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Abstract

In this work we are concerned to prove the
existence, uniqueness and the continuous
dependance of a strong solution upon the data of
some mixed problems with classical ( Dirichlet,

first case, we treate a mixed problem with purely
classical conditions and in a second case we
combine a classical and an integral condition.

Neumann) and integral conditions for a hyperbolic
class of equations and for a hyperbolic system. In a

In our proofs, we use functionnal analysis method.
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Résumé

Dans ce mémoire, on démontre l'existence,
I'unicité et la dépendance continue par rapport aux
données de la solution forte de quelques problémes
mixtes avec des conditions intégra- les et
classiques (Dirichlet, Neumann), pour une classe
d'équations hypérboliques de type Boussinesq, et
un systéme hypérbolique; dans un premier cas, on
étudie le probleme mixte avec des conditions
plrement classiques de type Dirichlet, et dans un
autre avec des conditions classiques et intégrales.
La méthode utilisée dans les démonstrations est
celle de I'analyse fonctinnelle.
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Introdution

The functional analysis method, also known as the method of energy inequalities or a priori estimates, has been developed
to address a wide array of mixed problems across various classes of equations. It consistently emerges as one of the most
effective techniques for tackling such diverse problem sets.

This present work endeavors to extend this method to a novel category of mixed problems, encompassing hyperbolic sys-
tems with purely classical or combined classical and integral conditions. Additionally, it aims to address a class of hyper-
bolic equations known as Boussinesq type, within the functional spaces of Sobolev.

This method was first formally presented by A.A.DEZIN . Its versatility has been demonstrated across a spectrum of equa-
tions, including elliptic, parabolic, hyperbolic, composite, mixed, non-classical, and operational equations. These have
been tackled with diverse boundary conditions such as Cauchy, Dirichlet, Neumann, among others, as well as transmission
problems. Integral conditions, representing averages, total energy, mass, and moments, have proven to be pivotal in prac-
tical applications.

Mathematical modeling of mixed problems with integral conditions finds application in heat transfer theory, population
dynamics, plasma physics, metallurgy, thermoelasticity, and elasticity.

To effectively apply this method, certain steps must be adhered to:
(J Obtaining a priori estimates.
1 Assessing the density of the images of operators generated by the considered problems.
1 Selecting the appropriate functional framework for each problem.

These steps constitute the general framework of the functional analysis method. This method aims to provide a systematic
and effective approach to solving complex mathematical problems and serves as a valuable tool for researchers and engi-

neers in various applied fields.

This method is based on the ideas of J. Leray [43], L. Garding [23]. It has been used for studying problems related to elliptic
equations [37], [38], [44], parabolic equations [22], [36], [38], hyperbolic equations [5], [17], [22], [24], [25], [32], [36], [38],
[45], composite equations [3], mixed equations [1], [29], [30], non-classical equations [2], [8], [9], [12], [33], and operational
equations [14], [15], [20], [22], [30], [39], [40], [45], [46],with boundary conditions such as Cauchy, Dirichlet, Neumann,...,
as well as for transmission problems [31], [34], [41].

In this work, we adhere to the outlined scheme with precision:

scheme:

The problem posed is written in operational form as:
Lu=%, YueD(L) (1)

where the operator L is considered from the Banach space B into the suitably chosen Hilbert space H. Then, the a priori

estimation (known as the energy inequality) of the form :
lulg < clLullg 2)

is established. It should be noted that for the problems posed in our work, this type of a priori estimations is obtained
by multiplying the considered equation or system by a differential or integro-differential operator .# u containing linear

expressions in terms of the unknowns. This method was first proposed and used by K. O. Friedrichs and H. Lewy in [21], O.




A. Ladyzhenskaya in [36], and P. Lax in [42].
Next, it is shown that the operator L from B into H has a closure L.
The solution to the operational equation:
Lu=%, VYueD() 3)

will be termed the strong solution of the given problem. Through a limit process, we extend the estimate (2) to strong
solutions, resulting in:

lullg < clLuly 4)

From inequality (4), we deduce:

d The uniqueness of the strong solution of the posed problem and its continuous dependence on the & € H data.
O The equality between the sets R(L) and R(L) .
O The invertibility of Z, where the inverse L is defined on the range set R(L) of the operator L.

The final step involves establishing the density of the set R(L) in H, thereby ensuring the existence of a strong solution to
problem (1).

Our thesis consists of three chapters, which are:

The first chapter is devoted to some concepts in the theory of functional spaces and operator theory, along with the in-
equalities used in our study.

In the second chapter, we address a mixed problem for a class of hyperbolic equations of Boussinesq type with integral
conditions.

The third chapter is dedicated to the study of a problem for a hyperbolic linear system with the Bessel operator under clas-

sic Dirichlet-type conditions.

Note:
I relied on this memory

To its owner : Mansour Abdelouahab
Theme:
Etude de 'existence et 'unicité des solutions fortes de quelques Problémes Mixtes Avec conditions classiques et intégrales

Pour une classe d’équations aux dérivées partielles et systémes.
Date 2003.




Chapter 1

Preliminary Notations

1.1 Normed Space

Definition 1.1.1 (The Norm) Let X be a real (or complex) vector space, a norm on the linear space X is a real-valued function

Il : X — [0, +00l, where the value at x is denoted by || x| and has the properties:
* xll=0
e llax|=lalllxll forallscalars«
* xIl#0 if x#0
o Jlx+yll=txi+ ]yl

Definition 1.1.2 (Normed Linear Space) A linear space (X, |.ll) on which a norm is defined is called a normed linear space.
Definition 1.1.3 (Complete Space) The normed space X is complete if every Cauchy sequence in X converges to an element
in X (i.e) has a limit that is an element of X.

1.2 Banach Space

Definition 1.2.1 (Banach Space:) If a normed linear space X = (X, ||.I1) is complete, it is called a Banach space.

theorem 1.2.1 Let X be a normed linear space, Then there exists a linear space Y such thatY is complete and X is a dense
subset of Y.

Up to isometry, the space Y is unique.

Definition 1.2.2 (Completion) The spaceY given by Theorem 1.2.1 is called the completion (partition) of X.

1.3 Hilbert Space

Definition 1.3.1 (Pre-Hilbert Space) A complex linear space X is called a pre-Hilbert space if for each pair of elements x, y

in X, there exists an associated complex number (x, y) called the pre-Hilbertian of x and y with the following properties:

5
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e (x+y,2)=(x2+(,2), forall x,yzeX

e (x,7) =(3,x), where the bar denotes complex conjugate.
e (ax,y)=calx,y), VYa

e (x,x)=0, forallxelX,

e (x,x)=0ox=0, forallxeX

The pre-Hilbert space is a special case of a normed linear space, as expressed by the following lemma.

lemma 1.3.1 : Let X be a linear space equipped with a scalar product. Then the expression || x| = v/(x, x), forall x € X, defines

anormon X.

Definition 1.3.2 (Hilbert space) A Hilbert space is a complete pre-Hilbert space (a normed linear space).

Adistance on H is given by:
[x-y||=vV&x-yx-y).

Therefore, pre-Hilbert spaces are normed spaces, and Hilbert spaces are Banach spaces.

1.4 Space of Sobolev

Definition 1.4.1 Let Q < R" be an open set, k a non-negative integer, and let 1 < p < oo, We define W;“(Q) to be the set of all
distributions u € LP(Q) such that D*u € LP(Q) for|a| < k, wherea €N, a= (a1, a,....,ay), a;€N,
i =1, n such that:
Wy(Q) ={uelP(Q), D*ueLP(Q); Va:lal<k}
where 3y ;

= lal= ) a;
0%1x,0%x;......0% X, l:Zi !

D%u

and
LP(Q) = {u: measurable \f lu(x)|Pdx < oo}

L*®(Q) ={u: mesurable\3c such that |u(x)| < con Q}.
LP(Q) is a complete space for the norm
1
lull iy = (f|u<x)|ﬁdx)n, 1<psoco

And L*°(Q) is a complete space for the norm:

lull oo () = sup [u(x)].
x€Q)
In W5 (Q), a norm is defined by:
n
_ a
el ko) = > D]y p<oo
lal<k
_ a
llwge = max| D%uf o g

For p = 2, we define a scalar product as:

W V)ypriy = 2, (DTu(x), D v(@) gy = Y fQD“u(x)D“v(x)dx.

lal<k lalsk

For Wzk () we also use the notion of H k Q).

1.4. Space of Sobolev |9
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1.5 Orthogonality-Orthogonal Complement

Definition 1.5.1 (Orthogonality) Let H be a Hilbert space (more generally, a pre-Hilbert space). We say that two elements of

H, x and y are orthogonal (or x is orthogonal to y) if:
(x,y)=0,

And we write x Ly Similarly, for the inclusion
ABcH

We write:

xly if xla, VacA
Definition 1.5.2 (Orthogonal Complement) For each subspace M of H, we define the orthogonal complement as:
M'={(xeH| (x,a)=0, VYaeM}

Which is the set of all vectors orthogonal to M.
It is clear that M is a closed subspace. If M is also closed, then H is a direct sum of M and M*:

H=MeM™*
theorem 1.5.1 Let H be a Hilbert space, A subspace M of H is dense if and only if M+ = {0}.
Mt={0}eM=H

theorem 1.5.2 (Completion) For any normed space (Pre-Hilbert space) X, there exists a Banach space (Hilbert space) X and
an isometry A from X to a dense subspace W of X: the space X is unique, except for isometries.

