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Absiract

The aim of this research is to study Maximum time of existence of solution (life span)
to some evolution problems. In order to obtain a lower bound estimate of life span of
solution, we invistigated the local existence of our problems. Furthermore, to give the
upper bound estimate of life span of the blowing up solution, we studied the global non
existence, the estimate of the life span of the blow-up of solutions, and both the local and
global existence of solutions, in addition to both the lower and upper bound estimates of
the life span all together.

This research is based on the test function and energy methods ...

Keywords

Nonlinear parabolic equation, blow-up, lifespan, critical exponent, Semilinear damped
wave equation, lifespan, upper bound,Higher-order parabolic equation, critical exponent;

life span.






Résumé

Dans ce travail, nous étudions le temps Maximal d’existence de solutions (la durée de
vie) & quelques problémes d’évolution. Pour obtenir une évaluation inférieure de la durée
de vie de la solution, nous examinons l'existence (locale et globale) de nos problémes. En
outre, pour donner une borne supérieure de la durée de vie de solution, nous étudions
I'explosion de solutions.

Ce travail est basé sur la méthode de la fonction test et la méthode d’énergie ...

Mots clés

Equation parabolique non linéaire, explosion, exposant critique, équation semi-linéaire

d’ondes amorties, limite supérieure, équation parabolique de rang supérieur...
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pr: Fujita critical exponent .

Ppc: Critical point .

L(0), T, t: Life span of solutions.

q: The Holder conjugate of p satisfying p™ ! + g ! = 1

Q: Open set in RV,

0Q: Topological boundary of Q.

Q°¢: complementary of Q.

¥.: The space defined by {x € RV; (x)2~% < L(1 + t)!*5}.
27: The complementary space defined by RM\Z;.

E(t): The energy equation.

p(x), h(x, t),: Continuous functions.

o(x), Y(b), Ix 1), O(x), ¢(t), n(t), w(t, x): Test functions.
C(€): Continuous functions taking value in the reals defined on Q.
C*(Q) : Functions f such that 3%f € C(Q) for every |a| < k.
LP: Lebesgue spaces.

WP Sobolev spaces.

W2 = H': Hilbert and banach spaces.

Il - llp:LP norm.

divu =V -u= Y=Y, u: Divergence of u.

Au = YEN 9, u: Laplacian of u.

AMu = Zill" dey, U Laplacian of order m.

Du = (d¢, Vu).: Derivative operator.

Ti: Unit outer normal vector of Q.






Infroduction

I n Mathematics the partial differential equations are an important branch. They are
used in the modeling of many phenomena of different natures.

Partial differential equations are often used to construct models of the most basic theo-
ries underlying physics and engineering. For example, the system of partial differential
equations known as Maxwell’s equations can be written on the back of a post card, yet
from these equations one can derive the entire theory of electricity and magnetism, in-
cluding light. Our goal here is to develop the most basic ideas from the theory of partial
differential equations, and apply them to the simplest models arising from physics. In
particular, we will present some of the elegant mathematics that can be used to describe
the heat transfer that happens under specific conditions, we will see that the waves of all
the phenomena of vibration are essentially a problem for the equation of Bessel’s.

The solutions of initial value problems for partial differetial equations may not exist for

all time, in other words, these solutions may blow up in some sense or other. Recently
in connection with problems for some class of quasi-linear parabolic equations Kaplan,
Ito and Friedman gave certain sufficient conditions under which the solutions blow up
in a finite time. Although their results are not identiacl, we can say according to them
that the solutiions are apt to blow up when the initial values are sufficiently large. On
the other hand, it is commonly believed that the dimension of the x — space, x being the
space variable, has a crucial influence on the conditins for the solutions of quasi-linear
equations to exist for all time. As an example we can refer to the Navier-Stokes equation,
for which the situation concerning global existence is quite different according as the di-
mension of the x — space is 2 or 3.
The work presented in this thesis deals with some equations for Partial rings of the hy-
perbolic type and others of the parabolic type. In the theory of nonlinear equations of
evolution, a solution is called global If it is defined for any positive time. In contrast to
that, if a solution exists only on a Time interval [0, T], it is said to be local. In the latter
case and when the maximum time Of existence is connected to an alternative of explosion,
it is also said that the solution explodes in time finished. However, to make sense of the
notion of explosion in finite time, The space in which we work and with what standard we
"measure" the solution.

In the first chapter we considered the following problem :
p(X)u; — Au™ = h(x, tHu'*?, xeRN, t> 0,
with nonnegative, nontrivial, continuous initial condition,
u(x,0) = up(x) #0, up(x) >0, x e RN,

An integral inequality is obtained that can be used to find an exponent p. such that this

problem has no nontrivial global solution when p < p.. This integral inequality may also
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be used to estimate the maximal time of existence T > O such that there is a solution for
0<Lt<T.

This is illustrated for the case p = 1 and h = 1 with initial condition u(x, 0) = ougy(x),
o > 0, by obtaining a bound of the form T < Cyo™?.

In the second chapter we investigated the higher-order semilinear parabolic equation:

u + (-A)"u=ulf, (tx)eR; xRY,

u(0, x) = up(x), xeRN.

We used the test function method to derive the blow-up critical exponent. And then based
on integral inequalities, we estimated the life span of a blow-up solutions.

In the third chapter we considered the critical exponent problem for the semilinear
wave equation with space-time dependent damping. When the damping is effective, it
is expected that the critical exponent agrees only with the space dependent coefficient
case. We proved that there exists a unique global solution for small data if the power of
nonlinearity is larger than the expected exponent. Moreover, we did not assume that the
data are compactly supported. However, it is still open whether there exists a blow-up
solution if the power of nonlinearity is smaller than the expected exponent.

Furthermore our concerns estimates of the life span of solutions to the semilinear damped
wave equation

Uy — Au+ @t X)ug = [ulP,  (t.x) € [0, 00) x RY,

with the initial condition
(w0, %) = (up, wr)(x); xRN,

where the coefficient of the damping term is ¢ = (x)~%(1 + t)™5. Our novelty is to prove
both the upper bound and the lower bound of the lifespan of solutions in subcritical cases
1<p<2/(N-a).

Finally, in the fourth chapter, we have studied the life span of solution to the problem
evoked in the third chapter, starting from the above we found results on the lower bound
and the upper bound of the existence time of solution which is confirmed by the results

of the study of the blow up of solution.









cnapter 1: Life span of nonnegative solutions to certain

quasilinear parabolic Cauchy problems

Contents
1.1 Introduction . . . . . . . . . 0 i i i it e e e e e e e e 3
1.2 Prelimineries . . . . . . . . . 0 0 i i i i i e e e e e e e e e e 4
1.3 The test functionmethod . ... .. ... ... ............. 8
1.4 Life span of blowing-up solution . . . . ... ............... 12
1.5 Application of results to the problem u; = Au™+u?™ ., . . ... .... 16

1.1 Introduction

In this chapter, we investigate the maximal interval of existence of solutions for the
problem
P — Au™ = h(x, hu'*P, xeRN, t> 0,

with nonnegative, nontrivial, continuous initial condition,

u(x,0) = up(x) £0, up(x) >0, x € RN,

Fujita [1] studied this problem for the case where m = 1, p(x) = 1 and h(x, t) = 1 In 1966.
He obtained the following, by now famous, results. When O < p < 2/N the problem fails
to have a nontrivial global solution. That is to say that the maximal interval of existence
of any solution is finite. When p > 2/N there exists a global solution if ug(x) < Ae kX for
some constant k > 0 provided that A is sufficiently small. The critical case, p = p. := 2/N,
was studied by Hayakawa [2], Kobayashi [3] and Weissler [4], they showed that there does
not exist a nontrivial, nonnegative global solution in case p = p.. Fujita’s work has been
extended and generalized by many others. In particular, we should mention that Qi [5]
studied the problem

w — Au™ = |x|St"ul*P.

He found that the critical exponent for this problem is p. = (m—1)(r+1)+(2+2r+¢)/N > O.
More references can be found, for example, in articles of [6] and [7] that motivated this
work. In the first of these, Guedda and Kirane reconfigured the test function method of
Pohozaev et al. [8, 9] and were able to find the critical exponent for equations of the form
- as well as others. The basic idea of the test function methods can be found as far
back as in articles of Baras and Pierre [10] and Baras and Kersner [11]. In this chapter
we will take the test function method, but reconfigured once again, in order to study
the relationship between the size of the initial condition and the length of the maximal
interval of existence. In doing this we will extend some of the results of Tzong-Yow Lee
and Wei-Ming Ni [7], who obtained such information for Fujita’s problem, i.e. for the case

m =1, h =1and p = 1. For example, we will show that if u is a global solution with
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initial condition u(x, 0) = uy(x), then an inequality of the form

limsup R™5 f o) ug(x)D(x/R) dx < CA*
Bgr

R—o0

must be satisfied. Here ® is a positive eigenfunction corresponding to the principal eigen-
value of the Dirichlet problem on the unit ball B;, and normalized such that fBl O(&)dE =
1. The numbers C and k depend on N, m, p, h, and p. When m =1, h=1, and p = 1,
then C = 1 and kx = 1/p, a result obtained in [7]. We also obtain a bound for the maximal
interval of existence. Suppose u, is a solution corresponding to a nontrivial, nonnegative
initial condition u(x,0) = oug(x). Let [0, T,) be its maximal interval of existence. We

obtain a bound of the form T, < Co™. When m>1, h=1,andp=1then 9=p+1-m.
1.2 Prelimineries
In this section, we present some preliminaries that will be used in the next sections.
Definition 1.1. Let p € R with 1 < p < o0; we set
LP(Q) = Lf :Q — R; fis measurable and |f|P € LI(Q)}

with
1/p
|Lf||Lp=uf||p:[ fQ P duu] .

We shall check later on that

Il - llp is a norm.
Definition 1.2. We set
L(Q) ={f : Q — Rsuchthat |f(x)| < ConQ}.

with
IWllze = lfllo = inf {C; [f(x)] £ ConQ}.

The following remark implies that

I.lleo is @ norm:

Remark 1. If f € L™ then we have

)] £ ||flleo a.e.onQ.

Indeed, there exists a sequence C,, suchthat C,, — ||f||l« and foreachn, |f(x)| < Cpa.e. on Q.
Therefore |f(x)| < Cy for all x € Qp, with |[Ey| = 0. We set E = U}_| Ep,, so that |[E| = 0 and

f(x)] < Cy ¥Yn, VYxeQ;

it follows that |f(x)| < |fllco Yx e Q.
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Definition 1.3. A function f € L}OC(Q) is wealkly differentiable with respect to x; if there

exists a function g; € L} _(Q) such that

loc

ijicp dx = — f gi@ dxfor allp € CZ(Q).
Q Q

The function g; is called the weak it’s partial derivative of f, and is denoted by J;f. Thus,

for wealk derivatives, the integration by parts_formula

fﬁ)irpdx:—faif(pdx
o Q

holds by definition for all ¢ € C’(Q2). Since C7° is dense in Lllo (), the weak deriva-
tive of a function, if it exists, is unique up to pointwise almost everywhere equivalence.
Moreover, the weak derivative of a continuously differentiable function agrees with the
pointwise derivative. The existence of a weak derivative is, however, not equivalent to the

existence of a point wise derivative almost every where.

Definition 1.4. Suppose that Q is an open set inR"™, ke N, and 1 < p < oo. The Sobolev

space wP(Q) consists of all locally integrable_functions f : Q —s R™ such that
3%f € LP(Q)for0 < |al < k.

We write w2(Q) = H*(Q).

The Sobolev space w'P(Q) is a Banach space when equipped with the norm

1/p
Iflhwer) = [Z fg|aaf|p dx)

lal<k
Jorl < p < ooand
IUfllykpq) = max supq|o®f].

lal<k

Proposition 1.1. Iff € L} (Q) has weak partial derivative d;f € Lllo . and y € C*, then yf

loc

is wealkly differentiable with respect to x; and

di(yf) = Gup)f + w(o).

Proof. Let ¢ € C2°(Q2) be any test function .Then y¢ € C?° and the weak differentiability of
f implies that

f Puwe) dx = - f O o dx.
Q Q

Expanding o;(w¢) = w(d;¢) + (0;y)¢ in this equation and rearranging the result,we get

fg wf(9ip) dx = —fg[(aiw)f+ w(0f)]lp dx

Thus, yf is weakly differentiable and its weak derivative. ]
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Lemma 1.1. (Young inequality)
1 1
Letl < p,g< oo,—+ — =1, then
b q

aP b1

abs —+—, ab>0.
p p

Proof. The mapping x — €* is convex ,and consequently,

1 pyl q
ab = eloga+logb — eploga +4logh

P pa
< Loogar | L jiogor _ @7 BT
p q P q

Lemma 1.2. (Young inequality with &)

Letl < p,g< oo, —+ — =1, then
p q

Lemma 1.3. (Holder inequality)
Letl < p,g< oo, —+ — =1, thenifu € LP(Q), we have
b q

f luv| dx < ||lullzp@llvliza).
Q

Proof. e In the cases where p = o0 or q = o, it is easy, because there exists a subset

Q' c Q, with |Q’| = |Q|, such that supq, |[ul = [[ullz=@) or supgy || = [[Ull=(q).

e In the cases where 1 < p,q < co. By the homogeneity of the inequality, we may
assume that |[ullzrQ) = |[VllLa@) = 1. Then the Young inequality implies that

1 1
fluvldx < = f lulPdx + — f lulfdx = 1 = ||ullp@)llvllzag)-
Q pJo qJao

O

Definition 1.5. The hypothesis (HC), which appears in all the applications of the flux-
divergence theorem, is that at least one of the objects considered is compact. This will not

detailed every time, we give only two examples:

In the identity fQ divFdi, = faQ v.FdH""!, We suppose either F with compact support, or Q

Relatively compact.

In the identity fg(ajg)dﬂn = f&Q vi(fg)dH™ ! — fg(ajf)gdﬂn, We assume: one of the u and v

with compact support, or Q relatively compact.

