality of the

Cauchy-Schwartz Integral.

Saidani Mohammed m
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1.14.5 Young inquality

The generalization of the Cauchy-Schwartz inequality is denoted by Young’s inequality which is
given by:
1 -1, e
ab< =laff + E==1p|"F; abeR, p-1
p p

1.14.6 Young inquality with ¢

For all € > 0, we have inquality:

p—1
P

1 —1|b
ab§—|5a|p+p—‘— ; a,beR, p=1
p p |€

1.14.7 Gronwall’s Lemma [28, 27]

If fi(7) ¢ = 1,2, 3 are non-negative functions on (0,7"), fi(7), f2(7) are integrable functions, and

f5(7) is a non-decreasing function on (0,7"), then if

Srfi+ foa < fs+cScf,
then
S f1+ fo < expler) f3(7),

where

S, fi= [ fit)dt, i=(1,2).
/

1.14.8 Poincaré Inequality [14]
For all u € Wy (), we have inquality:
/qux < C’gz/uidx
Q Q

where C3 is a constant depending only on Q.

Saidani Mohammed m
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1.14.9 Elementary Inequality [24]

l3
(S (€w))dr < 5 [[ul D) 720,

l2
($%(6w) dr < 3 [1Ba(6w) |72

l2
(32(6w) do < 5 1130(€u) 72y

O\N O\N O\N

1.15 Banach-Picard fixed point theorem [4]

Theorem 1.15.1. Let (E,d) a complete metric space, and [ : E — E a contracting application,
that is to say that there exists k € [0; 1] such that, for all (z,y) € E*:

d(f(x), f(y)) < kd(x,y).

Then f has a unique fized point | where f(l) = I.

1.16 Galerkin methods [19]

In mathematics, in the field of numerical analysis, Galerkin methods are a class of methods
for transforming a continuous problem (for example differential equation) into a discrete problem.
This approach is attributed to Russian engineers Ivan Bubnov (1911) and Boris Galerkin (1913).

This method is commonly used in the finite element method.

we start from the weak formulation of the problem. The solution belongs to a functional space
satisfying well defined regularity properties. the Galerkin method consists of using a mesh of the
study domain and considering the restriction of the solution function on each of the meshes.

from a more formal point of view, we write the weak formulation in the form:

{find w e V; Vv €V, where a(u,v) =L (v)}

Where a is a bilinear form, and L a linear form.
The set V' being generally of infinite dimension, we construct a space V;, C V with dim V}, < oo

and we rewrite the problem as follows:
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{find uyp € Vj; Yo, € V3, where a (up,v,) = L (vp)}

Typically, the space V}, considered is the set of continuous functions such that the restriction of

the function on a mesh is a polynomial.
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Mixed problem with a weighted integral

condition for a hyperbolic equation with

dissipation

2.1 Problém Statement

In the bounded domain @ = (0,1) x (0,7") , Where [ < oo et T' < 0o we consider the problem

of determining the solution u(z,t) of the differential equation.
1
Lu = Uy, + U — (a(t)uy + b(t)uy) = f(x,t), Y(z,t)€Q (2.1)

Where the functions a(t) and b(t) satisfy the following conditions:
Ci-co<a(t)<creo <a(t) <es forallte0,T],
Co ey <b(t) <esoc6 < b(t) <eor,by(t) <ecg foralltel0,T].
In the conditions above, as well as throughout, the ¢;,i = 0, 11 are strictly positive constants.

To equation (1,1), we associate the initial conditions:

hu = u(x,0) = ¢ (z), (2.2)

lou = us(x,0) = @o(x), (2.3)
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The Dirichlet type boundary condition
u(l,t) =0, (2.4)

And the integral condition
!
/ zu(x,t)de =0, (2.5)
0
Where f, 1 and @5 are given functions satisfying compatibility conditions:

v1(l) =0, f[f zpy(x)dx =0,
pa(l) =0, [ 2ps(z)dz = 0.

In this chapter, we demonstrate the existence and uniqueness of the strong solution to the
posed problems (2,1)-(2,5). We establish a priori estimation and demonstrate the density of the

set of values of the operator generated by the considered problem.

2.2 Functional Spaces

For the study of the posed problem, we need some functional spaces, namely L?(Q) the Hilbert
space, consisting of (classes of) square integrable functions defined in @) equipped with a given

scalar product:

(u, w) 2@ :/uwdxdt (2.6)
Q

And the associated norm: )

2
il = ( [ v .7

Li(Q) is the Hilbert space of square integrable functions with weighted norms:

1
il = ( | avidoat) 2.9

The scalar product in L>(Q) is defined by:

(u, w)Lg(Q) = (2u, w)r2(Q) (2.9)
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V09(Q) is the Hilbert space with the scalar product.

(u, w)vplvO(Q) = (u, w)r30) + (urvwx)Lg(Q) , (2.10)

And the norm
2
||U||2V—;,O(Q) = llullZzq) + luollzzq) - (2.11)

VH(Q) is the Hilbert space having the scalar product

(%w)v;’l(cg) = (%U})L%(Q) + (U:uw:z:)Lg(Q) + (ue, wt)Lg,(Q) , (2.12)

And equipped with the norm.