The following concepts are very useful for studying unbounded operators.

1.6 Closed operators
Definition 1.6.1 The graph of a linear operator A: X — Y is the set of ordered pairs:
Q) ={(x,Ax) \ xe D(A)}jcXxY
Note that the graph is a subspace of X x Y.
lemma 1.6.1 The operator A is an extension of A if and only if:
I'(A)>T(A4)
Definition 1.6.2 An operator A is said to be closed if its graph is closed as a subset of X x Y.

Definition 1.6.3 A is called closable if it has a closed extension, Every closable operator has a smallest closed extension called
its closure and denoted by A.

The following lemma is a direct consequence of the definition of a closed operator.

1.5. Orthogonality-Orthogonal Complement
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lemma 1.6.2 An operator A is closed if and only if it has the following properties, Whenever there is a sequence x, € D(A)

such that:

* Xp— X

o Axy, —»f
then

e VxeD(A) Then Ax=f

A similar characterization holds for a closable operator.

lemma 1.6.3 An operator A is closed if for any sequence x, € D(A) such that x,, — 0, we have either:

e Ax,— 0or
e lim Axj, does not exist.
n—oo

Corollary 1.6.1 If A is closed, then:
I'(A)=T(4)

1.7 Regularization of Operators

Let W be a function of class C°°, with the variables a such that:
W(a)>0; W=0, |a|=1
And

(¢S] 1
fW(a’)da:fW(a)dazl
—00 -1

We denote by:

1 xX—-y
Welx,y) = -W(—)
€ €

For every € > 0, we have:
[es) 1
f Wg(x,y)dyszg(x,y)dyz 1,
—00 -1

And
We(x,) =0, |x—y|ze.

We define the smoothing operator J; : L?(Q) — L?(Q) by the formula:

(Iev)(X)=fWg(x,y)v(y)dy= f Welx, y)v(y)dy,

|x-y|<e

where Q = (a,b) cR and v € [*(Q) This operator has the following properties:
1. The function J,v e C*® if v € L2(Q), and

om am
: m
ax_m(]sv):]e(ax—m]gl/), sive C™ (Q)

1.7. Regularization of Operators
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Preliminary Notations

2. Ifve L?(Q), then
IJev—vllj2@q — 0, when £€—0

And

I Jevll 2@y < 10l p2-

3. If e C(Q) and v € L2 (Q), then

”ﬁfsl/—]g(ﬁv)”Lz(Q)—»O, when £€—0

4. If e C'(Q) and v € L? (Q), then

”% (Blev—Te(pv))

L2(Q)
1.8 Important Inequalities

1.8.1 Gronwall’s Lemma

—0, when ¢—0

If g;(r) i = 1,2,3 are non-negative functions on (0, T), g1(7), g2(7) are integrable functions, and g3(7) is a non-decreasing

function on (0, T), then if
3:81+82=83+¢S:182,

Then

3181+ 8, =exp(cr)gs(n),
Where .
Sugi= [ginar, i=a.2).
0

1.8.2 Cauchy inquality

For all a, b € R, we have:
1 1
ab < =|al* + =|b?
2 2

1.8.3 Cauchy inequality with ¢

The following inequality:
1
ab<Zla?+—IbP, abeR
2 2¢e

Remember for everything € > 0.

1.8.4 Cauchy-Schwartz Integral Inequality

For all u, v € L? (Q2), we have the following inequality:

fu(x)v(x)dxs (/ uz(x)dx)

Q Q

(f v’ (0)dx

Q

Is called the Cauchy-Schwartz integral inequality.

|

1
2

1.8.

Important Inequalities
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1.8.5 Younginquality

The generalization of the Cauchy-Schwartz inequality is denoted by Young’s inequality which is given by:

1 -1 pt
ab<—laP + 22107, aber, p>1
p

1.8.6 Younginquality with ¢

For all € > 0, we have inquality:

p-1
P

, a,beR, p>1

1 -1|b
ab< —|eal’ + P
p €

1.8.7 Holder inquality

For all u, v € L” (Q)), we have the following inequality:

b 7
fu(x)v(x)dxs (flu(x)lpdx) (flv(x)lqu) ,
Q Q Q

Where p > 1 and ’—17 + % = 1, this inequality is the generalization of the inequality of the Cauchy-Schwartz Integral.

1.8.8 Poincary Inequality

For all u € W, (Q), we have inquality:

fuzdeCéfuidx

Q Q
where Cé is a constant depending only on Q.

1.8.9 Elementary Inequality

1
12
/ (Q300) dx = S 19: Al g,
0

—

XS Aw)?dx < S AWl

0
1
2 l3 2
[ @ ar = S 1,01, g,
0

1.8. Important Inequalities



Chapter 2

Problems with an integral condition with
weight for a class of hyperbolic equations of the

Boussinesq type are considered.

In this chapter, we demonstrate the existence, uniqueness, and continuous dependence on the data of the strong solution
of the posed problem (2.1)-(2.5). We establish an a priori estimate and demonstrate the density of the set of values of the

operator generated by this problem.

2.1 Problem setting:

In the bounded domain Q = (0, /) x (0, T'), where [ < oo and T < oo The problem of determining the solution u(x, f) of the
differential equation is considered

4

ZLu=u;— (b(x, t)ux)x—ﬁa =f(x1), V(xnHeQ 2.1)

t20x2
where f is a strictly positive real constant, and the function b(x, f) satisfies the following conditions:

1. Cr:by<b(x,t)<bi, bs(x,8) <by, by(x,1) < by ,forall (x,t) € Q

2. Co:by(x,t) < by, bys(x,t) < bs, forall (x, 1) 66

Under the aforementioned conditions, as well as throughout, the b; , i = 0,5 are strictly positive constants.

To equation (2.1), the following initial conditions are associated:

hu=u(x,0)=¢1(x),x€(©,) (2.2)

Lu=u;(x,0)=¢2(x),x€(0,]) 2.3)

The Dirichlet boundary condition

11
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u(0,1=0,t€(0,7)
And the integral condition
!
f xu(x,t)dx=0,te€(0,T)
0

Where f and ¢, ¢ are given functions satisfying compatibility conditions:
!

¢1(0) = 0,f xp1(x)dx=0
0

1
@2(0) = 0,f0 X@2(x)dx =0

(2.4)

(2.5)

Firstly, it is observed that if f = 0, problem (2.1)-(2.5) will be the problem addressed by Bouziani in [5].with integrable

conditions and Neumann boundary conditions .

2.2 Functional spaces:

Are essential for studying the posed problem. Let L?(Q)denote the Hilbert space consisting of (classes of) functions defined

and square integrable on Q equipped with the scalar product given by:

(u) U)LZ(Q) :f uvdxdt
Q

And the associated norm X

5 2
” u “LZ(Q): (L u dxdt)

Similarly, L?(0, 1) .is defined with respect to the inner product given by:

!
(u, U)LZ(O,I):f uvdx
0

1
2
| ©h (f(l )

L% (Q) is the Hilbert space of square integrable functions with weight having finite norm.

And the norm:

1

_ 2 ¢
"u“L%(Q) = (fou dXdl')

The inner product in L,ZJ (Q) is defined as:

(W, V)2 = (X, V)12(g)

Lf) (0, 1) is defined in the same way by the scalar product

I
u,v = | xuvdx
) fo

And the norm

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

2.2. Functional spaces :
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are considered.

1 2
lull 20,1y = ( fo xuzdx) (2.13)

The problem (2.1) - (2.5) can be written in the following operational form:

Lu=%, ueD(L) (2.14)

Where
Lu=(Zu,lhu,bu) and & =(f,¢p1,¢2) (2.15)

The operator L is considered from the space B into the space H , where B is the Banach space consisting of functions

Ue LZ(Q), satisfying the conditions (2.3)-(2.5) and having finite norm:

lullz = sup [Nul D2 ) + U, D52, (2.16)

0<t<T

And H is the Hilbert space LZ(Q) x L2(0,1) x L2(0,1) .consisting of all elements & = (f, ¢, @2).whose norm:

I1F 12 = ||f||§?QT) +l1l72, 1920720 2.17)
Is finite.

The domain of definition D(L) of the operator L is the set of all u € L?(Q) functions for which

2
U, Uy, Uy, Urr, Urrx € L7(Q)

And satisfying conditions (2.3) -(2.5).