Theorem 1.1. (Théoréme du flux-divergence)
Q is an open Lipschitz.F € C 1(ﬁ; RY). We have (HC). Conclusion. We have

f divFd, = f v.FdH" !,
Q aQ
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Corollary 1.1. (Integration by parts)

e Hypotheses.  fe€ CYQ). ge CLQ).

Conclusion.
f 139 = - f @Ng.
Q Q

e Hypotheses.  f.g € C'(Q).Q Lipschitz. We have (HC).

Conclusion.

f FO)d = f (wfg)dE™" — f (09,
Q oQ Q

Theorem 1.2. (Green Formulas)
Hypotheses. Q c RY is Lipschitz.u, v € Cz(ﬁ). At least one of the sets Q, suppu and
suppuv is relatively compact.

Conclusions. We have

e Green'’s first formula

0
quv:f u—v—fVu.Vv.
Q e v Jo
e Green'’s second formula

o 0
f(uAv—vAu):f u_v__u .
Q a0 ov ov

Proof. By integrating by parts colrollary -,we have

fuau-v=f uviaiv—faiuaiv.
Q oQ Q

By summing on i, is obtained by subtracting from first formula the identity obtained by

exchanging u and v in first formula . m|

Corollary 1.2. Hypotheses. Q c RN, o c Q is an open Lipschitz. u is harmonic in Q.
Conclusion. We have
ou
— =0.
o ov

Proof. Take v = 1 in the first formula of Green. m|

Theorem 1.3. (Maximum principles )
Hypotheses. Q c RY field. u subharmonic in Q. u has a maximum point.

Conclusion.u constant .

Proof. Let M = max u and F = {x € Q; u(x) = M}.Q2 Being connected and F being closed in
Q) not empty, it suffices to show that F is open.Let xp € F. Let O < R < dist(xp, 0Q2).
So

M:u(xo)ﬁf u(x) dx < M.
B(x1,R)

We find u = M in B(x;, R), and therefore B(x;, R) C F.
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Theorem 1.4. (lemma of hopf)

Hypotheses. B a ball. xy € 0B. u over-harmonic in B. u € C'(B).u > u(x) in B. v
the Normal outside B at xg.
Conclmion.%(m) < 0.

1.3 The test function method

In this section, we will use the test function methode to show the non existence result
of global solution. Suppose that u is a solution of -—- on RN x [0, t,.).
Let Bg := {x € RN : |x| < R}. We assume that

O<m<p+1,

and that there exists a continuous function hg defined on B; X [0, o), and real constants
B and p > 0 such that for each T > 0 and R > Ry we have

h(RE RP1) > R*ho(E1) VE€ By, Yt e [0, Tl

T
ffho(f,t)_adfdz<00,
(0] B,

for a = 1/p and for a = m/(p + 1 — m). The simplest examples of functions satisfying

where

these hypotheses are those of the form h(x, t) = A|x|t” where A is a positive constant and
¢ and r are sufficiently small: ¢ < Np, ¢c< N(p+1-m)/m, r<p,andr< (p+1-m)/m.
We assume that there exists a continuous function pg defined on B; X [0, o), and a

positive constant ® such that for each R > Ry, we have

P(RE) < R%po(§). V&€ By,

where

f po(§)PHV/P dE < co.
B,

Let Ar be the principal eigenvalue for the Dirichlet problem on the ball of radius R:

—A®(x) = AD(x), x € Bg,
O(x) =0 x € 0Bg.

We note that Az = A;/R%2. Let ® denote the unique nonnegative eigenfunction corre-

sponding to the principal eigenvalue j1; such that

f O(x)dx = 1.
B,

Of course @ is radially symmetric: ®(x) = Og(|x|).



1.3 The test function method

For O < S < T, we define

1 ift<s,
wt) =31 -(t-S)/(T-S)° ifS<t<T
0] ift>T
We also define

0.8+

0.6+

HES

02

H T =

Figure 1.1: Test function.

Ux t) := w(t/RP)D(x/R),
and, for TR? < t.,

TRE
Jr(S.T) := f f h(x, Hu'*PZ(x, t) dx dt.
S. Bgr

RS

Using - and - and integration by parts and we have

TRE
Jr(0,T) = f f [p(xX)u — Au™y(t/RP)D(x/R) dx dt
0 Bgr
TR
= - f P()uo(X)P(x/R) dx — f f R Pupy/ (t/RP)®(x/R) dx dt

Br 0 Br
TRA ou™

[ RS/ R00 R + wme/ ROR xR as
0 0By OV
TRE

+ f f u™y(t/RPHR™2 1 ®(x/R) dx dt .
0 Br

Note that by the Maximum Principle-, u cannot attain the value zero in RV x (0, o)

and consequently the surface integral must be negative. Using the notations
Vg = f P(X)up(x)P(x/R) dx,
Br

by Hopf lemma - we have

TRA m
f f [_%thﬁmxm) + u"y(t/RER (x| /R)] dS dt < 0.
0 0Bgr
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Since ¢/(t) = 0 except on (S, T),using the Holder inequality - we have
JR(O, T) + Vg

TRA .
<+ f f u[hy(t/RP)®(x/R)]»1 pR*
S, Bg

RS

X [~/ (t/RE)w(x/RP) " #11h™ 71 B(x/R)PT dx dt
TRS

+f fum[hz//(t/RB)q)(x/R)]PTlR_Zﬂ1
0 Br

X WP y(t/RE) P D(x/R) 7T dox dt

TRS
D pt+l
< +Jg(S, T)PR ﬁ[f f 0P
SR8 JBg

x| 1w /RN T oo/ RO | WS /Ry e ]

p+l-m

TR
+ Jr(0. T)PTAR?| f f RTF T (t/RAD(x/R) dxdt| 77
0 Bg

Making the change of variables ¢ = x/R and 1 = t/R”, and using - and - we have

JR(O, T) + VR
1
< Jgr(S, T)»TR*!

p/(p+1)

T +1 p+1
x| f f po(§) 7 (—¥/ (1) 7 w(®)Pho(& )7 PD(E) d i
S Bl

p+l-m

T
+ JR(0, TYPT AR f ho(& 0 P p(®(E) dE dr| P,
0o Jp

where

Np—pu-— N+ B+ pum
51::w+p—uﬂ, sz::—2+N+JB—M.
p+1 p+1

Defining

AS.T) = fs ' fB o®F V)T pw o6 07 0E) di
B(T) = 7 fo ' | @0 0 de
for R > Ry, we have
Jr(0,T) + Vi < Jr(S, T)PT RO A(S, T)7 + Jg(0, T)#1 ARZ B(T) 51

Next we choose 83 such that s; = so:

p+D@+2)+(Mm-1)(u+N)
B:= ,
p+2-m
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so that s; = sy = s where

N + +1-m—-—u—-2
g WO+ 1-m-p-2
p+2-m

It is our objective to use - to obtain information on the relationship between the initial
condition up(x) and the length of the maximum interval of existence. However, it does

also provide a proof to the following result:

Theorem 1.5. If s <0, that is to say

2+nu
N+o

pS<p.i=m-1+

then the problems -- has no global solution except for u = 0.

Proof. When s < O we take the limit as R tends to infinity on both sides of - and obtain

fifomW%mowm+fpwwwmmwza 1.8
0 RN RN

so that u = 0 is the only global solution.

If s = 0 we first note that Jg(0, T) is uniformly bounded for all R. This means that we can
make Jg(S, T) arbitrarily small by choosing S large enough and hence we can make the
first term on the right hand side of - arbitrarily small, provided we keep T —S bounded.
Next we can make the second term arbitrarily small by making |T — S| sufficiently small.
Once again we have - O

It should be noted that the choice of 8 depends on the value of u and that these
quantities are already related by hypothesis - This means, that in order to apply this
result one needs to compute y and 8 simultaneously. We illustrate this with the following

example.

Example

Suppose that h(x, t) = |x|St", where we assume that p # p, := (r+1)*(m—1)— 1. Then
u = ¢+ rB. Solving this equation and equation - simultaneously for 8 and p we obtain

_(p+ )(er+2r+¢)+(m—1)(Nr-g)
H= p+1+(r+D(1-m
_(@+2)(p+ 1D+ (m—1)(N+¢)

B p+1+(+1)(1-m)

’

B

We also compute
N+o)(p—mm+1-m)+rN-2r—-2-g
s= .

p+1+(+1)(A-m)

We may solve the above equation for p when s = 0 in order to see that the critical exponent
is
-TN+2+¢+2r
N+ o

Pe=(mM+rm-1)+
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which agrees with the result in [5] when ® = 0. Since p. > p., the restriction p # p. does

not affect the determination of the critical exponent.

1.4 Life span of blowing-up solution

For the rest of this chapter, we assume that S = 0 and that the value of 3 is given by
-. Suppressing arguments and subscripts - becomes

1 m +1-m
J+V < JFRAM + JrT ARSB 71
We will use this to obtain an estimate for V. First we give the following two lemmas.

Lemma 1.4. Suppose that a, b, r, and q are positive constants. Define the functions F(x) :=

ax?— bx", G(x) := ax %+ bx" on 0 < x < 0. Then
. q.%L
max F(x) = (1 - g/ra™i(—=)™,
x>0 br
r br__a
min G(x) = (1 + q/r)arﬂz(—)fgm
x>0 q
Lemma 1.5. Let0 < @1, 09 < 1, @1 # @2. On [0, 00) define
T(x) := max(x®, x*2).
Let n be an arbitrary positive number, then

@i

(o1, @p ) 1= max(T(x) = x) = max (1 - @)l 477 ).
X 4

For n sufficiently large

1

Y(w1, 02:7) = (1 — @)@ITonTs, 1.10

where ® = max(w;, @9).

Proof. The function n(’(x) — x has at most three critical points: the cusp at x = 1 and the
points where the functions nx® — x and nx® — x attain their maxima. It is easy to see
that 1Y(x) — x cannot attain its maximum at the cusp. Applying the previous lemma, we

see that the maximum value of nY(x) — x must be the larger of the two values

@i
1-wi

(1 - o)w; TZ‘%“"'-

The last assertion is obvious. O

We will use the notation m := max(1, m) and

m
p+1

_m__
)p+1—ﬁ

Jm = (1 -m/(p+ D)(
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Then, for n sufficiently large

1 m ptl

, —, :Jf prl-m
p+1 p+1 n m 1

P(

Theorem 1.6. Ifu is a nonnegative solution of -—- on Bg, X[0, t.), s is given by -
Let

T p+1 p+1
A(T) ::f(; fB po(&)F (—/ (D)5 9 Pho(€, 0 /PD(E) de di.
T
B(T) = fo ol 0 T 0 d d.

Then for all (R, T) € {(0.7) : Ry <p <R., 0 <1< t,p?), wehave

f P (ID(/R) dx < W(——, T ([AT)HT + AB(T) P IRS). 1.11
Br p +1

+1 p

In particular, if u is a global nonnegative solution then

pt+l

limsup RS f P)U()P(x/R) dx < Jrinf [A(T)p% + ﬁB(T)"’%fQ“]w—m 112
Br

R—o0

where
_s(p+1) (P+DIN+o)(p+1-m)—pu-2]
T p+l-m (p+1-m)(p+2-m) '

Proof. For the sake of convenience we define
P pt+l-m
O(T) = A(T)»*T + AB(T) »*1 .
From [l we see that V < Y(J)®(T)R® - J, where
T(o) := max{ovfll, or%}.
Then by Lemma - we have - For R sufficiently large we can use equation -
to conclude the validity of [l O
Corollary 1.3. Suppose that there exist positive constants p. and h, such that for R > Ry,
h(RE RP1) > heR*, and p(RE) < pcR®,

where f is given by - Suppose that u is a nonnegative global solution. Then

p+l_ +1
lim sup RS f P(U()D(X/R) dx < Jom K2 ATrmipe
Br

R— o0

where
p(p+1—m)
o _ c
Kn=(p+2 m)((p JRE

)1/(p+2—m)

1.13
13
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Proof. We easily obtain

pt+l +1 m

R h " T
A(T) < Ao = hC—l and B(T)<By= ~———.
(8- 1/p)Tr 8+1
Then .
V< R(JFTAT P + P AB," ) —J < R°@o(T)T(J) - J,
where
p+l-m
O(T) < Oo(T) := aoT" P +BoT »1,
with
pch_l/(p+1)8 ﬁhc—m/(p+1)
C
a() = .BO =

(8—1/p)yp/®+1)’ (8 + 1)p+1-m/(p+1)’

By lemma -

B®go := min(Og(T))

1-m)/(p+2—
[ g g

+1-m p+l-m ptl-m

 (pr2— m)(p+ 1 m) B i P e g
- - 1/p)p(p+1—m)/[(p+1)(p+2—m)] [8+ 1](P+1 m)/[(p+1)(p+2-m)]

=|p+1-ma

Taking the limit as & — oo we have limg_,c Ogp = K AY/Pr2-m)  Then after substituting

this into equation - the proof is complete. O

When we are dealing with the problem originally considered by Fujita (o = pg = p. = 1,
h=hy=h.=1,and m = 1), then Ji = p(p + 1) "P*V/P and K, = p~ ' (p + 1)P*V/P and we

see that the above inequality reduces to

R—o0

lim sup RN*2/P f () o (X)P(x/R) dx < AP, 1.14
Bgr

This is precisely the result found in [7]. As done in that article we can deduce the following

result.

Corollary 1.4. When N > S, 1.5 and 1.3 remain valid if we replace

lim sup R~ f 0(xX)ug(x)D(x/R) dx
Br

R—o0

|N—S

by lim inf) e X"~ 0(x) o (X).
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Proof. The statement of this corollary follows from the inequalities:

Jim RS f (9t (ID(x/R) dx
—00 Br

> lim R™° f inf (XN "Sp(x)uo(x)) RSN D(x/R) dx
BR\Bk RZleZk

> lim inf (IxN"Sp(x)uo(x)) RN®(x/R) dx
R—o0 R>|x|>k Bg\Bx

= lim _inf (N Sp(0uo(x) (&) dg
R—o0 R>|x|>k B1\Bi/r

= inf (x5
[x|>k

(X))o (x)).