2 2
il = leliZa) + s gy + el 23 g (2.13)

Weighted spaces on the interval (0,1) are also used, such as L2(0,1) and V(0,1). Their
definitions are analogous to those of the spaces on () ,For example ‘/p1’0(0, [) is the subspace of

L2(0,1) with the associated norm

2
||UH%/;,0(07,) = llullZz00) + l1uallzz 0 (2.14)
The problem (2.3)-(2.5) can be written in the following operational form:
Lu=F, wueD(L). (2.15)

Where
Lu = (EU, l1u7 l2u) ) et F= (fa ¥15 SOQ) :
The operator L is considered from the space E to the space F', where E is the Banach space,

Consisting of functions u € L%(Q), satisfying the conditions (2.3)-(2.5) and in the finite norm:

2 2 * 2
Jully = s [, )R 0 g+ 12 o o (216)

And F is the Hilbert space L%(Q) X ‘/;)1’0(0, [) x LZ(O,Z), Consisting of all elements, F =
(f, 1, p2) including the norm:
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2 2
1712 = 180y + ot a0 + 2230 (2.17)

is finite
The domain of definition D(L) of the operator L is the set of all functions u € L2(Q) for which

Ut Ug, Utz U, Ugr € L2(Q) and satisfying the conditions (2.3)-(2.5).

2.3 Priori estimate

Theorem 2.3.1. If conditions C; — Cy are satisfied, then for all functions u € D(L), we have

the a priori estimate:

lulle < cf| LullF, (2.18)
Where ¢ is a positive constant independent of the solution .

Proof 2.3.1. Consider the inner product in L* (Q7) of equation (2.1) and the integrated-differential

operator

Mu = zu; — 23 (puy) (2.19)
Where Q™ = (0,1) x (0,7) with 0 < 7 < T, and I (pu;) = f; ffl pus(p, t)dpdé,

We obtain

(Lu, Mu)r2gn

2

(pw))

_ (autt, ut)L%(Qr) + <autt, S;Q (put)>

= (@) t)ga gry = (o), 2 (o)),
(2.20)
LZ(Q)
— o
(butaut)L?,(QT) T (buta S (pUt)>L§(QT),
By integrating each term of the right-hand side of (2.20) and taking into account conditions
(2.2)-(2.5), we obtain:

r=1
dt—/ TUpUpdrdt (2.21)
=0 T

2 1 2
79 Hux(-aT)HLg(o,z) + B H‘PleLg(o,l) ,
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o ((xux)x 5

2 (0u)) gy

r=

I
dt—/ 2u, S (puy) dedt
=0 QT

=

:—/ U, I (puy)

0

——/ 2u, S (puy) dadt,
Q‘r

- (a'utta Ut)Lz(Q )

1/
:—§/Oaa:ut

1 [ 1 [
:—E/Oaxut dm+§/0ax902

+—/ azru;drdt

1
dr + = / agru; drdt
QT

\)

%2

aug, S (PW))

S

L3(QT)

=- /T S5 (puse) S5 v (put)

1/ T 1
—/ a (S (puy))? d:v—i——/ ay (S (puy))? dadt
1/ Lt N
5 [a@ioutmnPde s 5 [ a (S (ppa))?de
0 0

1

+—/ ar (S (puy)) d:cdt,
2 Q‘r

*2
(but, QA (put))L%(Q,)

b33, (pur) 7 (pur)

/
:_/Q b (S (puy))” dadt,

=l
dt — / b(S% (puy))? dadt
=0 T

x=l
dt — / aSs (pug) S5 (puy) dadt
=0 T

(2.22)

(2.23)

(2.24)

(2.25)
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Substituting equalities (2.21)-(2.25) into equality (1.20), it follows:

l
a7 0 + / azi(., 7)da
l
—l—/ a (S (puy(., 7)) da
0

— llprela0p + / argi(a)da

!
+/ a (SE (pp2)) dx+/ ayruidrdt (2.26)

[e=]

+/ ar (3 (put))2d:13dt—2/ U, (pur) dedt
—2 / b (S (puy))? dadt — 2 / baruldudt
—I—/xfutdxdt—/xf%x*2(put)dxdt

QT QT

and By elementary inequality credit

2 2
< ||901m||Lg(o,l) +a H802”Lg(0,l)
2 * 2 * 2
+ s lluell gy + e 1S5 (p22) I20,0) + €3 1S5 (o) 72 gry

I ) - ) ) (2.27)
+ % ||Ux||Lg(Qr) + 204 || (P“t)HL2(QT) + 26 Hut”Lg(QT)

+ 2—C4||£U||L3(Qr) + ||£U||L,2,(Qr) + 5 1575 (pue) 172 (gr)

Hence

2 2
(e T)HL,%(OJ) + co [Ju(., T)HLg(o,l)

* 2
+ ¢co ||%x (put(" T))HLQ(O,I)

l
2
< Pl + | @i e

0
l
+ [ (s (ul ) ds (2.28)
0 |
l4
< lpielZaon + 1 (1 ; ) A

1 2
+ <2_c4 + 1> ‘|EUH%§(Q7) +c3 HUtHL%(QT)
l 9 3 ok 9
50 tallzzry + { e+ 5 ) 1S5 ()2 or)
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Let the inequality:

2 2
”U(-aT)H%g(o,Z) =< HUH%%(QT) + HUtHLg(QT) + H%HLg(o,l)

Indeed:

On one hand:

t=T1

dx

!
/ 2(muZ) dzdt = / ru?
! l
:/ JJUQ(.,T)CZZE—/ rp?(z)dx
0 0

/ %(wug) dxdt :/ 2xuudrdt
Q’V‘ T

And on the other hand:

So
1 1
/ZL’UZ(.,T)d.’L'—/ xgof(a:)da::/ 2zuupdrdt
0 0 v

After applying the Cauchy inequality to the right term, we obtain:

! !
/IUQ(.,T)dQSS/ xcp%(x)dx—l—/ qudxdt+/ ruidzdt.
0 0 T Q"

Now summing up (2.28) and (2.29) term by term, we get:

2
Hu(.,7')||%/p1,o(07l) + ¢ Hut(-ﬂ')HLg(o,l)

* 2
+ o IS5 (pue(, )1 7200
1 , I )
<(1+ %, [1LullZ2gry + 1 [ 1+ 5 1©2/l7204)
2 2
+llenllvaogy + (1 + es) luellzsiory + lullz2ior)
l 3

z
2 N 9
+ 50 luellzer + (63 + 5) 1% (pue) |32 -

And consequently:

. * 2
min (1, ¢0) [[[u 7)) + 195 (ot ) o |

< 4 D) e (e B icul
< Imax 264 » C1 2 9 C3),| C3 2 7204 u L%(Q‘r)

2 2 * 2
+ ||S01||v,}v°(o,z) + ||902||Lg(o,1) + ||U||‘2/p1,1(QT) + 1S5 (put>||L2(QT)]

(2.29)
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From this last inequality, it follows that:

* 2
”u<7 7')”%/;1,1(071) + ”%x (put('7 7—))”LQ(O,I)
2 2
<es (ICullZsgm) + 130000 + 1921320

* 2
o (lull gy + 195 ()1 F2(gr) )

Where:

max(l—i—i,cl <1+%> ,1+C3,C3+§,ﬁ)

“@= min (1, ¢o)

Applying the Gronwall’s lemma to (2.30), denoting by:

filr) =0
fo(T) = ||U(-,T)H3/p1,1(o,l) + 1S5 (Put(-aT))“iQ(o,l)

2 2
F3(m) = eo(lf 720 + lerllvrogy + l2llzz )

We have:

% 2
(s PG g + 195 (oue s T 200y

2 2
<cgexp (coT) <||f||ig(@r) + ”901“\/,}’0(0,1) + ||802||Lg(0,5)>

2 2
<eyexp (eoT) (11 230m) + 111000 + 2300 ) -

(2.30)

(2.31)

Since the right-hand side of inequality (2.31) is independent of 7, we pass it to the left-hand side

1
or supremum. With respect to 7 from 0 to 7, we obtain inequality (2.18) with ¢ = ¢ exp (09%).

1 T
fulle < e exp (v ) 1l

Proposition 2.3.1. The operator L defined from E to F has a closure.

Proof 2.3.2. We must verify that: if u, € D(L) such that:

U, — 0 dans £

n—0o0

and

Lu,, = (Eun, llun7 lQUn) — F = (f7 Y1, SOQ) in F’
n—00

(2.32)

(2.33)
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Then
f=0,01=0, et v =0.

The relation (2.32) implies that:

u, — 0 in D'(Q), (2.34)

n—o0

Where D'(Q) is the space of distributions over Q.
Due to the continuity of the derivation of D'(Q) in D'(Q), (2.34) implies:

Lu,, — 0 dans D'(Q), (2.35)

n—o0

And, since the convergence of Lu, towards f in Lf,(Q) implies:

Lu, — [ dans D'(Q), (2.36)

n—oo

According to the uniqueness of the limit in D'(Q), we conclude from (2.34) and (2.35) that

f=0.
Moreover, it follows from (2.33), that:

liu, — ¢1  in Vpl’o((), l), (2.37)

n—oo

As the canonical injection of V,2°(0,1) into D'(0,1) is continuous.

We deduce from (2.37) that:

lhu, — @1 in D'(0,1), (2.38)

n—o0

On the other hand, as in

u, — 0 Kk

n—oo

and

lhhtnllyrogy < llunlls Vn

Then, we have

hu, — 0 dans V,°(0,1). (2.39)

n—oo
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As a result

L, — 0 dans D'(0,1), (2.40)

n—oo

By wvirtue of the uniqueness of the limit in D'(0,1), we conclude from (2.38) and (2.40) that
p1 =0, Similarly it can be shown that py = 0.
Let L be the closure of the operator L, and D(L) it’s domain of definition.

Definition 2.3.1. The solution of the equation Lu = F for uw € D(L) is called the strong solution
of the problem (2.1)-(2.5).

By passing to the limit, we extend inequality (1.18) to strong solutions, and then:

lullg < e|Lullp, Yu € D(L) (2.41)

From inequality (1.41), we have the following results:

Corollary 2.3.1. The strong solution of the problem (2.1)-(2.5) if it exists, is unique and con-
tinuously depends on F = (f,¢1,p2) € F.
The proof is trivial.

Corollary 2.3.2. The set of values R(L) of the operator L is equal to the closure R(L) of R(L),

where R(L) = R(L)

Proof 2.3.3. of Corollary 2.3.2: From the definition of the set R(L), it follows that, R(L) C

R(L), it remains to show the reverse inclusion.

Let z € R(L) Then, there exists a Cauchy sequence (z,) in F' consisting of elements of the set

R(L) such that

lim z, = z.
n—-~o0

There exists then a corresponding sequence u, € D(L) such that
Lu,, = z,
From estimation (2.18), we have:

[tn =t < c||Lup — L[|z — 0
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As m and m tend to infinity, we deduce that (u,) is a Cauchy sequence in E.

Therefore, there exists a function u € E such that u, — u in E.
n—oo

By virtue of the definition of L, the function u satisfies uw € D(L) and Lu = z, thus z € R(L).

2.4 Existence of the solution:

Theorem 2.4.1. If conditions C, — Cy are satisfied, then for each f € L2(Q),p1 € V,°(0,1) and
o € L%(O, 1), there exists a unique strong solution uw = L~'F = L=YF of the problem (2.1)-(2.5)
satisfying the estimation

lulle < c|| Flir (2.42)
Where ¢ is a positive constant independent of the solution u.

Proof 2.4.1. From inequality (2.41), we deduce that the operator L.from E To E has an inverse
L7, and from the Corollary 2.3.2, we deduce that the image R(L) of the operator L is closed,
Therefore, it suffices to show the density of the set R(L) in the space F (i.e)

R(L) =F,

. For this, we need the following proposition:

Proposition 2.4.1. If the conditions of theorem 2.4.1 are satisfied, if for w € L*(Q), we have
([,u,w)L%(Q) =0 (243)

For any function u € Do(L) = {u/u € D(L) : lyu = lyu = 0}.