2.3 Aprioriestimation

theorem 2.3.1 Ifconditions C, — C, .are satisfied, then for any function .

u € D(L), we have the a priori estimation :

lullp =< clLullg (2.18)

Where c is a positive constant independent of the function u.
Proof. Consider the scalar product in L?(Q7) of equation (2.1) and the integrated-differential operator
Mu = xS us—Sy(puy)

Where
Q"=0,)x(0,7) with 0<s7=<T

And .
§ty= f v(E, DdE,
X

2.3. A priori estimation
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We obtain
(g u, MM)LZ(QT) = (g u, x%; U[)LZ (QT) - (fu, %; (p u[))LZ (QT) (219)

We have:
(2”, x%;ul‘)LZ(Qr) = (utt, x(\\S; ut)LZ(Qr] - ((b(x, t) ux)x, x%; ut)LZ(QT) (220)
_ﬁ(uttxx’x(\\y;u[)Lz(QT)

By integrating by parts each term of the right-hand side of equality (2.20) and taking into account conditions (2.2) - (2.5),

we obtain:

(Uer, XS5 ur) 12(qr =/ XuSiudxdt (2.21)
QT

T
f&‘sfcunx%;utl)’iédt+f %;utt&‘s;utdxdt—f Srurrxurdxdt
0 QT Qr

1 Ok 2 1 ok 2 ok
> 195w 720, — > 19502l 20,1y — (ST uers U 12(Qry

—((b(x, 1) Mx)x,x%; ut)LZ(Qr) (2.22)

T
—f b(x,t)uxx%;utlx:lxzodt+f b(x, DuxxSiuidxdt— | b(x, Huxxu,dxdt
0 QT Q‘[

T
fb(x,t)u%;utljiédt+f b(x,t)uutdxdt—f b(x, HuSurdxdt — (b(x, Duy, Us) 2 (qr)
0 QT Q’[

1 2 1 2 1 2
T2 H VbLDUGD| L0075 “ O] ” Vou(, Du 12QD)
—(bx(x,1) u;%;ut)LZ(Qr) — (by(x, DUy, ut)L%(Q,)
=Bthsrax, XSy U 2(gr) = (2.23)

T
= —‘Bf unxx%;utlﬁz(l)dt+ﬁf uttx%;utdxdt—ﬁf uttxxutdxdt
0 Q" QT
T
= ﬁf u”%;utlizédt+ ﬁf uttxutdxdt—ﬁf u”xxutdxdt
0 QT Q"

p p 2
= E l ut("T)”iz(O,l) - 5 ”(Panz[OJ) = BUrrx, u[)L%(Q‘r)
We also have :
—(fu, %; (pu;))Lz(Qr) (224)
= —(utt,%;(P ut))LZ(Qr) +((b(x, 1) ux)x,(\xf;(P ut))LZ(Qr) + ,B(uttxx,(\xf;(P ut))LZ(Qr)

By integrating by parts each term of the right-hand side of equality (2.24) and taking into account conditions (2.2) - (2.5) we

obtain,
_(utt»S;(put))LZ(QT) (2.25)

T
/%;un%;(put)lﬁzédt+f Srupxurdxdre
0 Q"

*
(%x Utty ut)L%(QT)

2.3. A priori estimation
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((b(x, D)5, S5 120r) (2.26)

T
fb(x,t)ux%;(put)lﬁjédt+f b(x, Huxxu,dxdt
0 Qr

(b(x; t) Uy, ut)L%(QT)

ﬁ(uttxxrsz (pu;))Lz(Qr) (2.27)

T
'Bfo unx(\};(l)ut)lﬁédt+ﬁf(\)r UprpXUrdxdt

ﬁ(uttx’ ut)L%(QT)

Let’s substitute equalities (2.21) - (2.23) and (2.25) - (2.27) into equality (2.19),

It follows

2
+ g 1850 )| 720 (2.28)

1 " 2 1
IS5 + 5 ” VBGDuG |,
2

1 ) 1 2 B w2 1
= 3 18502720, + > “ VPG DL, o0t lp2]720, + > ” Vbeu 12(0)

+(bx(x, Hu, C\\S; ut)Lz(Qr) + ($u, x%;ut)Lz(Qr) — (gu,%; (pul))Lz(QT)-

Using the Cauchy inequality and using conditions C; , we estimate the last three terms of the right-hand side of (2.28). We
find

2
b3

* 1 * 2
(bx (%, D1, Sxud) 2gn < - | ull® f2or) + > IS% el 2y (2.29)

* 1 2 2
(gu, xc\}x ut)LZ(QT) = E ”‘Z)u”LZ(Qr) + Z ” ul”LZ(Qr) ’ (230)
S P g < 1Ll + Nl 231
u,Sy(puzgn = > u 2Qn T g Uz 12(Q7)’ :
Let’s substitute inequalities (2.29) - (2.31)into (2.28) and using conditions C; we obtain:
bo B Lx 2
G2+ 5 186D 2+ 5 19516 D20 (2.32)
b BL+1? b2
2 1 2 1 2 3 2
= ”c%u”Lz(Qr) + ? ”‘Pl ”LZ(O,I) + T ||(p2||L2(0yl) + ? I u”LZ(QT)
2 4 L 192 gy + 2 2
o WHtllp2gry 75 195wl 12 m) 5 2 qr)
So,
Nl 25+ Nt GO o+ S50 D)5 (2.33)
2 200, o V20,0 xetlo tr2(0,0) .

= k[”f”iz(QT) + 1 ”iZ(o,l) + |2 ”iZ(O,l) ””“iZ(QT)

+l ut“iz(or) + H%;”t”iZ(QT)]

2.3. A priori estimation
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Where

L max2,by, f+ 12,12 + by, 1%

min(1, by, ) (2:34)

Applying the term, the Gronwall lemma to (2.33) and neglecting the term ”%;ut(.,‘r)”iz(o p on the lefthand side of the
inequality that results, We obtain

N2 ) + e D2, (2.35)

IA

exp(kt) (|| FZ2gm + |01 320, + 02017201

IA

exp(kT) (”f“iz(QT) + 1 ”iz(o,l) + ”‘PZ”iZ(o,n)

As the right-hand side of the inequality (2.35) is independent of 7, we pass to the lefthand side or supremum with respect
to 7 from 0 to T . We obtain inequality (2.18) with ¢ = @exp(k%)

Proposition 2.3.1 The operator L defined from B into H has a closure L.

Proof. (According to [10]) We must check that, if u, € D(L) such thatin

u, — 0 in B
n—ao0

Lup = (ZLup, hiun, Luy) T = (fr¢1,92) in H (2.36)

So
fEO,(Pl EOJPZEO

The convergence of (u,) in B implies that:

Un —> 0 in2'(Q)

n—
Where 2'(Q) is the space of distributions on Q.
According to the continuity of the derivation of 2’ (Q) in 2'(Q). we have

Lup — 0 in2'Q
And since the convergence of Zu;, to f in L?(Q) implies,

Lup — [ in2'Q
According to the uniqueness of the limit in 2'(Q) we conclude that: f = 0 Furthermore, it follows from (2.36) that

hun — @1 inL*0,D) 2.37)

As the canonical injection of I%(0,1) into D'(0, ) is continuous

we deduce from (2.37) that

hup — @1 in2'0,]) (2.38)

2.3. A priori estimation
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On the other hand, according to the definitions of ||l ;2(y ;) and |..[ 5 we have:

Ihunllzop < g, Vn

And as in:

u, — 0 in B
n—:o0

Then, we have:

hup — 0 inL*(0,D)

Consequently:
Lhu, — 0 in2'(0,0) (2.39)
n—aoo

By virtue of the uniqueness of the limit in 2'(0, ) we conclude from (2.38) and (2.39) that ¢; = 0.
Similarly, we prove that ¢, = 0.

Let L be the closure of the operator L and D(L)its domain of definition. m

Definition 2.3.1 The solution of the equation Lu = % is u € D(L) called the strong solution of the problem (2.1)-(2.5).

By passing to the limit, we extend inequality (2.18) to strong solutions, then we have
||u||Bsc”IuHH, Vue D(D), (2.40)
From inequality (2.40), we have the following results:

Corollary 2.3.1 The strong solution of the problem (2.1)-(2.5), if it exists, is unique and continuously depends on the data
f o1,

Corollary 2.3.2 The set of values R(L) of the operatorz is equal to the closure R(L) of R(L) .

2.4 Existence of the solution :

theorem 2.4.1 Ifconditions C, — C, are satisfied, then for each:
F = (f;(Pl»(Pz) €eH

There exists a unique strong solution
u=L 'F=1'%
Of the problem (2.1)-(2.5) satisfying the estimate:

lullg < clFlnu
Where c is a positive constant independent of the solution u.

Proof. From inequality (2.40). We only deduce that the operator L of D(L) whose R(L) admits the inverse I‘l And from
corollary 2.3.2, we deduce that the image of R(L) of the operator L is closed. So it suffices to show the density of the set R(L)
in the space H (i.e) R(L) = H

For this, we need the following proposition m

2.4. Existence of the solution :
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Proposition 2.4.1 Ifthe conditions of theorem 2.4.1 are satisfied, and it is for w € L*>(Q) we have

(Zu, w)LZ(Q) =0,

For any function u € Do(L) = {u/ue D(L) : lyu = lru =0} then w almost vanishes everywhere, in Q.

Proof. (of proposition 2.4.1) The relation (2.41) is given for any u € Dy (L) So we can express it in a particular form.

Let u;; be a solution of the equation:

b(o,t) [xSyus — S (pu)] = h(x, 1)

Where o is a constant in (0, /). And

T
hix,t) = f w(x,7)dT.
t
And let the function u be defined by:
0 si0=st<s,
fst(t— Turdt sis<st<T.
Relations (2.42) and (2.43) imply that u is in Dy (L) and that:

-1
o
Sy h

w(x,T)

—[blo, (xSyus — S (pu))],

[b(o, DS} (p = X ug],

To continue the proof, we need the following lemma. m
lemma 2.4.1 If the conditions of theorem 2.4.1 are satisfied, then the function w defined by (2.44) is in L*(Q)
Proof. (of lemma 2.4.1) First, we will prove the inequality:

4
2 l 2
[RMCESIITH PP 1z Ml

We have:

1
(f (o — X)usdp)*

f(p x)dpf u;ldp

(1-x3
- T3 f e dp
X

1950 - |

IA

If we integrate over (0, [) with respect to x we obtain:

‘ 2
_2 ” utt”LZ(O,l)

!
f u?,dx| =
0

! !
f (SE(p—Nu)’dx < ! ‘f (1-x)dx
0 31Jo

(2.41)

(2.42)

(2.43)

(2.44)

2.4. Existence of the solution :
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From this inequality, and given that conditions C; are satisfied, we deduce that:

bi(o, (S (p-uy andin  L*(Q)
And as

[blo, S (0 — D) us,

w(x, 1)

bi(o, )3 (0 —X)us + b(o, DS (0 — X) Usss

So, it remains to demonstrate that:
b(o, NS (p - X)us € LP(Q).