The proof is complete by letting k tend to infinity. i

Inequality - can also be used to obtain an upper bound for the length of the
maximal interval of existence. Consider problem -—- By the life span for initial
condition ug, we mean the least upper bound of all values T such that [0, T) is a maximal
interval of existence of a solution to --- Let us fix ug, up # 0 and uy(x) > O for all
x € RN. We denote by L(0), o > 0, the life span corresponding to initial condition oug.

Assume the hypotheses of [l are satisfied, then there exists a value A such that
AVg = Y(R°O(T)).

where Ty is the value of T at which ®(T) attains its minimum value. Let ®; denote the
restriction of ® to the interval [0, Ty;). If we take o0 > A, then L(o) < oo and we see from

B hat

L(0) < Rf@;! (R_S‘I’_l(oVR)) . 1.15

In the next result we use this inequality to obtain an explicit upper bound for the life

span of a solution.

Theorem 1.7. Assume the hypotheses of Corollary 1.3 Let uy be a nonnegative nontrivial
continuous function on RN. There exist positive numbers A, C, and o, so that the life span

L(0) corresponding to the initial condition oug with o > A, satisfies
L(0) < C o~ PH1-™), 1.16

Proof. Decreasing the value of Ty to a value T, if needed, we may assume that the
function @y, introduced above, is decreasing on (0, T;;). We can choose A,, such that
An Vg = P(R®0O(T,)) and also so that A;,,Vg > C3 where Cs is a sufficiently large constant

so that whenever o > A,, then

@

YoV = [(1-9) 15 5] oV P

with ® = m/(p + 1). We write

p+l-m p+1-m

Yl (oVR) = yo V' o T,
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pt+l-m m

where yp :=(p+ 1)(p+1-m) P m 1. Since

p+l-m

O(T) < Oo(T) < aoT 71 + PoT,?""

on [0, Tn), it follows that

p+l-m

_ T p+l _ +1) ptl-m
[Tl .BO m ] (p , fOr TZ>_BOTmp+1 .

O (n) <

Let [0, T.,) be the maximal interval of existence of u and let T = R where 0 < 1 < Tw).
We define

’

p+l-m 1T _(p+1)
G(R 0) i= R [yoR™*V ™" 051" = ]

ptl-m

where 6y := BoT,,’"' . Whenever 1t < L(o) we have 7 < G(R, 0). Therefore

L(o) < G(R, 0). 1.17

It is easily seen that this implies inequality - O

Inequality - must be satisfied for all R > Ry, However, because the domains
depend on R we cannot improve our bound by merely taking the infimum over all R > Ry.
Nevertheless, it is sometimes possible to do so by finding the envelope of the curves
T = G(R, 0). We illustrate this in the next section.

1.5 Application of results to the problem u; = Au™ + uP*!

Suppose that m > 1, p = 1, h = 1, and for some nonnegative constant 6, |x|"%ug
is bounded from below by a positive constant. Let u, be a solution of - with initial

condition uy(x, 0) = oup(x). In this case

2(p+ 1)+ N(m—-1) Np+1-m)—2
= . S = .
p+2-m p+2-m

B

We could substitute these values into - obtain G(R, 0), and then find an envelope for
the R-parameterized curves y = G(R, 0). However, the R-dependence of the domains and
the fact that ¥ is piecewise defined complicate matters. So it is easier to use inequality
- directly. The left side of this inequality is greater than

o f K|x|°®(x/R) dx = oKR"*° f |EIPD(E) dE = K, oRV ™.
Br By

Let [0, T,) be the maximal interval of existence of u,. We assume that o is sufficiently
large to ensure that T, < co. We may replace ® in right hand side of - by 0 and
obtain

K oRV® < W(Oo(tR)R®)
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whenever O < t < T,. Therefore, o < max(Fy(R; 1), F5(R; 1)), where

_1 B ptl-m _ pfptl-m ai
Fi(R;1) := C;R N |qou 7 Rp1*S 4 By1 »T R AEp s

’

where C; and C, are certain positive constants and ¢q; ;= (p+ 1)/pand g3 := (p+ 1)/(p+

1 — m). Now, we define
QV=B/(p+ D +s-WN+6)/q. QF:=Bp+1-m)/(p+1)-s+(N+6)/q.

w;:=1/(p+1),and &9 := (p+1—-m)/(p+ 1). Then we may write simply

Fi(R;7) = Ci[aot_a’lRQ(li) +ﬂoz“’2R_Qg)]q".
If we can find functions y = F;(t) such that

Fi(R, 1) > Fi(r), VYti> 0,
and such that for each value of t there exists a value R?) where
F(R. 1) = R,

then o < Fy(R, 1) for all R if and only if 0 < F;(1r). We make our mission somewhat easier
by making a change of variables: let z; := R+ and n = 1”772, so that Fi(R; 1) =
Cit 1% hy(z;; )4, where

h(zi;n) = aozi "' + Bozi V'm,

and vy; := Q(Zi) /(Q(li) + Q(Zi)). For the rest of this article, we suppress the index i. We easily
find the envelope

. 1
y=h = aiBy | (- zy)l T Y nt,

which leads us to define F(7) := Ct*'9h(n)9. If we define 1, := aoﬁal(l — )y~ 'z, then we
may write

h(n) = [aoz'™n) " + Boz V| ',

which immediately shows that the parameterized family of lines y = h(z, n) are tangent to
the concave curve y = h(n) at the respective points (7, h(n,)). Consequently h(z, n) > h(n)
for all z > 0 and n > 0, which implies that F(R; 1) > F(1). Tracing back through the
change of variables we find that F(R;, 1) = F(1) provided we pick R, = 7z1/@1+ Q%) where
z is the solution of 7, = 1“2, Going back to the use of the index i, we see that
o < max(Fi(1), F»(1)) where

Fi(1) := Gt P U [ R )]% = Mz,
for some positive constants M; and My and with

8 =[(1 — y)wo — yion] g;. 1.18
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Therefore, o0 < max(M;1%', M51%?). Suppose that the exponents §; are negative and let
9; := —1/8;. Then it is clear that 1 < Cyo~? for some constant Cy, provided we take
9 := min(9;, 9;) and provided o is restricted to sufficiently large values. Using equation

(18) we can compute the values of 9;, and then obtain the following result.

Corollary 1.5. For each o > 0, let u, be a solution of the problem

w = Au™ + uPtl,

u(x, 0) = oup(x),

onRN [0, T,) where [0, Ty,) is its maximum interval of existence. Assume that0 < m < p+1
and ug(x) > K |x|® for some constants 6§ and K > 0, and that the numbers 9; and 9, given

below are positive:

3 2(p+ 1)+ N(m - 1)]p

S 2(p+ 1)+ Nm-1)+6p(p+2-m)’

B @2p+2+Nm—-N)(p+1—-m)

T 2(p+1D)-Nm-1D(p+1-m+6(p+1-m(p+2-m)

9

9
Then there exist positive constants Cy and oy such that
Tg < Co 0_9,

for all 0 > og, where 9 = min(9y, 9).

Remark 2. Note that in case m = 1 and 6 = 0, 9 is simply equal to p, agreeing with the

asymptotic result in [7].
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2.1 Introduction

In this chapter, we concerns the following cauchy problem for the higher-order semi-

linear parabolic equation

w+ (-A)"u=uP, (t.x)eR, xR,

u(0, x) = up(x), xeRN,

where m, p > 1. Higher-order semilinear and quasilinear heat equations appear in numer-
ous applications such as thin film theory, flame propagation, bi-stable phase transition
and higher-order diffusion. For examples of these mathematical models, we refer the
reader to the monograph [12]. For studies of higher-order heat equations we refer also to
[13, 14, 15, 16, 17, 18] and the references therein.

In [17], under the assumption that uy € L*(RN) N L®(RYN), up # 0 and

f up(x)dx > 0,
RN

Galaktionov and Pohozaev studied the Fujita critical exponent of problem - and

showed that pr = 1 + 2m/N. The critical exponents pr is calculated from both sides:
(i) blow-up of any solutions with - for 1 < p < pr;
(ii) global existence of small solutions for p > pp.

Egorov et al [16] studied the asymptotic behavior of global solutions with suitable
initial data in the supercritical Fujita range p > pr by constructing self-similar solutions
of higher-order parabolic operators and through a stability analysis of the autonomous
dynamical system. For other studies of the problem, we refer to [15] where global non-
existence was proved for p € (1, pr] by using the test function approach, and [13] where
a general situation was discussed with nonlinear function h(w) in place of |ulP.

In [18],they have discussed the following system

U+ (=A)™u =P, (t,x)eRIxRY,
v+ (=A™ v = U, (t,x)eR} xRY,
u(0, x) = up(x), v(0,x) = vo(x), xeRN.
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It is proved that if N/(2m > max{ﬁ, ;qtql} then solutions of - with small initial

data exist globally in time. Moreover the decay estimates |[u(t)[|lc < C(1 + t)”° and

[[v(D)]lw < C(1 + t)~° with 07 > 0 and oy > O are also satisfied. On the other hand, under

the assumption that

up(x)dx > 0, f vo(x)dx > 0,
RN RN

if N/(2m) < max {;qtpl , ;;_ql} then every solution of - blows up in finite time.
Exploiting the test function method, we shall give the life span of blow-up solution for

some special initial data. The main idea comes from [19] for discussing cauchy problem

of the second order equation

p(X)u; — Au™ = h(x, Hu'*P, (t,x) e R} xRV,

u(0, x) = up(x), xeRN.

Using the test function method, the author gave the blow-up type critical exponent and
the estimates for life span [0, T) like that in [20]. For the construction of a test function,
the author mainly based on the eigenfunction ® corresponding to the principle eigenvalue
A of the Dirichlet problem on unit ball By,

—Aw(x) = w(x), x€ By,
w(x) =0, xe€oB;.

However, for the operator (—A)™, the eigenfunction ® corresponding to the principal eigen-
value A; of the Dirichlet problem may change sign (see [21]). We will use a non-negative

smooth function ® constructed in [13] and [17].

2.2 Fuyjita critical exponent

In this section, we shall use the test function method to derive the Fujita critical
exponent and some useful inequalities. From the reference [17], we know that if uy €
L'RN) n L®@RY), then the solution u(t,-) € C([0, T]; L*RY) n L®(RY)) for some T > 0.
Therefore, without loss of generality, we may consider ug(x) concentrated around the
origin and bounded below by a positive constant in some neighborhood of origin. Further,
up(x) — 0 as |x| — co. With these choices, the solution u and its spatial derivatives vanish

as |x| — oo for t > 0.
First we construct a test function. For this aim, we shall use a non-negative smooth
function ® which was constructed in the papers [13] and [17].
Let
Ox)=D(x]) >0, ®O0)=1; 0<D(r)<1 forr>o0,

where O(r) is decreasing and ®(r) — 0 as r — oo sufficiently fast. Moreover, there exists
a constant j1; > 0 such that
AT < A, D, xeRN,
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and such that
[|P||; :f O(x)dx = 1.
RN

This can be done by letting ®(r) = e™" for r > 1 with v € (0, 1], and then extending ® to
[0, o) by a smooth approximation.
Take & > p/(p — 1), and define

0, t>T,
Pp(t)={(1 - (t=S)/(T-95)%, 0<t<T,
1, t< S,

where 0 < S < T. Now set
&(t, x) = p(t/R*™d(x/R), R> 0.

Suppose that u exists in [0, t,) X RN, For TR?*™ < t,, multiply both sides of equation -
by ¢ and integrate over [0, TR?™) x RY by parts to obtain

2m

TR?™ TR
[ [ wpeaxacs [ weogo.mxs [ [ il 1ameaxde
0 RN RN 0 RN

Denote
TR2m
I(S,T):f [ulP p(t/R*™)®(x/R)dxdt, J:f up(x)®(x/R)dx.
SR2m RN RN

We now estimate I(0, T) + J. Using the Holder inequality, since ¢’(t) = O except on (S, T),

TRZm TRZm
f f |ul|§i|dxdt =f f lulp(t/R*™)!Plg/ (t/R°™)|
0 RN SR2m JRN

X p(t/R*™) /P O(x/R)R>"dxdt
TRZm

< I(S, T)l/PR—2m(f |¢/(t/R2m)|P/(P—1)
SR2m JRN

we obtain

x q;(t/Rzm)‘l/(p_l)d)(x/R)dxdt)(p_l)/ P
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Since AT'®(x/R) = R‘ZmAfﬂD(y) for y = x/R, using the Hélder inequality and - we have

TR2™
f f [u||A™ E|dxdt

R2m
=\f‘ [ulp(t/RE™ AT B (x/R)ldxdt
0 RN
TR2m
= R" f lulg(t/RP™IAT D/ R)ldxdt
0

TRZm
< mR2m f lulgp(t/R*™)D(x/R)dxdt
0 RN

1/ —2m R om (p-1/p
<100, TP R o(t/R*™)®(x/R)dxdt) .
0 RN

Making the change of variables t = t/R*™ and n = x/R, from |Ei§]. BNl and Bl we
deduce that

10, T)+J

TR>™
(»-1)/p

< I(S. T)"/PRe( (DP/PD o1y /P D (mdmd

(S.7) fRqul'(r)l (1) (ndn I)

SR2m

+1(0, T)" /P A, R¥( f fR <p(t)CD(n)dndt)(p_1)/p,
0 N

where s = -2m + (2m + N)(p — 1)/p. Set
asm=( [ [ w@rte ow Do),
B(T) = f f p((dndr) """
Thus - can be simply written as

10, T) + J < R[I(S, T)'/PA(S, T) + A,1(0, T)"PB(T)]. 2.10

We have the following result:

Theorem 2.8 (Fujita critical exponent). If

. up(x)dx > 0, ug(x) £ 0

and s <0, thatis to say p < p. = 1 + 2m/N, then - has no global solution.

Proof. By slightly shifting the origin in time, we may assume

up(x)dx > 0. 2.11
RN
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Let u be a global solution with ug satisfying - then

f |ulPdxdt > 0.
o JrN

Suppose s < 0. Letting R tend to infinity in - to obtain

f |ulPdxdt + up(x)dx = 0.
0o JRr¥N RN

Hence u = 0, a contradiction.