Then w vanishes almost everywhere in ().

Proof 2.4.2. of proposition 2.4.1: The relation (1.43) holds for all w € Dy(L), It can be
expressed in a special form.

Let uy; be a solution of the equation:

2

(pug) = V(x,t) (2.44)

Ok
Uy — S,

Where .
\Il(x,t):/t w(z, 7)dr (2.45)
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And let the function u be given by :

0, s10<t<s
u = (2.46)

[it = T)urrdr, sis<t<T
The relations (2.44) and (2.46) imply that u is in Do(L) and from (1.44) and (1.45) we have:

w(z,t) = <—utt + %;2 (putt))t

2
= Uy + I} (pusne)

(2.47)

Lemma 2.4.1. If the conditions of theorem 2.4.1 are satisfied, then the function w defined by
(1.47) is in L2(Q).

Proof 2.4.3. of Lemma 2.4.1 :To demonstrate that w € LZ(Q), we must introduce reqularization

t-operators p. of the form:

) =2 [ (220 sy

9 9

Where
+o0
we Ce0,7), w>0, / w(t)dt =1

oo

Applying the operators p. and - Lo equation (2,44), we obtain

2

82 (Utt - S5 (/)Utt)>

t

0 . . 0
:a |:(Utt - %; (PUtt)) — Pe (Utt - %; (Putt)ﬂ + Epf;‘\:[j
Where )
H Utt P%:t))
L2(Q)
, 2
H Uy — 3 (putt)) — Pe (Utt - S5 (putt))i|
L2(Q)
+ 2 H PV
ot iz
Hence

Peg —2 g
e—0
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And 2 (utt — g (putt)) is bounded in L2(Q), then w € L2(Q).
Now, returning to the proof of the proposition, by substituting w in (2,43) with its representation

(2.47) we obtain:

—

Uz, Uttt)Lg(Q) - (Um Uttt)L2(Q)

—~

AUy, Uttt)L%(Q) + (buy, uttt)L%(Q)

_|_
+ (taw, S5 (puttt)>L2(Q) + (Ux, S (puttt)> (2.48)

H L2(Q)

o’ _ o’
AUty Sy (puttt)>L%(Q) (but,\fx (Pth))L%(Q)

S /N N

After integration by parts, taking into account the conditions (2.3)-(2.5), C; — Cy and the
special form given by (2.44) and (2.46), the equality (2.48) can be written in a simpler form. For
this, let’s consider each term of the equality (2.48):

- (Ux:u Uttt)L%(Q)

=— / TUg Upgedxdt
Q

T
:_/ LUz Ut
S

l
- (UI, uttt)L2(Qs) + / LUy Uty
0

z=l
dt"’/ Uxutttdl'dt‘i‘/ xuxuttmdaﬁdt
=0 s s
t=T (2.49)
dr — / LU Uppp AT dt

t=s

1 l
= (Uw,uttt)LQ(Qs) - 5/07 ZEU?x dl‘

1 l
= (um,uttt)Lg(Qs) — 5/0 xufx(,T>d$7

(autt7 utt),:g(Q)
t=T

1 2
_ dr — 3 /s agruy,drdt (2.50)

1
=3 /0 aruy,
L 1 2
=—— [ axug(.,s)dx — 5 arrug,drdt
0 s

2
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l
(buu utt)L%(Q)

1 t=T
= / bxututt
0

d:v—/ bixusupdxdt
t=s Qs
— / bruldrdt

S

1 /! = 1
=— —/ baxu?|  dr+ —/ byruldrdt (2.51)
2 0 t=s 2 s
= / bruldxdt
e 2 1 2
=—— | bau(.,T)dx+ = | byru;dxdt
2 Jo 2 Jo.
— / bau? drdt,
(Umm ’ (puttt)> 2(04)
=l

T
2
= / 2u, Sy (pugt)
S

dt+/ U, S (puge) dodt
=0 Qs

/ ugC%’j (pugy) dxdt
Q. (2.52)
/

t=T

dx — / TS (puy) dodt
t=s Qs

U, (pug)

2
— (s, S5 (pu )
5 0) 1,

== (Ugr, S (Putt))Lg(Qs) - (Ux, 32 (puttt))Lg(Qs) )

((wtt; puttt)) 1o

)
=l

putt (puttt) dt + / (pUtt) (puttt) dl’dt
=0 S

1 t=T (2.53)
— 5/ a (S (putt))2 dx — 5/ ap (35 (,outt))2 dxdt

0 s
1

l
——5 | oGl = 5 [ 0 (92 ) o,

\

t=s
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(but; (pusse >

L3(Q)
T
:/ by put putt dt +/ b put puttt) dxdt
Qs
l
= / b, (puy) S5 (pu) / b (37 (puat)) dﬂit
Qs

—/ bSS% (pug) S (putt) dxdt
QS

o . (2.54)
_ / b (S5 (puer))? dudt — / b (S (pu))?|  da
s 0 t=s
1
—1—5/ b (S (puy))? dazdt
* 2 1 : * 2
:_/ b(S* (pug)) da:dt—é/ b (3% (pur(., T)) da
S 0
1
The substitutions of equalities (2.49)-(2.54) into the identity (2.48), yield
! ! !
/:pum( T)d:zc+/ azul(., )dx+/ bizu? (., T)dzx
0 0 0
!
+ [0 (pual., ) do
0
I
/bt( * (puy(., ))2d:1:—|—/ agrul,drdt