For this, we must introduce the regularization T-operations p, of the form:

|
(pef)(x,0) = —/ w(—s)f(x, s)ds.
£ Jo €

where

+00
weC0,7), w=0 f w(s)ds=1

(0.0}

w =0 inthevicinityof <0 and ¢=T

Let’s apply operators p, and (% to the equation:
b(o,8) [blo, DxSyu — Sy (pur)| = hix, )

To the equation:

—-b(o, )3 (p — XUz = h(x, 1)

We obtain
B -
&(—b(U,I)JX(P_X)Un)
d . . p)
= 3 [—b(o, DS (p— XU+ pe(blo, DS — X)) — apgh-
Hence
|bo, 0% (p - D)t 22 0,
6 2
< 2”—[b(a,t)i‘v;(p—xmtﬁpg(b(a,t)%j;(p—x)un)]
ot 2(Q)
0 2
+2||—peh
01,‘ LZ(Q)
As

2.4. Existence of the solution :
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pefg:’ f

0

And % (b(o, )% (p — X)us,)is bounded in L2(Q), then w € L2(Q).

Let’s now return to the proof of proposition 2.4.1, replacing w in (2.41) by its representation (2.44), we obtain:
(Urr, [(B(o, S (0 = ) tre] D12 (2.45)
= ((b(x, Duy)y, [blo, S (0 = X)use] ) p2(q) + BlUrrxx, [P(0, S (0 = XD 1re] D120

After integration by parts, taking into account conditions (2.3)-(2.5) and the particular form given by (2.42) and (2.43),
equality (2.45) can be expressed in a simpler form. To do this, let’s integrate each term of this equality separately over the

sub-domain

Qs=(0,)x(s,T) where 0<s<T

(Uee [b(o, OS5 (p — D) ur)]) = (2.46)

fb(cr,t)un%;(p—x)umdxdt+f b0, Duy Sy — X ugrdxdt

Q Q
T

= —f b(o, ) u Sy (P — X)Usss |§§(1)dt—f b(o, ) usSylrdxdt
s Qs

T
—f by(o, )y s Sy (= X) Uy Ijﬁié—fo b(o, t)(%;utt)dedf

S
1 ! 2.t=T 1 2 2
_Efo b(o, ) Siu)® 2] dx+5 o b(o, 1)(Syur) dxdt— 0 b(o, 1) (Syur) dxdt

1! 1
: fo b(@,9)( 9P dx— fQ bi(o, (S ug)Pdxdt

% ” m%; ur(, ) - % ” m%;u”

2
L2(Qs)

2
L2(Qs)

((b(x, Yux)x, [b(o, O3 (0 = ) tse] D r20) = (2.47)

2.4. Existence of the solution :
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fSTb(x, Hux [b(o, S50 — D], 112 dt+fQ (b(x, uy [b(o, DSy U], dxdt
b(x, Hu[blo, DS%us], 112 dt+fQ (b(x, ulb(o, s, dxdt

—j{; by(x, )u[blo, )Syus ], dxdt

folb(x, Hub(o, g, |'Z1 dx—fo b(x, Hu; [b(o, Huy) dxdt —

I
— | bi(x,Dulblo, t)uy] dxdt—/ by(x, Dub(o, S Uy ldx +
Qs 0

fbx(x,t)u[b(a,t)%;u”dxdt+f by (x, Yub(o, S udxdt
Qs Qs

2 Jq, 2

N

1
b(x, )b (o, t)](ut)dedt_f b:(x, TYb(o, T u(x, T)u.(x, T)dx
0
+f (b (x, 0)b(0, 1) + by (x, )b (0, 1)] uutdxdt+f b:(x,)b(o, t)(ut)zdxdt
Qs Qs
+f [bx(x, Dus + byt (x, Dul b(o, DS udxdt

—% | VoG Db, s, 1)

2

1
L2(0’l) + EL) [3bt(-x, t)b(O’, Z’) + b(x, t)bt(ﬂ', l')]

1
(ut)zdxdt—f b:(x, T)b(o, T)u(x, T)us(x, T)dx+f (b (x, )b(0, 1) +
0 X

s

+b;(x, )b, (o, t)]uutdxdt+f [bx(x, us + byt (x, Dul b(o, DS usrdxdt

s

,B(uttxx, [b(U, t)%;(P - x)ut[] I)LZ(Q) =

ﬁfsTuttx; [b(o, S50 — D ue], 112 dt+,6fQ U [b(0, S5, dtdx
,BfSTun[b(a, HRMTIE ot dt+ﬁfo Uy [b(o, D), dtdx

ﬁfQ b: (o, O)(us)*dxdt+ B Q.b(a, Dugudtdx

p ” Vb0, un

oy

2

L2(Qs)
2

L2(Qy)

!
b f b(o, t)(u)? I1ZF ax-P f b:(o, 1) (up)*dxdt
2 Jo 2 Jo,

P vr@ st

2

12(0,)

(2.48)
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The substitution of equalities (2.46)-(2.48) into the identity (2.45) yields

Nvb@ uetol’,  +LvbG Db, Du )
2

+ p—
2o 2

2

I2(0,D)

B 2
+EHVbWJNhAJ)Hmﬁ
! .2 B 2
= E‘yvbt(ﬁ,s)%xun LZ(QS)JFE”\/ bi(o, Jus; 1200

+% [3bs(x, )b(0,t) + b(x, )b (0, 1)] (u,)zdxdt
Qs

1
—f bi(x, T)b(o, Tu(x, T)u.(x, T)dx+f [bee(x, )b(0, 1) + be(x, b (0, )] uu;dxdt
0

N

+f [bx(xr t)ut+bxt(xy Hul b(U, t)i‘r;u”dxdt
Qs

(2.49)

Let’s estimate the last three terms on the right-hand side of (2.49) using Cauchy’s inequalities € and taking into account

conditions and C; — C,, we find:

l
—f bi(x, T)b(o, T)u(x, T)us(x, T)dx
0

—gb% llue (., DI _b% lul, DI
<
= - us (., oe u(.,

2 2
2oyt 12(0,1)

f [ber(x,0)b(o, 1) + be(x, )by (0, )] uu,dxdt

Qs

2,72 2,732
b b

o T Yy 2 > ™Y 2

o Ml g+ = Nl

[bx(x, Dus + by (x, Dul b(o, S updxdt
Qs
2 2

b
2 * 2 3 2 5 2
< bY|STun]izg) + - iz + 5 ez g

2
By combining (2.50)-(2.52) with (2.49) and setting € = % , we get:
1
bo % 2 b2 ﬁbO
? || C\}x utt(~y S)||L2(0,l) + ?0 " ut(-; T)”iZ(O’l] T ” U[(., S)”iZ(O,l)
by v 2 Bb2
= S IS%uelizig + 5 Nwatl e+ 2b1b2 T g
21,2 b2 + 2 b2 + 2
172 2 4 2 1
o Dz, + =5 Nlzqy + =5 2 g,
) 2 bZ
bS5tz gy + 5 Ntz g + 50 12
bo [~x 2 bo
5 (IS5 G 9120 + 5 114G D G2y + Blltee (9L

b Bb
2 2 * 2 2 2
(bl + ?) ” R utr”y(Qx) + > I utt”LZ(QS) +

b3 + b? +4b1 by + b3 b3 + b2 + b?

IA

2 2
2 ” Ut ”Lz(Qs) + 2 " u”LZ(Qg)
21,2
172 2
+ b2 ” u(-) T) “LZ(O,l)
0

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

2.4. Existence of the solution :
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Let’s estimate the last term on the right-hand side of the inequality (2.54), according to the elementary equality:

212 212 212
19 192 19
S, Tz ) < 7 lul?z g, + 7 luelFa o, (2.55)
0 0 0
we will have
111G 9o+ kg T+ Blltes o DI (2.56)
1S5 ueeC 9220, 5 NG D2 gy + Bl (9N g :
(Zb%-f-bz) 2 ,Bbg
1 74T ek et 2
< bo ||\9xutt”L2(Qs)+ 2 ”u”"LZ(QS)+
2b2 b2
4 2biby + (h1b) + b Bb3+b2+b2)+b2bs
bo ul" LZ(QS) + bg ”u”LZ(QS)
To estimate the last term on the right-hand side of (2.56), we must demonstrate that:
2 2 2
IIMIILz(QX) =24T IIUtIILz(QX)
Indeed:
As
T ~ T
[ wdr = t?|'ZT —2[ tuusdt
S S
T
= Tuz(x,T)—Zf tuusdt
N
We then have, according to Cauchy’s inequality with e:
T T
f wdr = Tuz(x,T)—Zf tuu,dt
S S
2 T, rr ,
< Tu (x,T)+Te; u-dt+ —u;dt
s s €1
, 1
Let’s set £ = — then we have
2T
T 177 T
f wrdr < Tuz(x,T)+—f uzdt+2T2f ufdt
S 2 S S
1 T T
Ef utdt < TuZ(x,T)+2T2f utdt (2.57)
S S