Suppose s = 0. We first show J > O for all R > 0. In fact, from the assumptions on
initial datum, there exists gy > 0 such that ug(x) > 6 > O for |x| < gy. Set

J = up(x)®(x/R)dx + Uuo(x)®P(x/R)dx

|x|<eo [x[>e0

> 6 f d(x/R)dx + uo(x)®P(x/R)dx
|x|<eo

x>0

= 6RY f O(n)dn + Uo(x)®(x/R)dx
[nl<eo /R |x|>eo

> up(x)®(x/R)dx.

|x|>e0

By the choice of @, we have

lim up(x)®(x/R)dx = 0.
R—0 |X|>80

And so there exists Ry > 0 such that J > 0 for all 0 < R < Ry. On the other hand, there
exists M > O such that

up(x)dx > f [uo(x)ldx.
[xI<RoM |x|>RoM

In addition, by a slight modification of ®, we may set ®(x) = 1 in {x : |x| < M}. Note that
since 0 < ® < 1 we have, for R > Ry,

J = f up(x)®(x/R)dx + f uo(x)®(x/R)dx
[xI<RoM |x|>RoM

> f Up(x)dx — f [ (x0)|P(x/R)dx
|x|<RoM |x|>RoM

> f ug(x)dx — f |ug(x)|dx > 0.
IX|<RoM Ix|>RoM

Now we are in the position to complete the proof of case s = 0. Since

a(T - S)~1/p
[~ 1/(p~ D]P-D/P’

T - S](p—l)/P

A(S,T) = B(T):[s+ ST

’

we may choose S small and 8 large, T — S bounded, such that

Bn) < [ uotoax/[zm( [
RN 0

/|
. uPdxdr) ).

2.12
Ed
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Moreover, note that J > 0, from - we get that I(0, T) is uniformly bounded for all
R > 0. Then, keeping T — S bounded,

lim 1(s, T)'/PA(S, T) = 0. 2.13

Letting R — oo, -7- give

0 1
f |ufPdxdt + — f up(x)dx = 0,
0 RN 2 RN

which also implies u = 0. |

Let o be an arbitrary positive number. For x € [0, o0) and 0 < @ < 1, define

Y(w; 0) := max(ox® — x).
X

It is easy to check that ¥Y(w; 0) = (1 — m)a)fwm oT. Set
A(T) = A0, T), S(T)=A(T)+ A, B(T).

We have the following result.
Theorem 2.9. If u is a solution of - defined on [0, t,) X RN. Then, for R > 0 and

0 < 1< t.R2™, we have

f U ()P (x/R)dx < ‘P(Ilg; S(T)RS). 2.14
RN

Moreover, if u is a global solution of - then

lim sup R‘éf Up(x)D(x/R)dx < ﬂ}/(p_l), 2.15
RN

R0
where s = sp/(p—1).
Proof. Denote I(T) = I(0, T). Firstly, by the definition of ¥, from - we know that
J < I(T)YPS(T)R® - I(T) < ‘P(Ié; S(T)R).

This is exactl . By means of , we deduce that
y y

f o (X)D(x/R)dx < \P(}%; S(T)R)
RN

/
= (1= 1/p)(1/p) T F[S(TIR] =175 2 16
=(p- l)pp/(l_p)RSP/(p_l)S(T)%,
which leads to
lim sup RS f Uo(x)®(x/R)dx < (p — 1)pp/(1_p)[ir%f S(T)]1. 2.17
— 00 RN
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To estimate S(T), we need estimate A(T) and B(T) respectively. Denote

a, = o b, = M
P a-1/(p-1Ie D’ P (9 4+ D/’
We obtain
_ -1/ -1)/
S(T) = a, T /P + b, T®"V/P,
Since
. . 1/
min S(T) = pla,/(p - 1))~ D/Ppy /P
~(p-1)/p R1/P5(p-1)/
_ p(p—l)(p )IDﬂ1 o(P-1/p
[8-1/(p— D]P-V*/P*(1 + §)P-1/P*’
we have
lim min S,(T) = p(p — """ VP, 2.18
Combining |Ellll and B8 we obtain Bl The proof is complete. o

2.3 Life span of blow-up solutions

In this section, we shall estimate the life span of the blow-up solution with some

special initial datum. To this aim, we assume that uy satisfies

(H) There exist positive constants Cp, L such that

6, |x| < &,
Up(x) = .
Colx|™, Ix| > eo,

where 6 and gy are as in the proof of Theorem 2.8, and N < k < 2m/(p — 1) if
p<1+2m/N;0<kx<Nifp=1+2m/N.

Now we state the main result.

Theorem 2.10. Let (H) be fulfilled and u, be the solution of - with initial data ug(0, x) =
eup(x), where ¢ > 0. Denote [0, T,) be the life span of u.. Then there exists a positive
constant C such that T, < Cel/B , Where

Remark 3. When p = 1 + 2m/N, note that 8 = (x — N)/(2m).

Proof. Choose R such that R > R® > 0. By the definition of J and the assumptions of
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initial data, we have

J = sf Uo(x)D(x/R)dx
RN

> up(x)®(x/R)dx
[x|>e0

- RV f uo(R)D(ndn
[nl>e0/R

> eCoRM" f I D (ndn
Inl>e0/R

> eCoRV ™" f Inl™"®(n)dn
Inl>eo /RO

= CRV".

Using - we know from - that, for 0 < 1 < Ty,

e < RK_NE_I(p— l)pp/(l—P)[Rss(T)]P/(P—l)
_ 2.20
=C'(p- L' PHER),
where H(z, R) = REN[S(tR™2™)RS|P/(P~1D) | We write
H(t,R) = [ap'[_l/pRal + pr(P—l)/PR—az]P/(P—l),

where a; = (p— 1)x/p, ag = 2m — (p — 1)x/p. The choice of x implies a;, ag > 0. Now we

derive some estimates on H(z, R). If we can find a function G(z) such that
H(t,R) > G(t), Y1>0,

and for each value of R > R there exists a value of 1z such that H(zg, R) = G(1g), then
- holds for all R > R? if and only if

e< C Np-1)p” 1 PG(). 2.21

Set
y=R“" 2 =R B =ay/(a; +ap) = az/(2m).

Then
H(tR) = 'L'_l/(p_l)h('[, y)p/(p—l)’

with h(z. y) = @y ™" + by 1. Denote
0= apb;I(l ~ BB Y, G(r) = /P Dg(pP/ D),

where
g(1) = [apylfﬂl oAl 4 bpy*ﬁl oﬂl]tlfﬁl.

It is easy to check that O < 8; < 1. Then, { = g(1) ia a concave curve. Furthermore,

¢ = h(r,y) is a tangent line of { = g(r) at the point of (0, g(0)). Therefore, we get that
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h(z,y) > g(1), for all T > 0. Hence H(t, R) > G(t), for all t > 0. Moreover, H(t, R;) = G(1)
with
_ -1 -1 p2m
IR—apbp (1 —ﬂl)_Bl R

By computations,
G(1) = 1 VP Vg(P/ P~V = ¢, P, 2.22

for some positive constant C, where
B= K 1
“2m p-1'
The choice of x implies that 8 < 0. Combining - and - we find that
e < Kb, 2.23
for some K > 0. From - it follows that

< Csl/ﬁ,

for some C > 0. The proof is complete. O
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3.1 Introduction

In this chapter, we shall prove the existence of local and global solutions with small
data,and after that we give an estimate of the life span of solutions.

We consider the Cauchy problem for the semilinear damped wave equation

Wi — Au+ o(t, Iuy = f(w), (t,x) € [0,00) xRV,

with the initial condition

(. u)(0. %) = (uo. u)().  x € RN

The nonlinear term f(u) is given by f(w) = |uP, where u = u(t, x) is a real-valued unknown
function of (t, x), p > 1, (ug, uy) € H*(RY) x L2(RN). The coefficient of the damping term is
given by

Pt x) = (xX)"*(1 + ).

With a € [0,1),8€ (-1, 1) and aB = 0. Here (x) denotes /1 + |x|2.

The power p satisfies

1<p< (N>3),1<p<oo (N=12).

N-2

Our aim is to determine the critical exponent p., which is a number defined by the

following property:
e If p. < p, for all small data,the solutions of [[Jilij are global,

e if 1 < p < pc, the time-local solution cannot be extended time globally for some
data.

It is expected that the critical exponent of - is given by

=1+ .
Pc N-a

In this chapter we shall prove the existence of global solutions with small data when

p> 1+2/(N - a). However, it is still open whether there exists a blow-up solution when
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1 < p<1+2/(Na). When the damping term is missing and f(u) = |u/P, that is

wi—Av=ulP (tx)e(0,00) xRN,

u(0, x) = up(x)  w(0,x) = uy(x), x e RN,

There are few results about solution to the linear part of - is expressed asymptotically
by:
u(t, x) ~ v(t, x) + exp_t/2 w(t, x),

where v(t, x) is the solution of the corresponding heat equation :

vr—Av=0 (t, x) € (0, 0) X RV,

0(0, x) = up(x) + u1(x) x€RVN.

And w(t, x) is the solution of the free wave equation

wy—Aw=0 (t, x) € (0, 0) X RV,

w(0, x) = up(x) xeRV,

By using a refined multiplier method. Their method also depends on the finite propagation
speed property. Recently, Nishihara [22] and Lin et al.[23] considered the semilinear wave

equation with time-dependent damping.

3.2 Prelimineries
In this section, we present some preliminaries that will be used in the next sections.

Theorem 3.11. (Cauchy-Schwarz inequality)

1 1 1/2 1
Let f, g € C([0, 1], R). So: fo Lfgls( fo lflz) ( fo |g|2)

Theorem 3.12. (Poincare inequality, first version)

1/2

Let Q c RY be an open bounded set and p € [1, o). Then there exists a constant

C(Q, p), depending only on ) and p, such that
lullzr < CQ. P)IVullyrs,  Yu € WyP(Q).
In addition C(Q2) < C(n, p)diam(L2).
The proof of this result can be simplified by means of these properties:
° Hé’p Q) c Hé’p () if Q c Q' (monotonicity).

e if C(Q, p) denotes the best constant, then C(AQ, p) = (2, p) (scaling invariance)and
C(Q + h, p) = C(Q, p)(translation invariance).
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The first fact is a consequence of the definition of the spaces Hé’p in terms of regular

functions, while the second one (translation invariance is obvious) follows by:
1.p 1.p
up(x) = w(Ax) € H, ), VYue H, (AQ).

Proof. By the monotonicity and scaling properties, it is enough to prove the inequality
for Q = Q c RN where Q is the cube centered at the origin, with sides parallel to the
coordinate axis and length 2. We write x = (x, x’) with x’ = (xg, -+ , x,). By density, we

may also assume u € C1(Q) and hence use the following representation formula:

X1 a
uxy, x') = f a—;(t,x’) dt.

1

Holder’s inequality gives
1
ou
ulP(x, x') < 277! f | P(t x') dt.
-1 aXl

And hence we just need to integrate w.r.t. x; to get

1 pol 1 b
f _u(xl,x,) dx < 2pf I—ulp(t, x') dt.
_y ot _1 Oxq

Now, integrating w.r.t.x’, repeating the previous argument for all the variables
)99 J =1 Lo,

and summing all such inequalities we obtain the thesis with C(Q, p) < 2/n'/P. O

Theorem 3.13. (Poincare inequality, second version)
Let us consider a bounded, regular and connected domain ) € R™ and an exponent
1 < p < oo, so that by Rellich’s theorem we have the compact immersion w'(Q) — LP.

Then, there exists a constant C(£2, p) such that

flu— uolP dx < Cf VulP dx, Yue W'P(Q),
Q o)

uQ=fudx.
Q

Proof. By contradiction, if the desired inequality were not true, exploiting its homogeneity

where

and translation invariance we could find a sequence (u,) € W!P(Q) such that

o (U)o =0 for all neN,

. fQ|Vunlpdx—>O for n— oco.

By Rellich’s theorem there exists (up to a subsequence) a limit point u € LP, that is
u, — uin LP. It is now a general fact that if Vu,, has some weak limit point g then

necessarily g = Vu Therefore, in this case we have by comparison Vu = 0 in LP(Q) and



Chapter 3. Results of global and local existence for the semilinear wave equation with space-time
dependent damping

hence, by connectivity of the domain and the constancy theorem, we deduce that u must

be equivalent to a constant. By taking limits we see that u satisfies at the same time

fudxzo and flulpdle,
Q o)

which is clearly impossible. |

Lemma 3.6. (Gagliardo-Nirenberg) Let p, q, (1 < p,q,r < o) and o € [0, 1] satisfy

1 1 1 1
Lot Yeasgl
p r n aq

except for p = co or r = n when n > 2. Then for some constant C = C(p,q,r,n) > O, the
inequality

lulle < Cllullzz IV ully..
Jor any u € CJ(R™)

Proof. Let u € DP satisfy the constraint

1
Ju] ;== — f lu(x)|*Pdx = Je.
2p Rd

For i > 0, we consider the scaled function

d

up(x) = Az u(A, x).
which still satisfies J[up] = J[oo]. Then for each A > O,
G(up) = f IVl dxﬂd/p @a-2), - 1 f p+1dxﬁ—d(10—1)/2p > L.

p+1

Minimizing the left hand side of the above expression in A > O yields

CUVuliglull:91° > e,

where
1 —(d— 1 —d(p— d -1
C.= AP e o £,
2 p+1 d-pd-2)p+1
d+2-(d-2)p dip—-1)
o=2p , = .
4p—-d(p-1) p(d+2-p(d-2)

Since ||ullzp = 2pJe, we may write:

oo

Vol
2p
IVulBllul? > (5)

(2pJec)t/ @)

By homogeneity, the above inequality actually holds for any u € DP, with optimal constant

C 1/0
C(2pJu) /PP (1_)
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O

Theorem 3.14. (Gronwall) Let x, ¥ and yx be real continuous functions defined in[a, b], x(t) >
0 for t € [a, b]. We suppose that on [a, b] we have the inequality

t
x(t) <Y() + f x(s)x(s) ds.

t t
x(t) < {‘P(t) +f x(s)¥(s)exp [f x(uw) du] ds} € [a, b].

Proof. Let us consider the function y(t) := fat x(Wwx(u)du € [a, b].
Then we have y(a) = 0 and

b
Y (0) = x(OX(D) < (OO + x(0) f XSx(s)ds

= x(OY(® + x(Oy@®). te(a b).