+2/ bruldxdt +/ ay (% (puy))” dedt
—I—2/ b (S (pug))” dedt
:/ bttzvufdxdt + / btt ( (put)) d.']}dt — 2 (Uzt, (putt))L%(QS)

Using the Cauchy inequality with €, we estimate the last term of the right-hand side of the
equality (2.55) as follows:

2 (uxta (putt))L,%(QS)

§/ xuitdxdt—i—g/ (3 (putt))2 dxdt
I ) (2.56)

By putting | € =
yp 9( o+ 204

l
< ( ) / zul drdt + (cy + 204)/ (% (puy))? dadt,
Qs

Co + 204

S
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Taking into account the conditions Cy — Cq, and combining the inequality (2.56) and the

equality (2.55):

2 2 2
Hutﬂf('>T)HL§(0,l) + co [Jun(, S)HLg(O,l) + o [, T)HLg(o,l)

+ coll S (Pl 9)on) + sl (o T) 220

2 2 * 2
+ e lunellzzq.) + 2¢a llunllpa ) + 2 [1S7 (Pun) 2o,
+2¢4 |5 (puan) 720,

2 * 2
< esllullpa g, + s 1S5 (pun) 2,

l ) . ,
+ (CQ + 204> HuthL?)(Qs) + (CZ + 204) H%x (Putt)HLz(Qs)

neglecting the sizth and seventh terms of the left-hand side of the previous inequality, it follows

that:
ot (- D300y + s 91
te\-s L2(0,1) tt\ - L2(0,1)
2 *
o e D 00y + 195 (e 910
19 (e T 20
2 2 * 2
< cn <HUtHLg(QS) + Hua:tHLg(Qs) + S5 (put>HL2(QS)> .
Where

1
Hax (087 T)

min (1, ¢g, )

C11 =

To proceed, we introduce a new function v(x,t), such that:

T
v(x,t):/ UrrdT
t

Then

w(z,t) =v(x,s) —v(x,t), and  w(z,T)=0v(z,s).

The inequality (2.57) becomes:

2 *
||Utt(-73)||Lg(o,l) + 1S5 (Putt(-, S)H%?(o,z)
2
(1= 200 (T = ) (Il ) 7300
+ loC 9300 + 195 (p0C 9) 2200

2 * 2
<2en (I[0el3i0 + 10133000 + 19500 3 ) -

(2.57)

(2.58)

(2.59)

(2.60)
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If sg > 0 satisfies:

(1 =2c11(T —5s)) ==,

Then the inequality (2.60) implies

2 *
e )00y + 195 (el 9)l32q0

2
+ lve (5 8200 + N0 (- 3)”%3(0,1)

(2.61)
193 (v (900
<dens (300 + 10132i0s) + 195(00) 3201
For all s € [T — s0,T].
We set
h(s) = llvallza i) + 10200 + 195 (0) 220, - (2.62)
Then (2.61) and (2.62) yield.
. oh
o) 0 + 195 (oo —
s (2.63)
§4611h(8).
Consequently
0
~9s (h(s)exp (4c118)) <0 (2.64)
s
By integrating (2.64) over (s,T) and taking into account that h(T) = 0, we obtain:
h(s)exp (4c11s) <0 (2.65)

Where w = 0 Almost everywhere in Qr—_s,, and since the length s is independent of the choice

of the origin, proceeding with the same reasoning, After a finite number of times, it is shown that
w=01inQ.

With the proposition established, let us now return to the proof of the theorem. We must show

the validity of the equality R(L) = F.

As F is a Hilbert space, the equality R(L) = F is true if the equality:

(L’LL, W)F = (L‘U, W)L%(Q) + (llu,wl)vpl,o(o,l) + (l2u7w2)L%(0,l) = O, (266)
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Where W = (w,w,ws) € R(L)*, it follows that w = 0,w; = 0 and wy = 0, almost everywhere in

Q.
Considering any element of Do(L), from equality (2.66), we obtain:

Yu € DQ(L), (,CU,CU)L%(Q) =0 (267)

Hence, by virtue of proposition 2.4.1, we deduce that w = 0.
So, from equality (2.66), we obtain:

Since lyu and lyu are independent and the set of values of operators lyu and lau is everywhere
dense in the Hilbert spaces V,°(0,1) and L2(0,1) respectively.

Hence wy = 0 And wy = 0 And consequently W = 0, which completes the proof of theorem
2.4.1.
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On a semi-linear problem for a parabolic

equation with the Bessel operator

3.1 Probléem Statement

In the rectangle @ = (0,1) x (0,7") where | < oo and T' < oo, we consider the semi-linear heat

equation with the Bessel operator:

up — é (zuy), = [ulPu, (z,t) € (0,1) x [0,T] (3.1)

Where p will be chosen later.

To equation (3.1) we associate the initial condition

lu=u(z,0) =¢(x), xe€/(0,1), (3.2)

And the boundary condition:
u(l,t) =0, tel0,T] (3.3)

Where ¢ is a given function and satisfies the compatibility condition:

() = 0.

In this chapter, we demonstrate the local existence and uniqueness of the weak solution to

problem (3.1)-(3.3) The proofs are essentially based on a priori estimates as well as fixed point
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arguments.
Let’s start by studying the corresponding linear problem.
In the bounded domain @ = (0,1) x (0,7) where | < oo and T' < oo, Consider the second-order

parabolic equation:

Lu = u; — é (zuy), = f(z,t), z€(0,0),te (0,T) (3.4)

To equation (3.4), we associate the initial condition:
lu=u(z,0) =p(x), ze/(0,l), (3.5)

And the boundary condition:
u(l,t) =0, te(0,7) (3.6)

Where f is a given function belonging to L? ((0,T), L2(0,1)), (i.e) fOT 111720t < oo
2(0,
In this linear case, we demonstrate the existence and uniqueness of the weak solution to
problem (3.4)-(3.6). The uniqueness is demonstrated using the method of the previous chapter.