On the other hand, we have

2.4. Existence of the solution :
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Hence

Ta ) T
fsau dt=2fs uu.dt

Therefore

T
W’ (x, 1) =2f uudt
N

Also, according to Cauchy’s inequality with &, we have

T 1 T
uz(x,t)sszf uzdt+—f u%dt
€2 Js

N

So

T T T
Tuz(x,t)sngf uzdt+—f u?dt
s €2 Js

1
Let’s set e, = iT then we obtain

1 T T
Tuz(x,t)s:lf uzdt+4T2f u?dt
N N

Inequalities (2.57) and (2.58) give:

177 T T T
—f uzdtsf uzdt+4T2f u?dt+2T2f utdt
2 N N N N

1 T T
—f uzdtSGTzf utzdt
4 N N

Hence:

(i.e):
T T
f uzdt$24T2f uldt
S S

Let’s integrate both sides over (0, [) with respect to x we get

2 2 2
lul2, g, < 24T el

(2.58)

(2.59)

2.4. Existence of the solution :
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By combining (2.59) and (2.56) we have:

, 2 by
IS5 G920, + Bllttee Gz gy + = It Dl
Zb% + by ﬁbz

s —0 “(\\‘;”tt“;(os) e

2 2
bo ” u”"LZ(QS) + k(bl’ T) ” ut"LZ(QS)

with

2b2Db5 + bi [2b1 b + (byb1)? + b3 | + 24T b(b5 + bi + bE) + b2 b5
bS
0

kb;, T) =
which gives us

2 2 2
” (\\X; ut[(., S) ||L2(0,l) + ” utl‘(-; S) ”LZ(O,I) + ” ut(w T) “LZ(O’I)

< k

* 2 2 2
“ (\\Sx u””LZ(Qs) + “ utt"LZ(Qs) + ” ut”LZ(Qs)

with

. _ max(fb, (2b? + b2), bok(b; T))

b
bomin(1, B, ?")

To continue, we will make a change of variables: we introduce the function v(x, f)such that

T
v(x, 1) =f U dT
t

Then

ug(x, ) =v(x,s)-v(x, 1), and u.(x,T)=v(x,s)

Inequality (2.60) becomes

2
S50 9) 120, + Nater G Mgy + (1= 2K (T =D N0 g
2 2 2
= Zk (”%; Ut || LZ(QS) + ” u””LZ(QS) + ” V”LZ(QS))

so > 0 satisfies

1

(1-2k(T —s0)) = =.
2

Then inequality (2.61) implies
2
H (\\y;u[t(-) S) ||L2(0,l) + " utt(-) S) ”iZ(OJ) + ” U(-r S) ”iZ(O’l)
2
< ak(|Sunlag +lurele g, + 1012 g

Forall se [T — sg, T

Let’s set

(2.60)

(2.61)

(2.62)

2.4. Existence of the solution :
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2 2 2
Y(S) = ||%;utt || LZ(QS) + ” u””LZ(QS) + ” U“LZ(QX)

Then we have

! 2
Y (S) == (“C\\f;l/l[t(, S) ||L2(0,l) + ”uIt(w S) ”%2(0'1) + ” U(., S)”iZ(O’l))

Hence and according to (2.62), we will have

~Y'(5) = 4kY (s)
Consequently
0
—&(Y(s) exp(4ks)) <0

By integrating this last inequality over (s, T') and taking into account that Y (T) = 0, we obtain

Y(s)exp(4ks) <0

Hence Y(s)=0forall se [T —sg, T].

hence w = 0 almost everywhere in Q7_g, and since the length s. is independent of the choice of the origin, proceeding with
the same reasoning a finite number of times, we show thatw =0in Q .

The proposition being established, let’s now return to the proof of the theorem

We must show the validity of the equality R(L) = H.

As H is a Hilbert space, the equalitym = H is true if, from equality

(Lu, W)H = (fu, w)LZ(Qs) + (ll u, wl)LZ(O,Z) + (lz u, wZ)LZ(O,l) = 0 (263)

where W = (w, w1, w3) € R(L)* it follows that w = 0,w; = 0, w, = 0 almost everywhere in Q .

If we consider any element of Dg(L)

Do(L)={ueD): hu=lLu=0}

From equality (2.63), we obtain:

VueDo(L), (Lu,w)p2q, =0.

Hence, by virtue of proposition 2.4.1, we deduce only that w =0

Therefore, from equality (2.63) we obtain

(ll u, wl)LZ(O,l) + (lz u, ('UZ)LZ(O,I) = 0.

Since [} and /; are independent and the sets of values of operators /; and I, are everywhere in the Hilbert space 12(0,1) Then

w1 =0 and wy =0 and consequently W = 0, which completes the proof of theorem2.4.1 m
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Chapter 3

On a hyperbolic linear system with Dirichlet

boundary conditions

In this chapter, we will study a problem for a coupled system of two hyperbolic equations with the Bessel operator, with

Dirichlet boundary conditions. We demonstrate the existence of transition limits using the method of energy inequalities.

3.1 Problem statement:
In the rectangle Q defined by
Q=1(0,1)x(0,T),0< T < +oo,l € IR*

we consider the hyperbolic system

1
flll:utt—;(xux)x+a(x)(u—U)Zf(xJ) (3.1)

1
Lrv= vn—;(xvx)ﬁa(x)(v—u) =gx 1) 3.2)

where the function a(x) satisfies conditions
Cy ap<=alx)<a

For all (x, f) € Q, where ay and a; are positive constants.
First, we notice that if a(x) = 0 the system (3.1)-(3.2) will decouple and be a double problem that has been addressed by
Masloub in [47].( Page 25.37) with integral conditions with weights and Neumann boundary conditions.

To problem (3.1)-(3.2), we associate the initial conditions
lru = u(x,0) = uy(x), 0<x<l (3.3)

Coru = u(x,0) = up(x), 0<x<l (3.4)
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l3v=v(x,0) = vy(x), O<x<l

l4v=v:(x,0) = v1(x), O<x<l

And Dirichlet boundary conditions

ull,t)=0, 0<t<T

v(l,t)=0, 0<t<T

Where f, g, uy, u1, Vg, v1 are given functions and such that

uy(D=wu=vo()=v1(D=0

3.2 Associated functional spaces:

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

For the study of the posed problems, we need some functional spaces, namely Lf, (Q) the weighted Hilbert space of (class)

of functions defined and square integrable on Q
whose inner product is defined by
(u; U)LI%(Q) = ‘/\quvdxdt

And the associated norm is defined by

2 _ 2
Il o, —fou dxdt

Vp1 (0, ) The Hilbert space equipped with the scalar product

(u, U)V;(O,l) = (u, V)L‘%(O,l) + (Uy, UX)L%(O,I)

And the norm

2
1
Vi 0,1)

2
2
1200,

2

g,

NIzl = llull

The problem (3.1) — (3.8) is equivalent to the operational equation

AZ=F

where Z, AZ and [ are respectively the pairs

Z = (u,v)

AZ =(Liu,Lyv)

(3.10)

(3.11)

(3.12)

3.2. Associated functional spaces:
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And

F=ra) 3.13)

The right-hand sides of (3.12) and (3.13) are respectively defined

L1u={$1u,[1u,[2u}, Lgl/:{ffgl},[gl/,&ll/} (3.14)

And

Flz{fyu0rul} ) FZ:{g»UOyUI} (315)

The operator A is considered from the Banach space :

B = By x By = {(u,v) € (L},(Q))? checking the conditions (3.3)-(3.8)}

And having finite norm

2

9 B 2
121G = sup (DG, +1vGTI g ) + 10
2 2
el ) 100G DU 1)

2
In the Hilbert space H = H; x H which is the completion of ({L%(Q) X Vp1 0,0 x L?O (o, l)}) with respect to the finite final

norm of

100 = A0+ lglizo + 1ol ) + (3.17)

2 2 2
1wl .+ Il ) + 10032 g )

The domain of definition D(A) of the operator A is defined by

D) = {z =(uv)e (Lf,(Q))Z} [ty V1, U, Vi, Ugr, Vig € L5 (Q)
and checking the conditions (3.3)-(3.8)}

3.3 Aprioriestimation and its applications:

theorem 3.3.1 If the function a(x) satisfies conditions C, , then for any function Z = (u,v) € D(A), there exists a positive

constant C independent of Z such that,

1ZIp<CIAZI (3.18)

Proof. Let’s consider the differential operator .4 defined by

MZ = {Mlu,ﬂzv}

At

3.3. A priori estimation and its applications:
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Mu=u; MoV =V,

And then £ Z = {£1u, £» v} We consider the inner product
(«ZZ; '/%Z)L%(Qr) = (21 u, -/%1 u)L%(Q’) + ($2 v, -/%2 U)L%(QT)

Where

Q"=0,1x0,]) and 0<7t<T

Let’s calculate

(Zu, M u)L%(QT) = (& uvut)L%(Qr)

1
(utv utt)L/Z)(QT) - (ut) ;(xux)x)L%(Qr) + (ut» a(x)(u- v))L/Z,(QT)

Using conditions (3.3)-(3.9) and integrating by parts each term of the right-hand side of equality (3.21), we obtain

1 2 Lo
(ut) utt)L%(Qr) = 5 ” ut("T)”L%(O,l] - 5 ” up ”L,Z,(O,l)

1
(ut;;(x ux)x)L%)(Qr) = fQT ur(x uy) ydxdt

T
f xutuxlﬁié = dt—f XUy Uxdxdt
0 Q"