By multiplication with exp (— fat X(s)ds) > 0, we obtain

t t
%(y(t) exp (—f X(S)ds))S W()x(t) exp (—f X(S)dS)-

By integration on [a, t], one gets

t t u
y(t)exp(—f X(s)ds)sf ‘I’(u)x(u)exp(—f X(s)ds)du.

From where results

¢ ¢
y(t) Sf ‘I’(u)x(u)exp(f X(s)ds) du, te€]a, b].

Since x(t) < ¥(t) + y(t), the theorem is thus proved. |

Definition 3.6. Let X be a topological space and let T : X — X be a map. A point x € X
is a fixed point if T(x) = x.

Definition 3.7. Let(X, d) be a metric space.A mapping T : X — X is a contraction mapping

,or contraction, if there exists a constant c with O < ¢ < 1, such that

d(T(x), T(y)) < cd(x,y) forall x,yeX

Thus, a contraction maps points closer together.In particular for every x € X, and any
r > 0,all points y in the ball B:(x), are mapped into a ball Bs(Tx), with s < r.
If T : X — X, afixed point of T.

Theorem 3.15. (Banach-Picard)
If T : X — X is a contraction mapping on a complete metric space (X, d), then there is

exactly one solution x € X.
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Proof. The proof is constructive,meaning that we will explicitly construct a sequence con-

verging to the fixed point.Let xp be any point in X. We define a sequence (x,) in X by
Xni1 = Txn for n>0.

To simplify the notation,we often omit the parentheses around the argument of a map.We
denote the nth iterate of T by T", so that x, = T"xp. First,we show that (x;) is a cauchy

sequence.If n > m > 1,then from - and the triangle inequality,we have

d(Xn, Xm) = d(T"x0, T" X0)
" d(T" " xo0, Xo0)
Cm[d(Tn_me, Tn—m—lxo) + d(Tn_m_IXO, Tn—m—2x0)

+ - d(Txo, X0)]

n-m-1

)

k=0

IA

IA

Cm

IA

d(xl ’ xO)

c™ d(x1, xo)

IA

IA

—_———
E

N —
&
=
=)

wich implies that (x,) is cauchy .Since X is complete, x,, converges to a limit x € X. The

fact that the limit x is a fixed point of T follows from the continuity of T:

Tx =T lim x, = lim x,+; = x.
n—oo n—oo

Finally,if x and y are two fixed points, then
0 <d(x, y) = d(Tx, Ty) < cd(x, y).

Since ¢ < 1, we have d(x, y) = 0, so x = y and the fixed point is unique. m]

Theorem 3.16. (Fatou’s Lemma) Let f;, : RY be (nonnegative)Lebesgue measurable func-

tions. Then
lim inf f Sadu > f liminf f, du
n—oo R R n—oo

3.3 Local existence

In this section, we give the local existence of the problem -—- To state our

results, we introduce an auxiliary function

(t, x) := Aﬂ
WL = A s '
with .

(1+5) 5> 0.

T 2-a22+06)
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This type of weight function was first introduced by Ikehata and Tanizawa [24].

Lemma 3.7. Let u(t, x) be solution to problem |l JEB on [0, T.,) . Then for all t € [0, Ty,

it is true that

(p+1)/2
lle¥ Dut, )| < Clp + c(sup<s+ 1)°lle"u(s, .>||p+1) :
[0.t]
where
I = f ¥ (uy + V| + |uol) dx,
RN
and

1>y>2/(p+1)., 6§=0, D=(.V),

with C = C5,, > 0 is a constant, which depends on é and y.

Proof. We multiply [[ll] by €**w;, then it holds that

(2 + Vul® -
v (uy +Vul®)

o [e*¥ eV
_(2 p+1

V 2
Iulp) - V(e*uVu) + ew(rp(x, t) - Vul” _ U/t) uy

—Yr

2y

e 2

+ —|wVu—uVy* = LT
2 p+1

Integrating over [0, t] X RN and we obtain

t o (e 2y
f f 2 (ul? + 1VuP) - ——|ufPu) dxds
o Jrv Os\ 2 p+1

t t
2
- f f V(e2¥uVu)dxds < — f f wse?|ulPu dxds.
o Jrv p+1Jo Jrw

t
ff V(e*¥usVu) dxds = 0.
0 JRN

we find the following estimate with some constant C > O,

Since

1
lle*Du(b)|? < CIZ + Clle®/P* DV u(b|Pr]

t
+ Cf |1//S|e(2_y(p+1))wey(p+1)w|u|p+1dxds.
0 JRN

Thus we see
+1
le¥ Dut)lI* < CIF + Clle® P DY u)iby]

t
+C f (max‘Y’(s, x))lleyl”(s")u(s,.)lliﬁ ds.
0

xeRN

where

T(s, %) = |ws(s, x)|e@VPHDIWEX) -y, >

Thus it follows

Cy
max Y(s, x) < .
xeRN 1+s

o
o0
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Now let us show the desired estimate. In fact, from - and - one has

t
1
le” ™ Du(I? < CIg + Clle"u)lr] + ¢, f e sl ds
oS

p+1
< CIE+ C{[s(;lg(l + s)6||eyll’(s")u(s)||p+1}

t 1 p+1
+C — —  lsup(1 + s)%||e™ (s ds
N e {[Og Pl ()l

p+1
< CIg +Cys {sup(l + s)5||e””’(s")u(s)||p+1} ,
[0,¢]

where we have used the fact

0 1
|, TS o< v

This completes the proof of - O

Lemma 3.8. Let 8(q) = N(3 — é) and 0 < 8(q) < 1, and let 0 < o < 1. Ifv € H,(RY), then it

is true that
e ulg < Co(1 + D2V,

foreacht > 0, where C, > 0 is a constant.
We describe the local existence result:

Theorem 3.17. Leta>0,8€R, 1 <p< gy (N>3),1<p<eo (N=1,2),e>0and
(ug. up) € HY(RN) x L2(RN) satisfiying
Ig < 0o,

there exists a maximal existence time T, > O such that the problem has a unique solution
u e X(T) := CI([0,T]. L?) n C([0, T, H') satisfying

sup [lle*Vul| + [le¥udl + lle?ull] < .
[0,T]

Moreover, for any T < Tg, in particular ,T, < oo, then is true that

lim sup[|| e¥u(t,.) || + || ”OVu(t,.) || + || e¥u(t,.) [|] = +oo.

t— T,

Proof. For the proof we denote

By ={ve X(O. IRV |ul¥ <K}, K>0,T>o0.

And
llolly = sup = (lle?v ]l + le¥ Vol + [le?vl).
[0.T]
For a fixed v% x-we define a mapping O : B% x — X1(0, H(RN) such that u(t) = (Pv)(t) is a
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unique solution to problem :
uy — Au+ @t x)u; = VP, (t,x) € [0,00) x RN,
(w u)(0, %) = (uo, wr)(x), x€RN.

Then as in the proof of lemma - it follows from - that

2 d [e* 2 2 2
e“Yu|vlP > o 7(|ut| + [Vul®) ¢ — div(e**u;Vu),

so that from the integration by parts one has

t
El//,u(t) < El//,u(o) + f f e2I’U(S’x)ut|U|p dxds,
0] RN

where )
Bua® =5 [ (e 0P + Fu(e 0P) ax
2 Jrn

It follows from the Schwarz inequality - that

t 1/2
Eyu(t) < Eyu(0) + V2 f ( f 2V (s, x)[2P d_x) Eyu(s)/2ds.
0 RN

The Gronwall type inequality - implies

1 t 1/2
Eyu(O)Y? < Eyu(0)? + — f ( f YS9\ y(s, x)|2pdx) ds.
V2 Jo \Jr~
Since v(t) € H,,, (R"). we can apply Lemma BB o BB in order to derive
f eV VNu(s, x)Pdx < Cp(1 + )PP [Vu(s)| PV
R
< Cp(1 + S)p(1—3(2p)) K2P,
so that one obtains
Eyu()}? < Eyu(0)/? + C,T(1 + T)@P- NP /4P, 3.10

On the other hand, since

t
u(t, x) = ug(x) +f us(s, x) ds,
0

it follows that t
eI u(t, x) = e ug(x) + f e?"ugy(s, x) ds,
0
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so that from- we can estimate as follows:

t t
lle?“u(t)ll < lle?uol| + f lle*“ug(s)ll ds < [le¥ O upl| + f e ug(s)llds
[0} (0]

t
<lle?ugl| + f (Epu(0)72 + C,T(1 + TY@ N N/ARP) g 3.11
(0]

< ||e1[/(0,.)u0” + Ew,u(0)1/2T + CpT2(1 + T)(ZP_NP+N)/4KP.

- and - implies:

le*Ow ()| + le*OVu(o)| + lle*u)|
< [le¥ @)%l 4 [1e¥© Du(0)|| + Tl Du(0)||
+ CpT(1 + T) H@P-NpeN) /D gep,

By taking K > O large enough such that
w(0) w(0) k
e (Ol + le™ " Du(O)l| < 3. 3.12

one arrives at the desired estimate:
W
lully < K,

which implies that the mapping O : Bquf’ K B;’f, k is well-defined for large K > O and small
T > 0. Next we shall prove that @ : B% Kk B,f' x becomes a contraction mapping ifone
takes T > O further small enough. For this we take u = ®(v), and u = ®(v)(v,v € B% K)-
Then w = u — u satisfies

wy — Aw + wy = |vfP — [0
w(0, x) = w0, x) =0, x e RN,

Then as in the proof of - one has

t
1O DB < f f 2V ()P = [B(s)P) (s, x) dlxds.
0 RN

Because ofthe mean value theorem one has

— = —n\p-1
lvP = [oP| < plv = ol(Jv] + [OhP~",
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so that the Schwarz inequality - gives rise to the estimate:

t
le*“Dw(b)|* < p f f ¥ u(s) - B(s)|(u(s)| — [B(s))P~ |wi(s, x)| dxds
0 JRN

¢ 1/2
<pf (f ezu’(s'x)wt(s)zdx)
o \Jrv

1/2
x( f 2V Su(s) — B(s)*(Ju(s)| + [(s)) 2P~V dx) ds
RN
t
<p f ||ew<s>Dw<s)||( f 2 9u(s) — ()P (Ju(s)|
0 RN

)1/2

—[B(s)D?PV ax) " ds.

Here it follows from the Holder inequality - that

|, e uts) - soPus) + 2 Vet
RN

— — — 2(p-1
< [1e¥2(u(s) = B3 lle? PV (fu(s)| + Bl .

EEE oo B iy

le"Du()|* <
t
p f ¥ Du(s)[llle¥®/2(v(s) — B(s))llzplle? 2P~V (u(s)|
0

+ D)D" ds.
By the Gronwall - inequality one obtains
t
le* @ Dw(t)]| < Cp fo 1e¥2(u(s) — B(5))llap
X ([l 2EDu(s)llyp + [l 2PV(s)])7 " dis.
By Lemma - with o = 1/(2(p1)), q = 2p we have

||ell/(5)/2(p—1)v(s)||2p < Cp(1+ S)((2—N)p+N)/4p||ew(S)Vv(s)”

< CpK(l + T)((Z—N)P+N)/4P,
it follows that
€¥972(v(s) = D(9))llap < Cp(1 + T)EMPHN/AP)¥OY (1x(5) - T())|.

Thus from - we find that

t
le¥ODuw(t)l| < CLKP™1(1 + T)Y f 1e¥©V(v(s) — B(s))|| ds
0 3.18

< CpKP (1 + T Tlv - DlI%.
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where
_N- (N-2)p S

4

0.

Furthermore, since

t
w(t,x)zf ws(s, x)ds,
0

one has

t t t
le*“w(oll < f lle* ™ wy(s)ll ds < f lle¥* ) wy(s) dsll < f lle* Du(s)|| ds
(0] 0 (0]

< CpKP'(1 + T)YT?|lv - 1%

From - and - we can deduce
lu—ully < CKP™H(1 + 7)Y Tljv - Dll4.
By taking T > O further small such that
CoRP N1+ DT < %
one arrives at the crucial estimate:

w1
e =l < v = ol 3.20

which shows that V¥ : Bgf’ gk — B% x becomes a contraction mapping for large K > 0

satisfying - and small T > O. Finally, let us define a sequence of solutions as follows:
uO(tx) = uo(x),  uo € Bl

u(t.x) = (Pu" V) (t.x). n=1.2.3.--,

and u'™ satisfies

uM(t, x) — Au™(t, x) + u(t, x) = [u"V (2P, (tx) € (0,6 xRV,
u™(0, x) = up(x), u((g)(o,x) = u;(x), xeRVN.

By [l there exists a function u € X;(0, T)(RY) such that

u™ — u e (o, t]; H'(RY)),
ul™ — u, € C([0, 1]; LARY)),

as n — oo, and so, u becomes the weak solution to -7- on [0, T] . Furthermore,
we also have
e OVu™ O] + [l u Ol + e U |l 3.21
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for all t € [0, T]. Let ¥ € CJ(RY) be fixed. Then, for j=1,2,3,---, N one has

o 0
|(elll(t)_u’\.p)| - |(_u ew(t)\y)|

axj axj
() u
<|— Jdu 8u eV Oy |+ || — eV Oy |
ax axj 8)9
d ou™ ou'
< |(—”— 1 o)) 1m0 g,
8)9- axj 0X; X

Letting n — oo above, it follows from - that

ou(t d t
|(ew<t)—u( ),q’)l < (“m sup je#® 2 )”)II‘I’II K]l
axj 0.

n—oo J

and similarly

n—oo

I(e¥ Py, P)| < (hm sup ||e*”<t>ut<t><"><t)||) I®1l < KII9Il,

I(e¥Pu(t), P)| < (lim sup ||e'f”“>u<">(t>||) ¥l < KI[¥I.

n—oo
By density, because of -—- one can observe that

O] ou(t)
X
for each t € [0, T], and

lle w(d) ou(t)

X

—II<K  Jlefu@l<K e’ Pu®l <K

so that one has arrived at the estimates:

le¥Qu)ll + le¥OVu)l + lle* P (bl < (N + 2)K,

e L*(RM), e?Duy(t) € L2RM), e?Du(t) e L2RY),

3.22

3.23

3.24

for all t € [0, T]. Note that because of- the (local) solution to --- can be con-
tinued in time as long as the quantity [le?@u(t)|| + |e¥©OVu(t)]| + ||e¥Puy ()| is finite. The

uniqueness of a weak solution in X;(0, T)(R") is standard. This completes the proof of

theorem .