For existence, we use the Galerkin method.

3.2 Functional space

For the study of the posed problem (3.4)-(3.6), we need some functional spaces.
Let L%(Q) be the Hilbert space, of square integrable functions with weights having finite norm:

3
lullz2@) = (/ m2dwdt> :
Q
The inner product in L2(Q) is defined by:

(us w)rz@) = (2u, w)r2(Q)

H(0,1) is the Hilbert space with finite norm:

2
||u||%r;(o,z) = ”uH%g(o,z) + HU:::HLg(o,l) ;
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And the inner product:

(%w)H;(O,Z) = (%w)Lg(o,Z) + (U wx)[,?([)’l) )

L> ((0,T),H}(0,1)) is the space of measurable functions u : [0, 7] — H}(0,) having finite norm:

2
Hu“Loo((o,T),H;(o,l)) = S[}ISP;E?HU(-J)HH;(OJ),

Where H}(0,1) is the space with weights on the interval (0,1).

3.3 Uniqueness of the solution

Definition 3.3.1. we say that the function u(x,t) € L> ((0,T),H}(0,1)) is a weak solution of
the problem (5.4)-(3.6) if it satisfies:

o fol rundx + fol TUNdr = fol xfn(x)dz For all n € H}(0,1), and for almost all t € [0,T].
@ u(z.0) =¢(x), z€(0,0).
Theorem 3.3.1. The problem (3.4)-(3.6) cannot have more than one weak solution.

Proof 3.3.1. let uy; and us be two solutions of (3.4)-(3.6). Then w = uy — uy is a solution of:

w, — é (zw.), =0, z€(0,1),t€[0,T], (3.7)
w(l,t) = 0,¢ € [0,7], (3.8)
w(z,0) =0,z € (0,1), (3.9)

If we scalar multiply equation (3.7) by zw, we obtain:

(we, W) 120,y — ((FWa), W) 204y =0 (3.10)

Hence:

I !
/ rwwdr — / (rw,), wdx =0 (3.11)
0 0

By integrating by parts each term of equation (3.11) and taking into account conditions (3.8)-(3.9),
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we obtain:
Lo lwadx + /l widr =0 (3.12)
20t J, o '
So
10 /l 2 /l 2
—— [ zwidr =— | zw,dx 3.13
From (3.13), we conclude that:
0 /l )
— zwdr <0 3.14
o/, (3.14)

Integrating (3.14) over [0,t], we get:

! I
/ rw?(z,t)dr < / rw?(z,0)dx
0 0

0

Therefore

w(z,t) =0, and from him  u; = uy.

3.4 Existence de la solution faible

Theorem 3.4.1. Let f € L?((0,7),L2(0,1)) and ¢ € H(0,1), then (2.4)-(2.6) has a unique
weak solution in L ((0,T), H)(0,1)), u, € L* ((0,T), L2(0,1)).

Proof 3.4.1. we use the Galerkin method where the solution can be obtained as a limit of approx-
imate solution.

Let (¢x(2)) ey be a fundamental system in H)(0,1) with:

17 ij:k7

(ona SOJ)LZ(O,I) = 5% = .
0, j#k

we are lookig for an approzimate solution u™ (z,t) under the form u™ (z,t) = SI0_ CN (t)pr(x)

and verify:

N N .
(ut 790]‘)%2)(071) + (uz ,SDjx)L%(OJ) = (fa @j)Lg(O,l) )= L, N (3'15)

And the relation:
CN(0) = (¢, ¢;) (3.16)
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If we multiply each equation of (3.15) suitably by par 2CN(t), and sum from j =1 to j = 1

dt g
as follows:
d d d
(Ut ’dtcN( ) ) + (Ui«vaacfv(t)@lz) = (f,ECfV(t)%) ;
£2(0,0) L2(0,0) L2(0,1)
NP N @ N d N
Uy ’dtc2 (t)2 + uw7502 (t)p2z =/ dtc2 (t)p2 ;
L2(0,1) £2(0.0) £2(0,0)
d d d
(. Fehwey) 4 (afoOen) = (R gCRWey) 0<i<T
L2(0,1) L2(0,1) £2(0,0)
from where after summation, we have:
(uiv’uiV)Lﬁ(O,l) + (uy, “g)ﬂ(oz (f, )L2(0 - 0<t< T (3.17)

Integrating both sides of (3.17) over (0,t), we have:

// x (u)) dxds+ / (ul (xt))d

(3.18)
25/ z (u) (z,0)) da:+/ / xful deds, vt € [0, 7).
0
Applying Cauchy’s inequality to the second term of the right side of (3.18), we get:
/ / z (u)) ? duds +/ (up ($,t))2dl‘
(3.19)

S/O:c( N(z,0)) d1:+//:cf2dxds vVt € [0,T]

But as:
1 1
/ x (uiv(x,()))zdx < / 22 (z)dx
0 0

We then have:

/Ol:c( N(z,t)) dx+// z (u]) da:ds</ol:vgpm( )dl‘—i—/ot/lededs

l l

¢
< /axpx d:c—ir/:cgo +//:cf2d:cd3
00

0 0

—= ||(p||1{1 0,l) + ||f||L2 (10,77 L2(Ol))
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Hence, we have:

t ol
/ / T (uiv)2 drds < ¢
o Jo

With ¢y, a positive constant independent of N.
Consequently
Hut HL2 ((0.1),L2(0.0)) <. (3.20)

So the sequence (ul) is bounded in L* ((0,T), L2(0,1)).