1 1
~lux(, 0112 5 lux( DI

2 L2(0,1) 20,

(ug, a(x)(u— U))L%(QT) = (ug, a(x) u)L%(QT) = (up, alx) U)L%(QT)

1! -
a2 gry = Efo xa () (ulx, 0)*[Zpdx
1 2 1 2
= 3 IVaut,n| Zon~ 5 I \/au()”Lf,(O,l)

Hence (3.24) becomes

(th, a(x)(u— U))L%(QT)
1 2 1 2
= 3 IVau, ”Lf,(o,l) 5 IVauo “Lg(o,l) — (U alx)v)z qn)

Now let’s calculate

(fz v, '/%2 V)Lf, QM = (32 v, Vt)L% QM)

1
(v2, Vtt)L%(Qr) —(vy, ;(xyx)x)L%(Qr) + (ug, a(x)(u - y))L%(QT)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

3.3. A priori estimation and its applications:



Chapter 3. On a hyperbolic linear system with Dirichlet boundary conditions

By a similar calculation to that which we did fo (£ u, 4 u) 13Q"

We find
2
(v, Utt)L%(Qr) = ” ve(,T) ”L2 on " " U1 ”L% .0 (3.27)
1
(v, ;(xvx)x)L/Z)(Qr) = ” vx(.,0) ”L2 on~ " vx(,,T) ”Lz ©.0 (3.28)
(3.29)

(Utr a(x)(u- U))L%,(QT)
1 2 1 2
= 5 IVav,n HLg(o,l) D) Ivawvo “Lg(o,l) — (un a(u) 2 g

Let’s substitute equalities (3.22), (3.23), (3.25) into (3.21) and (3.27)- (3.29) into (3.26) and sum member to member, we have:

1 1 2

5 IO = ||ux( Dz * 5 IVEut D0, (3.30)
1 1 2
+5 vl r)an(Ol) s, Iz 0. Euﬁv(.,r)nym)

1 2

= Sl g, + ||ux( Iz 0. E”\/EUOHL%(OJ) ||v1||Lz(0 )
1
-~ " Vx( T) ”LZ , l) ||\/av0||[%(0,l) + (u[r C((X) V)L%(QT) + (Ur, a(x) u)L%(QT)

+(ut) =gl u)L%(Qr) + (Vty =%2 U)L%,(QT)

Let’s estimate the last 4 terms of the right-hand side of (3.30) using Inequality (see chapter (1) ) and applying conditions C;

we find:

|| ull? |I v|)?

(ut,a(x)v)L%(Qr) = 12( ot 2@
Wna@wzey = @ Ut”Lz o ||U||L2 QM
0 PR I A L0
0 L0 gn = 5 10l g+ 5 1201
By substituting into(3.30) and applying conditions C; it follows that:
1 ao 2
5 Nl T)IILZ(0 D |qu( T)IILZ(0 n IIu(.,T)IIL(O'l) 3.31)
_”Ut( T)IILZ(0 n "Vx( T)IILZ(0 ) Ilv( T)IILz(O D
< E”ulnig(o,n Iqu( T)IILg(O pt3 ||u0||L2(0 n —||U1||iz(0 D
l||vx( T)IILZ(0 nt> ||vo||L2(0 l) ”ut”Lz(QT IIVIILz(QT
I| vtlng oot |I ulle oot || utlng ont I| Vt”Lz @0
||$1 uIILz ont |I.5€z U||L2 @

3.3. A priori estimation and its applications:
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ie:

Nl D3, o+ GO, )+ TG

50,0 < L350, 13(0,0)
2 2 2
+v(, T)”L%(O,l) +llvi(, T)”L%,(O,l) +lve(, 7) ”L%,(O,l)
2 2 2 2
< k[lluollvpl(o,lﬁIIUOIIVPI(OJ)+||u1IIL‘2)(0J)+||l/1||L%(0J)
2 2 2 2
+ ||f||L%(QT) + ”g“L%(QT) + " u”L%(Qr) + ” utllL‘Z)(Qr)
2 2

+1 VIIL%(QT) +1l VIHL%)(QT)]

Hence
_ a+1
- min(ag, 1)
In virtue of the same lemme (see chapter(1) 1.8.1), we have
2 2 2 2
”u("T)”Vpl(O,l) +1 U(-,T)Ilvpl(o,l) +1l ”f("ﬂ”Lg(o,l) +1 Ut(-;T)”L%(O‘l)
kt 2 2 2 2 2 2
< ke ol g + 100l g )+l o ) +10nls ) + 1717 o * I8l 2 0r)
kT 2 2 2 2 2 2
< ke |l uollvpl(o’l) +1 Vollvpl(oll) + 1l ”Lf,(o,l) + 1l IIL%(OJ) + ||f||L%(QT) + ||g||L§(Q1)]

(3.32)

(3.33)

Passing to the supremum with respect to 7 on the interval [0, T'] we obtain the desired inequality (3.18)with C = \/Eexp(%)

[
Proposition 3.3.1 the operator A: B— H has a closure A
Proof. if Z,, = (uy, v,) € D(A), a sequence such that

Zn=(up,vp) — (0,00 inB

and

AZy = (Lup, Lavy) n:»ooﬁf =(F1,%2) in H
We aim to show that (%1, %5) =(0,0) thatis:
f=g=uw=u=v9=v1=0
The convergence of (1, v,) to (0,0) in B implies that
(n,vp) — (0,0) in 2'(Q) x 2'(Q)
in 2'(Q) is the distribution space over Q

According to the continuity of the derivation from 2'(Q)x 2'(Q) to 2'(Q) x 2'(Q), (3.36) implies

(Lrtn, Zrvn) — (0,0) in 2'(Q) x 2'(Q)

But as
(Lrun, Lavn) — (f,8) in L3(Q) x L2(Q)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

3.3. A priori estimation and its applications:
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Then

(Lrun, Lovp) — (f,8)  in2'(Qx2'(Q (3.39)
By the uniqueness of the limit in 2'(Q)x 2'(Q) we conclude from (3.37) and (3.39) that:

(f,8 =10,0)
From (3.35) we have:
Oiup — ug in V,(0,]) (3.40)
n—oo

And from the fact that the canonical injection from Vp1 (0,1) into 2'(0, 1) is deduced from (3.40), we deduce that

Oup — uy  in2'0,1) (3.41)

On the other hand, as

Zy — 0 inB

n—:oo

"élun”‘/pl(oll)s ”Zn”B Vn

Then, we have

Oiup — 0 in V,(0,]) (3.42)
n—:oo
Consequently
lup, — 0 in2'(0,1) (3.43)
n—:oo

By virtue of the uniqueness of the limit in 2'(0, [), we conclude from ((3.41)) and ((3.43)) that u = 0.
In the same way; it is demonstrated that u; =0, vp =0 and v; =0, therefore A is closable and we note byz its closure in the

domain of definition is denoted by D(A) =

Definition 3.3.1 : The solution of the equation:
AZ=F

Is called a strong solution of problem (3.1)-(3.8). By passing to the limit, we extend inequality (3.18) to strong solutions. Then,

there exists a positive constant C such that
IzIs=<c|az| . vzeD@ (3.44)
Hence the following two corollaries.

Corollary 3.3.1 The strong solution of problem (3.1)-(3.8), if it exists, is unique and depends continuously on: & = (%1, %) €H

F1={f,up, 1} and F, ={g, vy, v1}

Corollary 3.3.2 : The set of values R(A) of the opemtorz is closed and satisfies R(A) =R(A)

3.3. A priori estimation and its applications:
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3.4 Existence of the solution:

theorem 3.4.1 forall:
(.8 € LpQ)° , ug€ V,(0,]) , ur € L(0,1) and vy € L(0,1)

There exists one and only one strong solution Z = Al g=alg of problem (3.1)-(3.8) with
tg.z(tg.lﬂgé)EH;‘g:l:{f‘vuo,ul}1=g;2:{gyv(])l}l}yZ:(uyy)

And

1Zllp < CIlAZIl g

Where C is a positive constant independent of Z

Proof. : It suffices to demonstrate that R(A) , the image of A, is dense, where
H= H1 X Hg

be @ = (@1, D;) = (w1, w3, wa}, (w2, ws, we}) € R(A)* such that :

(AZ,D)u

({L1u, Lo v}, {@1, P2

= ({21 u,[l u)£2 u}v {22 v, 43 v, [4 U}) {wlv ws, lU4}, {w2) ws, wG})H
= (Zu, wl)L/Z,[Q) + (01 u, w3)Vpl(0,l) +(lou, w4)L%(0,[)

= (&, LUQ)L%(Q) + (Y3, w5)Vp1(O,l) + (U4, WG)L%(O,I)

= 0

For Z € Dy(A) , we have

(Zu, wl)Lg(Q) + (£, WZ)Lf,(Q) =0

We will demonstrate in the following proposition that, necessarily

(w1, w2) =(0,0)

Proposition 3.4.1 Ifthe conditions and theorems 3.3.1 are satisfied, then for all functions
W = (w1, wp) € (L Q)

and for all
ZED()(A)={Z€D(A)I£1u=[2u=fgll=[4l/=0}

such that
(21 u, wl)L%,(Q) + (22 v, wZ)L%(Q) =0 (345)

Then W vanishes almost everywhere in Q

3.4. Existence of the solution:
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Proof. Now, the relation (3.45) holds for any Z € Dy (A) ,We can express it in a particular form. First, let’s define the functions

hi,(i=1,2) by

h(x, ) = [ wi(x, 1)dr
ho(x, ) = [ wa(x, 1)t

let u;s , v¢s solution of the equations

U =hi(x,t) and vy, = ho(x, t)

successively and let Z = (u, v) given by

_ (0,0) 0st<s
- (fst(r— t)u”dr,ff(r— Dvrdt) s<t<T

Now we have

{ W1 = —Ut
Wy = —Vtt
and that

Z € Dy(A)

lemma3.4.1 : The function W = (wy, w,) defined by (3.48) is in (L5 (Q))?.