3.4 Global existence

In this section, we give the global existence of -—-

O

Theorem 3.18. Ifp> 1+ Ni_a then there exists a small positive number 6y > O such that

forany O < 6 < §g the following holds: If

2= wa VO (1 + Vol + [uol?) dx
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is sufficiently small, then there exists a unique u € C([0, 0); H{(RY)) N C1([0, 00); L2(RN))
solution to - satisfying

f eZIII(t,X)lu|2 dx < cs(1 + t)_(1+ﬁ)1\;%2aa+‘9’ 3.25
RN

—a

f YOI (| + [Vul?) dx < c5(1 + £ (DG,
RN
where

= e(6) 3(1 + B)(N — a)

T 22-a)2+6) 5.20

and Cs is a constant depending on 6.

Remark 4. We do not assume that the data are compactly supported. Hence our result is

an extension of the results of Ilkehata et al. [25] to noncompactly supported data cases.

Proof. We prove an a priori estimate for the following functional:

M(t) = sup [(1 + 7)B*1~¢ f ¥ (u? + |Vul*)dx
o<t RN 3.97
+(1+ )P f Y o(x, t)uzdx],
RN
where ) N
+ u—
B::—( f)—(a a)+ﬂ,
and ¢ is given by -
From - - it is easy to see that
1+
-y = , 3.28
vemTeeY
2 _ —-a
Vy = AM, 3.29
(1+t)+s
1+pB)(NN - Lt
Ay = (1 +B)(N —a) iy Pt 3.30
2(2 - a) 1+t
We also have
<X>2—2a
(—ypoe(x. t) = Al +ﬁ)m
1 —2a|,.|2
> (1+5) A2(2 _ a)z (x)™=%|x| 3.31
(2 - a)2A (1 + t)2+28
=(2+ 6)VP.
By multiplying - by e*¥u, it follows that
d [e*¥ Vyl?
= e?(u,:2 + IVulz)] - V(e*uVu) + e” ((p(x, t) - '_””lt - U/t) u?
v 9 3.32

+ —w|l//tVu - VyP = a—[esz(u)] + 2> (—y)F(w),
— Yy ¢

Ty
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where F is the primitive of f satisfying F(0) = 0, namely F(u) = f(u). Using the Schwarz
inequality - and - we can calculate

eV

T = —ww%le - 2y VuVy + u?|V|?)
Yt

e2v (

WV

Yt
op (1 2
e w(g(—ll/t)IVul

1 1
Z g2 Vul? - Z“tz'w'z)

5
4(2+5)ut '

\%

3.33

From this and - we obtain

[ 2 4 vup)| - Ve T + {(ltp(x 0 -y )uf + _—Z'UtIVu|2}
ot| 2 ‘ PR ‘ 5
< g [V F(w)] + 2e*(-w)F(w).

t

3.34

By multiplying [ElEE by (to + ©)P*17¢, here t, > 1 is determined later, it follows that

2 lto+ 0P S0 ] g1 = et - 0P+ S + V)
ot | 2 e)lo g e TIVH

-V ((to - t)B“_sez”’utVu) + e2¥(ty + t)BHITe {(iqxx, t) — 1//,;) u? + _?%IVuIZ}

< a% [(to + )BT 2 2¥F(u) — (B+ 1 — &)(to + )P *®¥F(u) + 2(ty + )P %Y (—y ) F(u).

We put
B = [ s Tuan B0 = [ oy + iy
RN RN

J(t;g) = f eVgdx; Jy(t;g) = f ¥ (—yy)gdx.
RN RN

Integrating - over the whole space, we have

o [tto + 0P EW] - LB+ 1~ e)to + 0P B

+ 2lto = 0P 140t ol ) + %(to — HBEE ()
3.36

0 (to + t)PT17e f eYF(u)dx| + C(to + )P ¢, (t; luP*h)

<_
%

+ Clto + O)B2J(t; [uPth).

Therefore, we integrate on the interval [0, t] and obtain the estimate for (ty + t)2*17¢E(t),
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which is the first term of M(t):

t t
(to — )P *E(t) - C f (to + DP*E(v)dr + f (to + P72 (1 @(x. )
0 0

+ (to + P E (v)de
3.37
< CI2 + C(to + )P 12U (t; JufP*Y) + € f (to + P8, (z; [uPtde

t
+C f (to + )P¢J(z; [ulPH)d.
(0]

In order to complete the a priori estimate, however, we have to manage the second term
of the inequality above whose sign is negative, and we also have to estimate the second
term of M(t). The following argument, which is little more complicated, can settle both
these problems.

At first, we multiply [Jlli] by ¢2¥u and have

9 [ezw (uut + Plx. 0) uz)] - V(e®*uvu)
ot 2

+e2¥|Vul? + (_l//t + o(x, Hu® + 2uVyVu —2ywuu; — u?
N———

_B
2(1+t)

To

= ezuf(u).

We calculate

4e*YuvVuVy — 2e*¥uvVyVu
4e*YuVyVu — V(e¥u®Vy) + 22V W2 |Vyl? + ¥ (Ayp)u2,

and by - we can rewrite - to

9 [ezl” (uut + @uz)] - V(¥ (uVu + u’Vy))

eszg

ot

+ &2 Vu? + 4uVuVy + (p)e(x. t) + 2|Vy>)u? 3.39

Ts

P(x. 1)

2 2 2
u” - 2yiun — up < e uf(u).
sy g~ 2w uf < s (w

+ (B - 2(51)

It follows from - that

T3

Vu/? + 4uVuVy + {(1 - g(—l//t)qo(x, t) + 2|Vz//|2} u? + g(—u/t)tp(x, Hu?

5 &% 5
Vul? + 4uVuVy + (4 +3- 3) VylPu? + g(—z//t)<p(x, Hu?

\%

2
1-— =
( 4+ 6 \/4+62

o)
83(IVul + [VPu?) + PR ALES tiu?,

)|Vu|2 + 65|V u? | Vu+ V4 + 6,uVy |2 +g(—z//t)(p(x, tHu?

\%
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where 65 := g - %2 O3 1= (1 - 452’ 62) . Thus, we obtain

4+

ot

€
e*v (uut + %uz)] - V(¥ (uVu + u’Vy)) + e2¥ 85|Vul?

P(x. t)
2(1+t)

3.40

+e*¥ (53|V1//|2 + g(_UJt)CD(X’ t) + (B - 26)) )u2 + eV (-2 — ud)

< e*uf(w).

Following , related to the size of 1 + |x|? and the size of (1 + t)?, we divide the space RY
into two different zones Q(t; K, to) and Q°(t; k, ty), where

Q=Q(t: k to) := {x e RN: (to + ©)® > K + |x]*},

and Q° = RNM\Q(t; k, ty) with K > 1 determined later. Since @(x, t)(t + t0)@*® in the
domain Q, we multiply - by (to + t)**2 and obtain
a [e*¥ a+p

ole” a+B. .2 'NIE 2y a+p 2y l_—
5|2 (to + (' +|Vul )] V(e (to + ) PuVu) + e [(4 2(t0+t)1‘a‘ﬁ)

- +
Hto + OB (—p)| uf + ¥ [%(to 1)+ - #] Vuf? 3.41
+8

9 atB 2u __ @
S o llo+ 7 e F(w)] o+ Do B

E2YF(u) + 2(to + )*Be*¥(—y)F(w).

Let v be a small positive number depending on 6, which will be chosen later.

By -+ vx-, we have

a+pf a+p
9 [621// (Muf + o, + vp(.t) o (lo+1) |Vu|2)] — V(e (ty + )P Vu)
ot 2 2 2
+ve®¥(uV + u?Vu + u?Vy)) + e 1___ae+8 v|+ (to + O B(—yp) | u?
4 2ty +t)l-e
2y _ a+p —Y atp 2
+e [v63 2o+ O P 5 (to+ 1) ] [Vu|
6 o(x, t)
2 2, 9 _ 2 2y
+e“Yv|63|Vyl|® + 3( w)o(x, t) + (B 261)2(1 T u” + 2ve”¥ (—yy)uyy
< 3[(150 + ) BYF(w)] - a—J“BeQWF(u) + 2(ty + B (—y)F(w) + ve*?uf (1)
S oot (to + t)1-08 ‘ '

By the Schwarz inequality, the last term of the left hand side in the above inequality can

be estimated as

6 3
2u(-wiun)] < Z(~y09x Ou + = (—polto + 0P
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Thus, we have

a+pB a+pB
% [ezl” (%uﬁ + vuuy + vcp(zx, t u? + (o +2t) |Vu|2)] — V(e (to + t)*PuVu

(1 __a+B ) (1-2) o+ t>a+ﬁ<—wt>] w2

24 2 v
+ ve”(uVu + u“Vy)) + e 1 2P

2y _ a+p Yt a+p 2 2 2 _ ‘P(X’ t) 2
+ e [v63 g — {)1-aF 5 (to+ 1) [Vul” + e [U(53|V1//| + (B 61)—2(1 T u
< %[(to + t)a+ﬂ32wF(U)] - —(to j:;fa—ﬁ eZU’F(u) +2(fp + t)a+ﬁeZU/(_wt)F(u) + vezl”uf(u),

Now we choose the parameters v and {y such that

1 a+fB 3u S
Z_W_U>CO’ if 1 — 5 Z C,
Uég—ﬁ = Co, if vo3 > Co,% = Cy,

hold for some constant cy > 0. This is possible because we first determine v sufficiently
small depending on § and then we choose t; sufficiently large depending on v. Therefore,

integrating - on (, we obtain the following energy inequality:

%Ew(t; Q(t: K, to)) — Ni(t) — My (t) + Hy,(t; Q(t: K, t0)) < Py, 3.44

where

Ey(t;Q) := Ey(t; At K, b))

a+p a+p
= f (—(to +0 u; + vuuy + vp(x, £) u? + (fo + D) |Vu|2) dx
Q 2 2 2

o[G0+ P (o + t)**8

ve(x, t
5 uT + vuuy + Tqul2 + Muz

2 LhW

Nl(t) = f e
Sn—1

X [(to + 7 - KI™/2ap < i + 07 ~ K,

M (t) := f @ (to + ) B Vu + ve®¥(uVu + u>Vy)) ds,
oQ

Hy(t; Q) = Hy(t; At K, to))
= Co fg V(1 + (to + O P(—y)) (W + |V*)dx

Vot x) ,

+uv(B-26 ,
( D] ST ¢
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and

P = % (to + t)a+ﬁjs; ezu’F(u)dx} - (to + PV F(u)

Sn-1

x [(to + )* — K]<”‘”/2dad% Vito+t)—-K+C fg V(1 + (to + ) B~y P dx.

Here Ti denotes the unit outer normal vector of 9Q. We note that by v < 1/4 and

VD 2 4 ity + 0B

lvuy| <
it follows that
CL e (ty + )P + Vul*)dx + CL e*¥ p(x, Hiudx
< E (t; Ut; K o)) < C fg e (to + ) B(u? + |Vu*)dx + C fQ Y p(x, iudx,

for some constants ¢ > 0 and C > 0. Next, we derive an energy inequality in the domain
Q€. We use the notation
GOk = (K + |x)! 2.

Since @(x, t) > (x), @BnQc(t; K, to) we multiply EEl vy (x)a+ﬁ and obtain
el

: —<x>“+ﬁ(u? +IVP) | = V05 ) + (7 + (Cu o)
¢

1
= 2V () ) EPVUP + (a + Be* () EP % Vu 3.45

< SPHREER W] + 26 (O -y F (W),

By - + DX - here ¥ is a small positive parameter determined later, it follows that

e bp(xt) 5 (OFF
at

5 u? + Duuy + g u Tt 2K | Vul? )]—V(em’”(x)?ﬁutVu

1
+ ve¥(uVu + u?Vy)) + e yiaiChde wt)<x>“+ﬂ] u? + e [v63 + —<x>“+ﬁ]|vu|2

P(x, 1) )
2(1+1)

2

+e2‘”[ (63|Vw|2+ —(—yw)P(x. t) + (B—268))

+ e*[(a+ )P %y Vu - 2dpuny]

Ty
< aﬁ[ 2w<x>a+ﬁF(u)] + 2e2ll/<x>a+ﬁ( l//t)F(u) + f)e2wu.F(u),
t
3.46

The terms Ty can be estimated as

(a +ﬂ)2 9

a+f-2 < f)ﬁ 2
(@ + BT xuVul <« Z2Vuf + oo ai
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. D6 39 a
[2D(-pouul < —(—p)elx. tHu® + g<—wt><x>;ﬂu?

From this we can rewrite - as

a+pB
5l (&u? + o+ LD wu?) - V08 u T
t
A 2 2 1 A (a +ﬁ)2 a+f
+ D(uVu + u*Vy)) + e*¥ [(4_1- -v- m) (1 - _)( WXk 347
2y | D03 a+p 2, 2y 2 o(x, t) 2
e [ 5 ( K ]qu| +e [ (63|Vl//| +(B- 261)2(1 T u

< jt [ 21ﬂ<x>a+ﬁF(u)] + 26 () P (=) F(w) + e f(u),

Now we choose the parameters ¥ and K in the same manner as before. Indeed taking ¥
sufficiently small depending on 6 and then choosing K sufficiently large depending on 7,

we can obtain

1 (a+ pB)? N . 3D S 5 > 1
- =20, -—20, Vo3=cC, =
4 2p6zK2(1-a-p = s = 87 5
for some constant c¢; > 0. Consequently, By integrating - on Q°, the energy inequality

on QF° follows:

C%Ew(t; Q°(t; K, 1)) + No(t) + Ma(t) + Hy(t; Q°(t; K, to)) < Pa, 3.48
where
Ey(t;Q9) = Eut; Q6K b))
a+pB N a+pB
f 2w(<x> uZ + duu + wp(;’t) 2, X >2 IVul® )dx,

_ au[OK7 Lo o WO
M= fs{ w( b R T
X [(to + 1 - KI™/2ap <\t + 07 ~ K.