NeN

Now let’s consider the inequality:
: 2
/ z (u(z,t))" dz
0

_/ (u™ (z,0)) d:c+/ / ? dads (3.21)
/ / ut ? dxds.
vt € [0.7].

Summing (3.19) and (3.21) term by term, we obtain:

/ol$ (UN(x’t))zdx+/le (uiv(%t))de
</la:( M, 0 ))2d:c+/l (u (z,0))% da

// dxds+//xf2dxds

Hence

[|u™(. HHl(oz < el + ||f||L2([0T] 1200) T HUNH:%(Q) (3.22)

2
< |I(IO||H1 0,l) + ||f||L2<[OT] LQ(Ol) + HUNHH/}(Qt)J

For allt € [0,T].
Applying Gronwall’s lemma to inequality (3.22), we get:
Where

_ _ ||, N 2 ) _ 2 2
fi=0: fo=||u (->75)HH;(O,Z) ; f3= ||<P||H;(o,5) + 2o, 02000
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We have

oDl 00y < ex0(®) (Ielion + 11 o s3000) (323

< exp(1) (I Brson + 1B szan))

And since the right-hand side of inequality (3.23) is independent of t, we pass to the left-hand

side or supremum with respect to ¢ from 0 to 7" we obtain:

N 2 2 2
S0 (4Ol < exe(T) (helascon + 17122 o 2000 (3.24)

And consequently

Ju < ¢, (3.25)

NHLOO((O,T),H;(OJ))

Where ¢, is a constant independent of N.

From (3.20), we deduce that (u]’ is uniformly bounded in L? ([0,T], L2(0,1)), Then

)NEN

we can extract from this sequence a subsequence (uiv ’“) that converges weakly to u; €

NipeN
L?((0,7),L2(0,1)). From (4.11), we deduce that (v is uniformly bounded in L> ((0,T°), H}(0,1))

)NeN

(Bolzano Weierstrass theorem), Thus we can extract a subsequence (uN ’“)
weakly to u € L= ((0,7), H)(0,1)).
Let’s show that this limit u is a weak solution of (3.4)-(3.6).

Ny eN that converges

Multiply equation (3.4) by x, we have:
zuy — (zuy), = v f(x,t) (3.26)

As
N, t) = DY Opna), @)=Y 2

Then u" satisfies:

Sl ACN (1) fywr - idr+ 0L, O (1) [y %8s - Gede
= fol zf(x,t)pjde,0 <t <T,j=1,N (3.27)

S CN(0) [y wr(@)py(a)de = [y wp(x)p;(2)de, j = T, N
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The relation (3.27) is a system of N ordinary differential equations of unknowns CY (t), (k =
1,N) as f € L? ((O,T),H;(O,l)), then the standard theory of ordinary differential equations
implies the existence of functions C{¥(¢) such that u™ (z,t) defined by S°n | ON(t)gx () satisfies
(3.27).

From (3.27), we have:

4 la:uN(x t) -d:1:+/lx£uN(x t)%da:—/le dx, pour j =1, N
dto 730] (9.3(7 ) aflf _() 90] 7p ]_7

From this last inequality, for each N > j, for each j > 1, the function wu satisfies:

d l
% xugpjdx —|—/ x%u%dx = /0 x fy;dx, pour presque tout t € (0,7

Consequently, for each n(z) € H}(0,1):

d [ 1 !
7 rundxr + / LU dr = / xfndx, pour presque tout t € [0, T
0 0 0

That is
! ! l
/ xugndx +/ XUz dr = / xfndz, pour tout t € [0,T]
0 0 0

Therefore u is a weak solution of the posed problem.
Now let’s return to the semilinear problem where f = |u[P"?u, and demonstrate the local

existence of problem (3.1)-(3.3). Let’s start with Lemma:
Lemma 3.4.1. Ifv € H)(0,1), and 2 < p < 3 then |[v[""*v € L2(0,1).

Proof 3.4.2. of Lemma 3.4.1 We have

! I
/ T (|v|p_2v)2 dx = / o0 2dg
0 0

I
1 4
—/ (ach)p 2> Pdx
0
l p—1
§/ <sup 3:1)2) 2> Pdx
0 \0<z<I
p—1 pl
< (sup $1)2> / 2> Pdx
0<z<l 0

(3.28)
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Applying Lemma 2.4.1 from Chapter 2, (3.28) becomes:

1

! , I el
/ z (|v]P~?v) " do < <c/ xvidm) 3P
0 0 3—p

l3—p ! p—1
= (c/ xvidm)
3—p 0
i ( /l m2dx)p‘1 (3.29)
3—p o
Cp 1l3 D l l p—l
</ v2dx + xvidx)
b= 1l3 D
(HUHHl 01)) :

Therefore |v|P~?v € L2(0,1).

3.9 Existence and uniqueness of the solution

Let’s use a fixed point argument to demonstrate the local existence of the solution to problem

(3.1)-(3.3).

Theorem 3.5.1. Let p € H)(0,1),2 < p < 3. then (1.1)-(1.3), admits a unique weak solution in
L ((0,T%),H}(0,1)) and u, € L* ((0,7%), L2(0,1)), for all T* < T.

Proof 3.5.1. Let B = L ((0,T),H}(0,1)) and H = L*((0,T),L2(0,1)), define for M > 0,
T > 0, the set of functions K(M,T) defined by:
K = K(M,T)

(3.30)
= {ueB:N(uu,T) = [lulf+ ulh < M? u(z,0) = ()}

For allv € K(M,T), we can solve the problem:

u — = (zu,), = [vP~?0  for ze€(0,1), t>0
u(l,t) =0, t>0 (3.31)
u(x,0) = ¢(z), =€ (0,1).

according to Theorem 2.4.1 , the problem (2.31), admits a unique solution u € B for all
ve K(M,T).