Proof. We demonstrate that v € L?O (Q) For this, let’s use the t-regularization operators : p, of the form

1 (T :
_ — =S
(Psf)(x,t)—gfo w( s )f(x,s)ds

Where w € C*(0,T), w =0, and w = 0 in the vicinity of t =0, = T, outside the interval (0, T) and fIR w(s)ds=1

let’s apply for this purpose the operators p, and % to the first equation of (3.47), we obtain

0 0
Uprr = = (Ugr — Pelbg) + E(pghl)

ot

Hence
Neteeel® <2”a(u Pelisr) ’ +2‘6(ph) ’
ttth()— S, U Pelrr 5, Welll
P Q Ot L%(Q) 01‘ L%,(Q)
Or 5 )
Ha(utt—l)surz) , —0qde—0
2@
And consequently
0 2
leteeell?s 52”—()05’71)
L@ jor 12(Q)

With the same method, we demonstrate that u;;; € leo (Q)
Hence W € (I5(Q))?

(3.46)

(3.47)

(3.48)

(3.49)

3.4. Existence of the solution:
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To continue the demonstration of proposition 3.4.1, we replace W in (3.45) by its representation (3.49) we will have:

(U, 1 U)L%(Q) + (vt 2L U)L%(Q) =0

(i,e):

(Usr, uttt)L%(Q) — (Ueee, (xux)x)L%(Q) + (Ugte, a(x) (U — v))Lf,(Q) (3.50)

+(Vtt, Uttt)L%(Q) - (U[I[r(xvx)x)L%(Q) + (Wi, a(xX) (v — u))L%,(Q)
=0

Taking into account the conditions (3.3)-(3.8), and the particular form of Z, defined by relations (3.47) and (3.49), identity

(3.50) reduces to a simpler one. For this purpose, we integrate by parts each term of equality (3.50) on the subdomain

Qs=0,)x(s,T) where 0<s<T

We obtain

1 2
(e, Ut ;2(g) = ~3 I Mn||L%(Q) (3.51)

—(Uses, (xux)x)L%(Q) (3.52)

1
= —fo un(xux)xliisTdHfQ Urr(Xuy) xrdxdt
T =1
= fun(xux)tliﬁ;odt—fQ Utex(XUy) rdxdt
S s

_ 1 T 2
= —E”uxt(-, )”Lﬁ(o,l)

(Ui () (W =0))p2 (g (3.53)

I T
f xa(x)f umudtdx—f xa(xX)vusedtdx
0 s

N

1
fxa(x)[uttu]izzdx—f xa(x)u”utdtdx—f xa(x)vudtdx
0

N N

1 ! -
= _E”\/aut(”T)”i%(O'”_fo xa(x)[unv]fggdx+f xa(x)upvedtdx

s

1 2
= —5||\/Eut(.,T)||L§(OJ)+(vt,a(x)(un)Lg(Q)

A similar calculation gives us

1
e Vered 12 = ~3 lvee (., S)||i%(0,l) (3.54)

1
~Wert, (VD2 = =5 10t Dl g (3.55)

3.4. Existence of the solution:
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(Uttt)a(x)(v_ u))Lf,(Q) (356)
1
= S IVav. D0+ @ a@o 2 g,

By substituting equality (3.51)-(3.56) into (3.50), it follows

2 2
butee 92 o+ it DI (3.57)
/oy 2 2
+ “ aul’(-’T) “L‘:}(O,l) + ” Utt(-)s) ”L%,(O,l)
2 Voowt 2
+ ” th(-; T)”L%(O,l) + “ avt(-) T) ||L%(0,l)

= 2(vy a(x)utt)L%(Qs) +2(uy, a(x) U”)L%(QS)

Now let’s estimate the two terms of the right side of (3.57), using the Cauchy inequality, taking into account conditions C; ,

we obtain

2 2 2
2(ug, a(x) Vtt)L%(QS) = ut”Lf,(Qs) +ayl Vtt"L%(QS) (3.58)
2w a2 0o < MVell%, o+ ad lugl? (3.59)
’ Lp(Qs) 12Qq ' 1 12(Qy)
By combining (3.57), (3.58) and (3.59), we obtain
2 2 2
ttee o)z )+ Vet Gz .+ [ VaU G D 12 0, (3.60)

2 2 2
FVavel Dz o, + el Dz ) + 102 Dz

2 2 2 2 2 2
<
< al unIIL%(QS) +afll UUHL%,(QS) +1 uzIIL%(QS) +l szIL%(QS)
Neglecting the last two terms on the left side of (3.60) and using conditions C;
we find
Nt (o 12, o ) + 102G I3 (3.61)
Ly (X)) Iy (1 R)]
2 2
+ao lu(., T) ”Lﬁ(o,l) +agpllve (., T)”Lf,m,z)
2 2 2 2 2 2
< 5
= al utt||L%(QS) +aill V””Lf,(Qs) +l ut||L%(QS) +1 vt||L%(QS)
Hence
letee (o132 o+ 1022 o+ e DI, o+ e DI (3.62)
o202 0,0 122 0,0 o 20200 o 202 0,0 :
2 2 2 2
<
< kil u””Lf,(QS) +1 U””Lf,(Qs) +1 utllL%(Qs) +1l Ut”L%(Qs)
With
max(1, a?)
" min(1, ag)

To continue, let’s introduce the function V defined by

V=(alx,1,B(x,1)

3.4. Existence of the solution:
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where
T T
a(x,t) :f u;rdtr and (x, t):f VyrdT
t t
We then have
u(x,t)=alx,s)—alx,t us(x, T)=a(x,s
{t()()()t()() 3.6
ve(x, 1) = B(x,8) = P(x, 1)  vi(x,T)=B(x,9)
By combining equality (3.62) and relations (3.63), we obtain
2 2
luaee (., S)”Lf,(o,l) +lvee (., ) IIL%(OJ) (3.64)
2 2
+(1-2k(T - ) (na(.,s)nL%m'l) +]BC,9) ||L%(O,,))
2 2 2 2
= 2k ””””Lf,(QX)J“”U””Lg(os)+”“”L§(QS)+”'BHL,%(QX)]
If for so >0, wehave 1 —2k(T —s) = %, it follows from (3.64) that
NttesCo ) )+ 100 o2 ) + 1@ DN ) + 1B ) 1200 (3.65)

< 4k

2 2 2 2
Nty g + Vel )+l Tz )+ IIﬁIILg,(Qs)]
Forall se [T — sg, T

let’s now put

_ 2 2 2 2
R(S) = Ntael T ) + 10l )+ Nl )+ 1Bl 0,
we have
Iy — 2 2 2 2
B == el 9Nz + 100G o + 1l )+ 1G9 20,
Hence (3.65) becomes
K (s) = 4kh(s)

and consequently, we have
h(s) exp(4ks) <0
from this last inequality, we deduce that
h(s)=0  Vse[T-sp,TI.
Hence, it follows that W = (ws, w) = (0,0) almost everywhere Qr_g, Therefore, by proceeding in the same way, a finite
number of times, we prove that
W = (w1, w2) = (0,0) in Q
in the cube. Let’s now return to theorem 3.4.1,

the relation
(AZ,®)g=0
implies that
([l u, w?’)Vpl(O,l) + (£2 u, w4)L%,(O,l) + (ZS v, w5)Vp1(O,l) + ([4 v, w6)L’23(0,l) =0
forall Z € D(A)
since ¢1u, {ou, ¢3v and ¢4 v are independent, and the sets of values of the trace operators ¢1, ¢», £3and ¢, are everywhere

dense, respectively, in the hyper stage
V,(0,,L5(0,1),V,(0,1) and L(0,])

3.4. Existence of the solution:



therefore, and consequently ® = 0, which completes the proof of theorem 3.4.1. m

39



Conclusion

In this thesis, we applied the a priori estimation method to demonstrate the uniqueness of two problems:
* On a hyperbolic linear system with Dirichlet boundary conditions

¢ Problems with an integral condition with weight for a class of hyperbolic equations of the Boussinesq type are con-

sidered

The goal it is to :Expanding the functional analysis method to encompass a new category of mixed problems.
Demonstrating the versatility and effectiveness of the proposed method in solving a variety of equations and problems,
including those with different boundary and integral conditions.

And also this method has been developed to study the existence and uniqueness of strong solutions for fractional problem.




Bibliography

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

9]

[10]

(11]

(12]

(13]

S. A. ALDASHEV, A priori estimates for Tricomi and Darbour problems, Differentsial' nye Uravneniya, Vol. 19, N 6,
985-991, (1983),

N. E. BENOUAR, Probléme aur limites pour une classe d’équations d’ordre impair, Bulletin de la Classe des Sciences,

Académie Royale de Belgique, 1-6, 51-58, (1994).

N. E. BENOUAR, Problémes aux limites pour une classe d’équations com- posites, Comptes Rendus de ’Académie des
Sciences. Paris, Vol. 319, Série I, 953-958, (1994).