My(t) := | (€Y% uVu + pe®¥(uVu + u?Vy)iRds,
Q¢
Hy(;Q) = Hy(t; QK. to))
eV
- o f (1 + (OB )W + [VulP)dx + D(B - 26)) f S dura,
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and

d + a+t,
P, = a[f () EP F(w)dx +f ()P 2l"F(u)lll N
Snl
X [(to +t)? — K]™ ”/%13 \/(1b+t)2 K+C f (1 + ()EP(—p)uP dx.

In a similar way as for the case in {2, we note that

cf e (to + B2 + |[Vul*)dx + cf e’ p(x, iu®dx < Ey(t; Q°(t; K, to))

c

<C f e (to + ) B(u? + |Vu*)dx + C f e*Y o(x, udx,

C

for some constants ¢ > 0 and C > 0. We add the energy inequalities on Q and Q°. We

note that replacing v and ¥ by vy := min v, D, we can still have the inequalities - and

BB provided that we retake to and Klarger. By ([ + [ <(to + )°¢ , we have

d _ _
o+ P H(E,(t; Q) + Ey(t; Q)]

— (B-#)(to + )71 (Ey(t; Q) + Ey (£, Q) + (fo + )7 *(Hy (t; Q) + Hy(t;Q°)

3.49
Ts Ts
< (to + OP75(Py + Py),
here we note that
Ni(t) = Na(t), M (t) = Ma(1)
on df2 Since
|Dury| < —(p(x Hu? + —(to + 1) By
on Q2 and
|vouy| < —«p(x Hu® + —< Y lu?
on QFf, we have
—Ts + Ts > (to + OF L + (o + )P %L, 3.50

where

L = f e* {%0(1 +(to + )P (=yy)) - 2u 0) (o + t)a+ﬁ}
Q

Be (14
2(to + 1) ( 04

+e*¥ {%(1 +(to + D B(—p)) - —— (1o + )“*ﬂ} IVul®dx

B -
2(to + 1)
+ f C {—<1+<x>“+ﬂ< w»)——z(to ft)( 26”°)< >“+f3}

+e2”'{ L+ 08P ) - o0 | Vudx

2(to t)

=N+,
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and

I := vo(B — 26, — (1 + 6,)(B — €)) (fg + f) ezw%uzdx + C2—2 fRN V(12 + [Vu?)dx,

where ¢, := min(c, ¢1). Recall the definition of £ and 6, (i.c. (D and [EEED. A simple

calculation shows ¢ = 36;,. Choosing 6, sufficiently small depending on &, we have

(to + )P °L, > c3(to + )B17¢ f e o(x, yu®dx + %(to + B E®t)
RN

for some constant cz > 0. Next, we prove that I} > 0. By noting that a+ 8 < 1, it is easy
to see that I; ; > O if we retake {p larger depending on ¢y, vp and 64. To estimate I; 5, we

further divide the region Q€ into
Q°(t; K. to) = (Q(: K. to) N Z) U (Q(L K, to) N X)),

where
T= e e RV (0?7 <L+ '), 2 = RN\Z,,

with L >> 1 determined later. First, since K + |x|2 < K(1 + |x?) < KL2/29(] + ¢)2(1+A)/2-a)

on Q. N X, we have

—(1+<x>ﬁ+“( po) - D& (1 2“°)< yora

2(to - t)
G Be (1) 2V0) parprz@p/e-a g 4 g tEes
2 2o t) 64

We note that —1 + w < O0by a+ B < 1. Thus, we obtain

a_ B-e (1, 2%) gz @pre-ag) oo iR S o
2 2(t-1t 64

for large tp depending on L and K. Secondly, on Q° N X7, we have

—<1+<x>“+ﬂ< wt»—z(to 8)( 5, )< yars

C1 <X>%{ @ B-¢ 219 a+B
2{5(1 +ﬁ)(1+t)2+fa’ 2(1:0+t)(1 )}< K

>{%<1+ﬂ> =AU, ks ( +2”°)}< s,

1+ 2+t 64

Therefore one can obtain I; 5 > O, provided that L > (1+ 2“0) Consequently, we

c1 (1+j3)
have I, > 0. By - and what we mentioned above, it follows that

—Ts + Ts > cs(to + )P~ Sf e o(t, x)u®dx + %(to + t)BEE().
RN
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Therefore, we have
di[ao + )P H(Ey (6 Q) + Ey(t; Q)] + %(to + )P PE() + cs(to + P T1TEI(E; @t X)u?)
t

< (to + )P 4(p1 + po).

Integrating - on the interval [0, t], one can obtain the energy inequality on the whole

space:

t
(to + OB S(E,(£: Q) + Ey(£;Q°) + % f (to + P °E(n)dt
t 0 t 352
+ 3 f (to + P18 J(T; (1, X)uP)dr < CI3 + f (to + 1)B78(p1 + po)dr.
(0] 0

By - + ux-, here u is a small positive parameter determined later, it follows that

(to + )P °Ey(t; Q) + (to + )" °E,(£; Q°) + fo t %(to + 0P E(0)dt - uC(to + " *E(v)dr
+ 3 fo t(to + 0PI (5 9 DU )de + ulto — P TUE(Y)
+ ufot(to + P15 (. 0)u?) + (o + P PE(Dde
< CI2 + P+ Ctp + B 12 (t; [uP™) + € fo t(to + P [uP Y de

t
+ Cf (to + 1P 5J(z; [ufP Mz,
0
3.53

where

P= ft(to + P (p1 + po)dr.
0
Now we choose u sufficiently small; then we can rewrite - as
(to + )P 72E(t) + (to + )P °J(t; p(x, hu®) < CI + P + C(to + 0P 72U (t; [ufP*)
+ Cﬁt(m + 0P, uP dr

t
+C f (to + P J(x; [ulP*dr,
0
We shall estimate the right hand side of - We need the lemma of Gagliardo-

Nirenberg. holds.

We first estimate (tp + t)271éJ(t; |u/P*!). From the above lemma, we have

A (1-0)(p+1)/2 . . o(p+1)/2
J(& [uPh) < C(f epﬂwuzdx) x(f eP“wIlezuzdx+f eP“”’IVuI2dx)
RN RN RN

3.55
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n(p-1)

with o = 207D

4
er1¥y?

and

4
e ¥ |Vyfu?

N

N

<

Since

(€ p(x, D) p(x, t) el

2—a 2211
X _
< Cep(x, Hu?) (—(1<+>t)1+ﬁ) e(Pil 2w x (1 + t)5+(1+ﬁ)a/(2_a>
< (1 + PP/ 2¥ i 5 12,

<x>2—2a

3T 2¥ o3 (T —2W 20 2
(1 +t)2+28

S G2y 2u
Ce2'pil e
(1+1t)1+8

X (1 + t)—z(l+ﬁ)+(1+ﬁ)(2—2a)/(2—a)u2

C(1 + )20/ 3 (5i=2)v g2u 2

Cc(1 + t)—2(1+ﬁ)/(2—a)(1 + t)3+(1+ﬂ)a/(2—a)e2l//(p(x’ t)u2,

we can estimate - as

J(t, |u|p+1) < C(l + t)[B+(1+_B)a/(2—a)](1—0)(p+1)/2J(t; (p(x, t)u2)(1—0)(p+1)/2

and hence

X [(1+ )71t p(x, Hu?) + E()]°P+ D72

(to + )P 12 (65 [ulP*) < C((to + OV M(6) PV 4 (1o + ) M(D) P72,

where

1- 1
no= Bil-ek[Bra+p—| =L+ -2+ -B-o"

Vo = B+1—s+[ﬂ+(1 +ﬁ)ﬁ]%(p+l)—(B—e)

l1-0
2

(p+ 1)—(B+1—s)g(p+ 1).

By a simple calculation it follows that if

> 1+ 2
p N-a’

then by taking ¢ sufficiently small (i.e. 6 sufficiently small) both y; and y, are negative.

We note that

Jy(t Py = fNew(—l//t)lulp“dx
R

2o | u|p+ 1 dx,

1+t RN

where p is a sufficiently small positive number. Therefore, we can estimate the terms

t
fo (to + DB CU, (z [ulPtde



3.4 Global existence

and

t
f (o — P (x: [ulP ez
0

in the same manner as before. Noting that

QC
(to + )™+ f e*F(u)dx + f e2w<x>;‘;+ﬁF(u)dx]
Q

N _d
P Pz—dt

+ Cf V(1 + (to + O (=) ulP*! dx + Cf V(1 + (X P (—p))lulP ax,
Q

c

we have
t
p= f (to + )P 5(P1 + po)dt
0

c

<CR+C(to+D)P° f e*(to + Y PF(wdx + C(to + t)P~* f XV () TP F(u)dx

Q
t t

+C f (to + B¢ f e (to + D™ F(w)dxdr + C f (o + B¢ f >V () TP F(u)dxdr
(0] Q 0

C

t
- Cf (to + I)B‘gf V(1 + (to + D B(=y)lulP dxdr
0 Q

t
+C f (to + DP* f (1 + ()FP(—p))lulP dxdr.
0 C

We calculate

(2-a
ezu’(x)?'ﬂ = eZA(1+t)1+ﬂ <X>;+ﬂ
atB
- <x>2—a <X>2—a 2-a (1 N t) (a+123)_(lll+ﬂ)
h (1+ 08\ (1 +0)1+8
(a+B(1+B)
< CeP¥(14t) 2a

for small p > 0. Noting that w < 1 and taking p sufficiently small, we can estimate
the terms p in the same manner as estimating (t, + t)B*'¢J(t; |ulP*!) . Consequently, we

have a priori estimate for M(t):

M(t) < CI2 + CM(t)P+D/2, 3.56

This shows that the local solution of - can be extended globally. We note that
Y p(x, )(1 + t)" 18,

with some constant ¢ > 0. Then we have

f >’ p(x, t)uzdx(1+t)—(1+ﬂ)2“a_ﬁf .
RN .

This implies the decay estimate of global solution - and completes the proof of Theo-
rem [ !
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Remark 5. Thus ,if T, < +00,- imply that

lim sup[|| e*“u(t,.) || + || ”OVu(t,.) || + || e¥w(t,.) ] < +oo,

t— T,

which contradicts the statement of latter part of - This shows T, = +00, and the desired
decay estimates follows from-.
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4.1 Intrduction

We consider the problem
uy — Au+ @(t, x)u; = |ulP,  (t,x) € [0,00) xRV,
with the initial condition
(w, u)(0, x) = e(ug, uy)(x) xRV,

Our aim is to obtain an estimate of the lifespan of solutions to - We recall some
previous results for- . There are many results about global existence of solutions for
- and many authors have tried to determine the critical exponent (see [26],[27] and
the references therein). Here “critical” means that if p. < p, all small data solutions of
- are global; if 1 < p < p,, the local solution cannot be extended globally even for small
data. In the constant coefficient case a = 8 = 0, Todorova and Yordanov GA and Zhang

[28] determined the critical exponent of - with compactly supported data as
2
Dc = 1+ N

This is also the critical exponent of the corresponding heat equation —Av + v; = |[v|P and
called the Fujita exponent (see [1]). We note that the proof by Todorova and Yordanov [29]
also gives the same upper bound in the case =0, 1< p < 1+ 1/n. In this chapter we
will improve the above result for all 1 < p < 1+ 2/n and give the sharp upper estimate.
First, we define the solution of - We say that u € X(T) is a solution of - with initial
data - on the interval [0, T) if the identity

f u(t, X)(3F w(t, x) = Ay(t, x) = 3(p(t, )y(t, x))) dxdt
[0,T)xRN

e fR (@(0,)u0() + 11 ()P(0, ) — o () (0, X))} dx

+ f lu(t, x)|Py(t, x) dxdt,
[0, T)XRN
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holds for any y € (Cg’ X RM).
We also define the lifespan for the local solution of -—- by

T, := sup{T € (0, 0]; there exists a unique solution u € X(T) of- — - }.

4.1.1 Lower bound

Firstly we give a lower bound of life span to the solutions by the following result:

Proposition 4.2. Let (ug, u;) € H'(RV)x L2(RY) be compactly supported and 6 any positive
number. We assume that a € [0,1),8€ (-1,1),aB8 > 0 and a + B < 1. Then there exists a
constant C = C(6, n, p, a, 8, ug, u;) > 0 such that for any € > 0, we have

Cg_l/K+5 < Tg,

where

_2(1+p) 1 n-a
T e \p-1 "2 |

Proof. Multiplying Eq - by u, after integration by parts,the standard energy identity
associated with the problem-—- gives

1 1
E,(t) < E4(0) + il ||u||§:1.

Let tp > O, there exists T € (ty; T:), which depends on ¢ > O, such that for all t € [0; T]
1
Ey(t) = §(|Iut||2 +(IVull?).

and
E,(t) < 2E,(0),

where )
E,(0) = 5(””1”2 + || Vuol[*)e®.

By using Gagliardo-Nirenberg [l we get
Ey(t) < Ey(0) + C|[Vu[?/ P+ V)| 1-P+D),

where
_Np-1
2p+1)°

and C > 0, using the Poincare inequalities - we get:
- _a _\(1-9 1
E,(t) < Ey(0) + c((1 + 1) (1+ﬁ)2_a+5) )(p+1) ’

where
lulf® < C(1 + = HHPzare,
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and
B 3(1+AB)(N -a)

€= .
2(2 - a)2 + 6)
Thus we have
Eu(h) < Bu(0) + C(1+ 1P 2,07 .

Denote by T the first time T > O such that E,(T) = 2E;(0). Since E,(0) < 2E,(0), then
E,(t) < 2E,(0) for all t € [0; T). with t = T we have

a —+1
2E,(0) < E,(0) + C(1 + T) 1P+ (0)'7 .

By solving this inequality with respect to T we find that the time T has the lower bound
by € > 0O:
T>C 8_1/ K+6’

where

_20+B( 1 N-a
T \p-1 T2 |

This implies that by taking ¢ > O sufficiently small we can make a desired relation f, <

T < T,, where Tm is the life span of the solution. Note that the T depends only on ¢ and

T — oo when ¢ — oo, O

4.1.2 Upper bound

Now,using the test function methode,we give an estimat of the life span of solution:

Theorem 4.19. Leta€[0,1),8€(-1,1),aB=0andletl < p< 1+2/(N-a). We assume
that the initial data (ug, u;) € H'(RY) x L*2(RN) satisfy

(x)"*Bug + u; € L'RY) and f ({x)"*Bug(x) + u;(x)) dx > 0,
RN

o) -1
B= (f e fot(“s)ﬁdsdt) .
0

Then there exists C > 0 depending only on n, p, a, 8 and (ug, w;) such that T, is estimated

where

as
gl/x sil+a/(N—a)<p<1+2/(N-a)

T, <@ D(log(e P! sia>0.p=1+a/(N-a)
g (-1 sia>0,1<p<l+a/(n-a).

forany g € (0, 1],

where

_21+8)( 1 N-a
AR p-1 2 )

Remark 6. It is expected that the rate k in Theorems - is sharp except for the case
a>0,1<p<1+a/(n- a)from Proposition -
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Remark 7. The explicit form of ¢ = (x)"%(1 + t) ™ is not necessary. Indeed, we can treat
more general coefficients, for example, ¢(t, x) = a(x) satisfying a € C(RY) and 0 < a(x) <
(x)™%, or ¢(t, x) = b(t) satisfying b € C'([0, o)) and b(t) ~ (1 + t)™~.

Remark 8. The same conclusion of Theorem - is valid for the corresponding heat
equation —Av + ¢(t,x)v;y = |[vP in the same manner as our proof. Our proof is based
on a test function method. Zhang [28] also used a similar way to determine the critical
exponent for the case a = 3 = 0. By using his method, many blow-up results were obtained
for variable coefficient cases (see [30],[31]). However, the method of [28] was based on a
contradiction argument and so upper estimates of the lifespan cannot be obtained. To avoid
the contradiction argument, we use an idea by Kuiper. He obtained an upper bound of the
lifespan for some parabolic equations . We note that to treat the time-dependent damping
case, we also use a transformation of equation by Lin, Nishihara and Zhai [31] (see also

[30]). At the end of this section, we explain some notation and terminology used throughout

1/p
IS e RY) = (fRN | f 1P dX)

We denote the usual Sobolev space by H'(RN) For an interval I and a Banach space X, we

this paper. We put

define C' (I, X) as the Banach space whose element is an r-times continuously differentiable
mapping from I to X with respect to the topology in X. The letter C indicates the generic
constant, which may change from line to line. We also use the symbols < and ~. The

relation f < g means f < Cg with some constant C > 0 and f -~ gmeans f < gandg < f.

Proof. We first note that if T, < C, where C is a positive constant depending only on
n, p, a, 3, ug, u;, then it is obvious that T, < Ce V" for any k > 0 and ¢ € (0, 1]. Therefore,
once a constant C = C(n, p, a, 8, up, u;) is given, we may assume that T, > C. In the
case 8 # O, - is not divergence form and so we cannot apply the test function method.
Therefore, we need to transform the equation- into divergence form. The following idea
was introduced by Lin, Nishihara and Zhai [28]. Let g(t) be the solution of the ordinary
differential equation

—g(®)+ 1+ Pg() =1,

g(0) =B

The solution g(t) is explicitly given by

t T
g(t) — expjg(l-f-s)’ﬁds (B—l _ f exp—‘f(‘)(1+s)’ﬁds d.[) .
0

By the de I'Hopital theorem, we have
lim (1 + ) Bgt) = 1,

and so g(t) ~ (1 + t)’. We note that B = 1 and g(t) = 1 if 8 = 0. By the definition of g(t),
we also have |g' ()] < |(1+t)Bg(t) — 1| < 1.Multiplying the equation - by g(t), we obtain
the divergence form

(g — Agu) — (g — D)™ w), = glul’,
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here we note that a8 = 0. Therefore, we can apply the test function method to - We

introduce the following test functions:

exp(—1/(1 = |x?)) if (x < 1),
if (]x|] > 1).

P(x) :=

exp(-1/(1-t%))
exp(—1/(t2-1/4))

nt) =11 sio<t<1/2,

+exp(-1/(1-t2) sil/2<t<]1,

0 sit>1.

It is obvious that ¢ € Cg"(RN ).n € CF([0, )) and there exists a constant C > 0 such that

for all |x| < 1 we have
2
Vol <C
@(x)

Using this estimate, we can prove that there exists a constant C > 0 such that the estimate

Ap(x)| < Cp(x)'7P,

is true for all |x| < 1. Indeed, putting ¢ := ¢!/ with g = p/(p — 1), we have |[Ag| = |A¢9| <

IAgled™! + |Ve[?e? 2 < ¢97! = ¢'/P. In the same way, we can also prove that

Inl<cn'/P.in"| < cn'/P,

forte[0,1)
Let u be a solution on [0, T,) and t € (19, T¢), R > Ry parameters, where t € [1,T,) are
defined later. We define

wr(t, %) 1= () Pr(X) = n(t/D@(x/R),

and
Lp = f IOt P ot 0L,
[O,I)XBR

Jri=¢ | ((x)""Bup(x) + u1(x))pr(x)dx,
Br

where Br = |x| < R. Since y.r € Cj([0, T¢) X RY), and u is a solution on [0, T.), we have

Lr+dJdr = f g(t)uatzwI,Rdxdt—f g(OuAy, rdxdt
[0,7)XBgr [O,I)XBR
+ f (g (t) = 1)(x)"*udyy, rdlxdt
[0,7)XBgr

Ki + Ky + Ks.

Here we have used the property 0:y(0, x) = Oand substituted the test function g(t)w(x, t)
into the definition of solution [[llj We note that for the corresponding heat equation,

we have the same decomposition without the term K; and so we can obtain the same
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conclusion . We first estimate K;. Par By the Hoolder inequality and -,we have

K<t f g®luln’” (t/Der(x)dxdt
[0,1)XBgr
<cr® f g(Oluln(®)' P pr(x)dxdt
[t/2,7)XBgr

Y T 1/q

<Ly ( f g(t)dt f ¢R(x)dx)

'[/2 Br
< co 2L + /AR P,
Using - and a similar calculation, we obtain
Ko< R [ golulagte/Rin(e/ Dt

[0,71)XBg

< CR™? f[ ) g(®lullp(x/R)|MPr(t/v)dxdt
0,1 XBR

T 1/q
< CR2P ( f g(On(t/D)dL. f ldx)
0 Bgr

< C(1 + n I B/aR-z/apl e,

For K3 , using - and |g'(t) — 1| < C, we have
Ko< f o~ lull (t/Dlpr()dxdt
[O,I)XBR

T 1/q
<r‘113.{5’( f gty VPt f <x>‘“qch(x)dx)
T BR

/2
< crYaL 4 PP, (R,
where
R @t/q (aq < n),

Fp.a(R) = {(log(1 + R4 (aq = n),
1 (aqg > n).

Thus, putting
D(xR) = w0/ (IR 4 R (),

and combining this with the estimates -—- we have

Jr < CD(. AL JP ~ I g.

Now we use a fact that the inequality

ac’ - c < (1- b)bb/(l_b)al/(l_b),

holdsforalla>0,0<b<1,c>0.

4.11

We can immediately prove it by considering the maximal value of the function f(c) =
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acP — ¢. From this and - we obtain
Jr < CD(1, R)4. 4.12

On the other hand, by the assumption on the data and the Lebesgue dominated con-
vergence theorem, there exist C > 0 and Ry such that Jg > Ce holds for all R > Rp.
Combining this with - we have

£ < CD(1, R)4, 4.13

forall 1 € (1, Tg) and R > Ry

Now we define

b}

1o 1= max {1, R2-/149)

and we substitute
(1420 (qq < n),
R=11 (ag =n), enls
1 (aq > n).

into - Here we note that R > Ry is given by R - As was mentioned at the

beginning of this section, we may assume that 1p < T,. Finally, we have

.[—K,

(ag < n),
e< I_l/(p_l)log(l +1) (aq=n),
/-1 (aq > n).

with

_2(1+p) 1 n-a
T Ta \p-1 2 |

We can rewrite this relation as

g 1/x ifl+a/(n-a)<p<1+2/(n-a),
1< Cee P Dlog(eH)P"! ifa>0,p=1+a/(n—a),

e (-1 ifa>0,1<p<1+a/(n-a).

Here we note that x > Oifand only if 1 < p < 1+2/(n—a) and that aq = n is equivalent
to p =1+ a/(n— a). Since t is arbitrary in (19, Tc), we can obtain the conclusion of the

theorem. O

Remark 9. The results of Theorem - and Proposition - can be expressed by the
following table :
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a=0 B=0
2 2
Pc 1+N 1+N_—a
T, < g1/ e/% (1+a/N-a<p<1l+2/(N-a))

e P D(log(e )P, (p = 1 + (a/N — a))
eV 1<p<al/N-a)
8—1/K+5 8—1/K+5

(1 +ﬁ)(lﬁ—%) ﬁ(ﬁ‘%)

3153
Y%

4.2 Blow-up of solutions

Theorem 4.20. [letl1 < p<1+ ﬁ Moreover, we assume that

f ({(x)"*Bug(x) + uj(x))dx > 0.
Br

Then there is a blow-up solution.

Proof. Let R be a large parameter in (0, o). We define the test function

Ywr(t, x) := nr(t)Pr(x) := N(t/R)p(x/R). 4.15

Suppose that u is a global solution with initial data (ug, u;) satisfying

({x)™*Bup(x) + uy(x))dx > 0.
Br

Multipling equation - by - and integration by parts one can calculate

I = f GOt X)Pwr(t x)dxdt,
[0,R)XBg

Vg = f ({x)"“Buo(x) + uy (x))pr(x)dx.
Br
Since yg € C5'([0, Ty) X RY), and u is a solution on [0, T.), we have
I+ Vg = f g(t)ua?l//Rdth - f g(t)quRdxdt
[0.R)XBg [0,R)XBg
[ (GO 1 umaxa
[0,R)XBr
=dJ; +dJdg + Js.
By the assumption on the data (ug, u;) it follows that
I < Ji +Jdo + J3.

Here we have used the property J:y(0, x) = Oand substituted the test function g(t)y(x, t)
into the definition of solution|fJili]. We note that for the corresponding heat equation, we

have the same decomposition without the term J; and so we can obtain the same conclu-
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sion . We first estimate J;. By the Hoolder inequality and -,we have

S <R? f GO (/R pr(x)dxdt
[0,R)XBgr
< CR2 f g(O)luln(t) P pr(x)dxdt
[R/2,R)XBr
R 1/q
<R2Y/P ( f g(tdt f ¢R<x)dx)
R/2 Br
—2+1/ / /qy1/p
< CR™2V4(1 + RYP/IRVAL /P,

Using - and a similar calculation, we obtain

Js <R f GOIUlAPG/R)n(t/Rydxt
[0,R)XBgr

< CR™® f[ ) g(OIullp(x/RIPr(t/R)dxdt
0,R)xBg

R 1/q
< CR21Y/P ( f g(Om(t/R)dt. f ldx)
0 Br

< C(1 + R\IB/aR-Zen/apl/p,

For J3 , using - and |g’(t) — 1] S C, we have
Jo <R[ Gl ¢/ olpntode
[0,R)XBgr

R 1 4.18
<RI ( f g~ Pat. <x>‘“q¢>R<x>dx) '
R/2 Br

< CR™™Y4(1 + Ry #/PF, ((R)IY'P,

where
R-atn/q (aqg < n),
Fp.a(R) ={(log(1 + R)Y4 (aq = n),
1 (aq > n).

Thus, putting
D(R) := R"*A/P (RTIHARYM 4 RIPR249/M 4, (R)),

and combining this with the estimates -—- we have
19 < cD(R) 4.19
R =< . .
We obtain by - the following estimation

I'5/F < C[RY + R” + R®]. 4.20
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Next we choose k such that x = max{—y;, —y2, —y3} so that

21+ ) 1 n-a
T e \p-1 T2 |

Hence, we obtain
Ig < IYPCR™. 4.21

If 1 < p < pe, by letting R — 0 we have Iz — 0 and hence u = 0, which contradicts the
assumption on the data. If p = p., we have only Iz < C with some constant C independent

of R. This implies that g(t)|ulP is integrable on (0, c0) X RN and hence
REnOO(IIIQ/p) =0.

By [l we obtain limg_. Ir = 0. Therefore, u must be O.

This also leads a contradiction. O



Conclution

In view of our work, there have been some thought-provoking solutions which have
Leads to results of the existence of the maximum time which is in dependence on the
initial conditions sufficiently small. It is well known that there exists T, > O such that
the problem prossesses a unique classical solution u(t, x, €) in [0, Ty), i.e., u(t, x, ) € X is
bounded in [0, T;] for any T’ < T, and |lu(t, x, €)|ly — oo when t — T if T, is finite. we
call T, the life span of solution u(t, x, ) and say that u(t, x, ) blows up in finite time if
Te < oo.

In summary of our dissertation, or we have studied the problems arising from the
sufficiently small initial conditions based on the results of estimating the maximum time
of existence in a low-horizon domain. Based on the previous work, however, the latter
also have the power to demonstrate a development which satisfies the initial conditions

sufficiently large of which the problem is: We investigate the initial-boundary problem

u + (-A)u = f(u), (t,x) € Qx(0,c0),
u=0, xe€dx(0,c),

u(t, x) = pupg(x), xe€Q,

where Q is a bounded domain in RY with a smooth boundary 0Q, p > 0, ug(x) is
a nonnegative continuous function on Q, f(uw) is a nonnegative superlinear continuous
function on [0, oo].
We show that the life span (or blow-up time) of the solution of this problem, denoted by
T(p), satisfies T(p) = fp ltolor J% + h.o.t as p — 0. Moreover, when the maximum of ug
is attained at a finite number of points in Q, we can determine the higher-order term of

T(p) which depends on the minimal value of |Aug| at the maximal points of .
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