We can define an operator h where u = hv which associates eachv € K(M,T), with the solution
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of the linear problem (3.31). If we can demonstrate that h admits a fized point u in K(M,T), then
w is the solution to problem (3.1)-(3.3), demonstrating that h is a strictly contracting application.
First, let’s prove that h transforms K(M,T) into itself, h: K — K.

if we multiply equation (3.31) by xuy, we have:

t
//xutdmds—// TUy) utdde—//xut|v|p 2vdxds,
0

By integrating by parts, we get:

! s={ t gl
//xutdxds—l— /xui dx:/ / zuy[v]P~vdads,
0 s=0 0 Jo
t gl ! ¢ t gl
2/ / xufdxds+/ xui(x,t)dx:/ mcpidx+2/ / zuy[v[P*vdads
0 Jo 0 0 0 Jo

Applying Cauchy’s inequality, it follows:

I
//xutd:cds—i—/ 2(z,t)dx
S/xgpidx—k/ / xutdxds—i—/ / r|v|**dxds
0 0

Hence

And consequently

/xu xtdx+//xutda:ds

gpxd;ﬂ—i-/ / x| 2dxds (3.32)

<d (||¢\|H10l //x|v|2p 2dxds) vt [0,7).

! C
/ oo 2o < 5 ol (3.33)
0

As
HL(0,0)

Where C' = ¢P~1[3P,
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Integrating (3.33) with respect to t from 0 to T, we have:

/ /:U]U\Qp 2dodt < —/ HvH?flgldt

< — sup ||v)|%; 2 dt
55/ Sl [F
s ol
e P o<t
cT 2p—2 2p—2
< 3Tp (Oiltlp ||U||H1 oyt v t”LQ(OT] £2(0,1)
< cT -2,
=3, »

If we set 3%]) = K then we have:

T
/ / r|v|*2drdt < K\, TM*~?
o Jo

And consequently (3.32) becomes:

I Tl
sup / xui(.,t)da:—l—/ /a:ufdxdt
0<t<T Jo o Jo

acT
<dllglpon + 5, M, (354

— A+ dK, TM*>2,

Where A is a constant dependent on the norm of ¢ in H;(O, l).
Let M be large enough, and choose T* to be small enough, then from (3.34), it follows that:

l T
sup / ul (., t)dw +/ / vuldrdt < M?
0<t<T™* Jo 0

And consequently h transforms K(M,T') into itself.
Now let’s demonstrate that h is a contracting application for T small enough.

let vi,v9 € K(M,T) such that uy = hvy and uy = hvy are their images, then W = uy —uy Verifies:

Wi — % (W), = |U1’p_2 vy — |U2|p_2 va, x€(0,0), ¢t>0
W o £ 0 (3.35)
W(z,0) =0, @€ @)
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Multiplying (3.35) by 2eW; and integrating over (0,1) x (0,t), We have:

¢l ¢l ¢l
2/ / eWidrds — 2/ / (xW,), Widzds = 2/ / W, (|vllp72 vy — v P72 112) dxds
o Jo o Jo o Jo

By integrating by parts, using Cauchy’s inequality with €, we obtain:

t I
2/ / a:Wthxds—i—/ aW2(., t)dx
0 Jo 0
t pl Lol )
S/ / a:Wfd:cds+/ / z (Jor]"2 o1 — Jua| "2 vy)” davds
0 Jo 0 Jo

(3.36)

Hence

/ sW2(., t)dx + / / e Widzds
// (lor]P 2 w1 = [P )d:z:ds.

By estimating the right member of (3.87), it follows:

l t pl P
/ aW2(.,t)dx +/ / eWidrds < d/ / z (v — U2>2 (’U1|2p—4 X |v2|2p—4) deds
0 0 Jo 0o Jo

Where d is a positive constant independent of vy, vy and t.

(3.37)

If we set V = vy — vy it follows:

/ aW2(.,t)dx + / / eWidxds
<d//xV2 |v|p4+| Nk )d:zcds
Sd/ / (sup xV2) (Joa|P~* + o) dads (3.38)
0 Jo \O0<z<l
¢ !
d/ (sup xVQ)/ (|v1|2p_4+ |7Jg]2p_4) dxds
0 o<a<l 0
t gl I
SC’/ (/ :ﬂ{fdx)/ (Jor) "~ 4 |va %) daeds.
o \Jo 0

Now let’s estimate fol v [~ da et fol vy | da.

IN
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We have

~

— 2n—4 —
2P 2P e Pdy

!
/v%p_4dx:/
0 0
—/ (xv%)p_2x2’pdx
0

l p—2
< sup xvf) > Pdx

O<a<l

~

0

l p
<lec / xv%xdm)
0

—2

!
/ 2> Pdx
0

Hence from (3.38), we have:

l t l t l
/ sW2(.,t)dx + / / eWidrds < CM*~* / / 2V2dxds
0 0 JoO 0 Jo

Passing to the supremum with respect tot From O To T*, we obtain:

! Tl
sup /fo(.,t)da:—l—/ /a:Wfdxdt
o<t<T* Jo o Jo

T l
SC’MQP_4/ / aV2(., t)dxdt
o Jo

!
<CT*M*™* sup /:va(.,t)dx
0

0<t<T™*

I Tx
SC’T*MQ(”_Q)< sup / fo(.,t)dx—i—/ / oﬂ/fdxdt),
o<t<T* Jo o Jo

Therefore
N (W, W,, T*) < CT*M**" )N (V,V;, T*).

If we choose T* to be small enough such that CT*M?*P=2) < 1, then h is a contracting
application from K(M,T) into itself. And consequently, the theorem of the contracting application,
(Banach fized point theorem), asserts the existence of a unique fized point u which is the desired

solution of problem (3,1)-(3.3).
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