N. E. BENOUAR-N. IL YURCHUK, Mired problem with an integral con- dition for parabolic equations with the Bessel
operator, Differentsial' nye Urav neniya, Vol. 27, N 12, 2094-2098, (1991).

A. BOUZIANI, Solution forte d’'un probléme mixte avec conditions non locales pour une classe d’équations hyper-

boliques, Bulletin de la Classe des Sciences, Académie Royale de Belgique, 1-6, (1997).

A. BOUZIANI, On a third order parabolic equation with a non local bound- ary condition, J. Appl. Math and Stochastics
Analysis, (to appear), (1998).

A. BOUZIANI, Mized problem with boundary integral conditions for a certain parabolic equation, J. Appl. Math and
Stochastic Analysis, Vol. 9, N 3, 323-330, (1996).

A. BOUZIANI, Probléme aur limites pour certaines équations de type non classique du troisiéme ordre, Bulletin de la

Classe des Sciences, Académie Royale de Belgique, 7-12, (1995). [9].

A. BOUZIANI, Mixed problem for certain nonclassical equations with a small parameter, Bulletin de la Classe des
Sciences, AcadA©mie Royale de Bel- gique, 1-6, (1996).

A. BOUZIANI, Problémes mixtes avec conditions intégrales pour quelques équations aux dA®©rivées partielles, Thése

de doctorat d’Etat, Université de con- stantine, (1996).

A.BOUZIANI - N. E. BENOUAR, Probléme mixte avec conditions intégrales pour une classe d’équations paraboliques,
Comptes Rendus de I’Académie des Sciences. Paris, Vol. 321, Série I, 1177-1182, (1995).

A. BOUZIANI -N. E. BENOUAR, Probléme aux limites pour une classe d’A©quations de type non classique pour une
structure pluri-dimensionnelle, Bul letin of the Polish Academy of Sciences, Vol 43, N 4, 317-328, (1995).

H. BREZIS, Analyse fonctionnelle, Théorie et applications, Masson, Paris, (1983).

41



Bibliography

(14]

(15]

[16]

(17]

(18]

(19]

(20]

(21]

(22]

(23]

(24]

(25]

(26]

(27]

(28]

(29]

(30]

(31]

(32]

N. L. BRISH -N. L. YURCHUK, Some new boundary value problems for a class of partial differential equations-I, Dif-
ferential Equations, Vol. 4, N 6, 560-750, (1968).

N. I. BRISHN. I. YURCHUK, Some new boundary value problems for a class of partial differential equations-II, Differ-
ential Equations, Vol. 4, N 8, 770-755, (1968).

J. R. CANNON, The solution of the heat equation subject to the specifi- cation of energy, Quart. Appl. Math., Vol. 21, N
2, 155-160, (1963).

B. CARBONARO R. RUSSO, Energy inequalities and the domain of influence theorem in classical elastodynamics, J.
Elasticity, Vol.14, 163-174, (1984).

W. A. DAY, Eristence of the property of solutions of the heat equation to linear thermoelasticity and other theories,
Quart. Appl. Math., Vol 40, 319-330, (1982).

A. A. DEZIN, Théorémes d’existence et d'unicité de la solution pour les problémes aux limites des équations aur
dA©rivA©es partielles dans les espaces fonctionnels, Uspekhi. Math. Naouk, 14, NA°3 (87), 22-73, (1959).

J. A. DUBINSKII, On some differential operator equations of arbitrary order, Mat. Sbornik, Vol. 90, (132) N 1, (1973).

K. O. FRIEDRICHS H. LEWY, Uber di eidentigkeit und das Al- hangigkeitsgebiet beim anfangs problem linearer hyper-
bolicsher differentcialgle- ichungen. Math. Ann., 90, 192-204, (1928).

J. FRITZ, Partial Differential Equations, Berlin- Heidelberg- New York, Springer-Verlag, (1978).
L. GARDING, Cauchy’s problem for hyperbolic equations, University of chicago, Lecture notes, (1957).

S.K. GODOUNOYV, Intégrale d’énergie des équations hyperboliques d’aprés Petrovski, Commentationes mathematicae
Universitatis Carolinae, Praga 26, 1, 41-74, (1985).

S. K. GODOUNOVA. M.BLOKHIN, Energy integrales shock wave stability. Nolinear deformation waves, IUTAM Sym-
posium, Tallin, 1982: Springer-Verlag, 18-29, (1983).

M. E. GURTIN R. C. M. CAMY, Diffusion models for age-structured populations. Math. Biosci. Vol 54, 49-59, (1981).

N. L IONKIN, Solution of boundary value problem in heat conduction theory with non local boundary conditions,
Differentsial' nye Uravneniya, Vol.13, NA°2, 294-304, (1977).

N. KEYFITZ, Applied mathematical demography. Berlin - Heidelberg New York, Springer-Verlag, (1977).
N. V. KISLOV, On the differential equations of mized type, M.E.IL., Vol. 146, 60-69, (1972).

N. V. KISLOV, Boundary-value problems for operational differential equations of mixed type, Differentsial'nye Urav-
neniya, Vol. 19, N 8, 1427-1436,(1983).

V. L. KORZYUK. The problem of conjugate equations of hyperbolic and parabolic, Differential Equations, Vol. 4, N 10,
955-961, (1968).

V. I. KORZYUK, Energy inequality for the boundary value problem of hyperbolic equation with a third order wave
operator, Differentsial' nye Urav- neniya, Vol. 27, N 6, 1014-1022, (1991).

Bibliography



Bibliography

[33]

(34]

(35]

(36]

(37]

[38]

(39]

(40]

(41]

[42]

[43]

[44]

(45]

(46]

[47]

(48]

V. L. KORZYUK - V. V. DAINYAK, A weak solution of a Dirichlet type problem for a third order linear differential equa-
tion, Differentsial'nye Urav- neniya, Vol. 28, N 6, 1056- 1066, (1992).

V. L. KORZYUK - N. L YURCHUK, The conjugation of nonstationary abstract linear differential equations, Differential
Equations, Vol. 7, N 9, 1239- 1245, (1974).

A. KUFNER, Weighted Sobolev spaces, Teubner-texte zur Mathematik- Leibzig, (1980)

O. A. LADYZHENSKAYA, Sur les problémes aur limites fondamentaur liés aux équations paraboliques et hyper-
boliques, Dokl. Acad. Scien. URSS, Vol. 97, N3, 395-398, (1954).

0. A. LADYZHENSKAYA, A simple proof of the solvability of the funda- mental boundary problems and problem of

eigenvalues for linear elliptic equa- tions, Vestinik Leningrad. Univ. 11, 23-29, (1955).
O. A. LADYZHENSKAYA, The boundary value problems of mathematical physics, Springer-Verlag, New York, (1985).

O. A. LADYZHENSKAYA, On the solution of non-stationary operator equations, Math. Sborn., Vol.39, N 4, 491-524,
(1956).

O. A. LADYZHENSKAYA, Sur les équations opérationnelles non sta- tionnaires et leurs applications aur problémes
linéaires de la physique mathé matique, Math. Sborn., Vol.45, N 2, 132-158, (1958).

O. A. LADYZHENSKAYA - L. 1. STUPIALIS, Probléme de conjugat- son des équations ondulatoires et de conductibilité
thermique, Differentsial'nye Uravneniya, Vol.4, N 19, 38-46, (1965).

P. LAX, On Cauchy’s problem for hyperbolic equation and the differen- tiability of solutions of elliptic equations.
Comm. Pure and Appl. Math., Vol. 8, 615-633, (1955).

J. LERAY, Lectures on hyperbolic differential equations with variable coefficients. Princeton, Just for Adv. study, (1952).
J. L. LIONS, Equations différentielles opérationnelles et problémes auz limites. Springer-Verlag, (1961).

E E. LOMOVTSEYV, Necessary and sufficient conditions for the unique solvability of the cauchy problem for second
order hyperbolic equations with a variable domain of operator equations, Differentsial’'nye Uravneniya, Vol. 28, N 5,
712-722, (1992).

E E. LOMOVTSEVN. 1. YURCHUK, Boundary value problems for differential operational equations with variable
operational-coefficient domains, Differentsial nye Uravneniya, Vol. 27, N 10, 1754-1766, (1991).

S. MESLOUB, Probléme mixtes avec conditions non locales pour cer- taines classes d’ équations aux dérivées par-

tielles, Thése de doctorat d’Etat, Université de constantine, (1999).

S. MESLOUBA . BOUZIANI, Mized problem with a weighted integral condition for a parabolic equation with bessel
operator, J. Appl. Stochastic. Anal, (to appear), (1999)

Bibliography



	Preliminary Notations
	Normed Space
	Banach Space
	Hilbert Space
	Space of Sobolev
	Orthogonality-Orthogonal Complement
	Closed operators
	Regularization of Operators
	Important Inequalities
	Gronwall's Lemma
	Cauchy inquality
	Cauchy inequality with 
	Cauchy-Schwartz Integral Inequality
	Young inquality
	Young inquality with 
	Holder inquality
	Poincary Inequality
	Elementary Inequality


	Problems with an integral condition with weight for a class of hyperbolic equations of the Boussinesq type are considered.
	Problem setting:
	Functional spaces :
	A priori estimation
	Existence of the solution :

	On a hyperbolic linear system with Dirichlet boundary conditions
	Problem statement:
	Associated functional spaces:
	A priori estimation and its applications:
	Existence of the solution:


