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 شكر وعرفان
 

 نحمد الله و نشكره شكرا جزیلا إذ ھو خالقنا، و معیننا

.الأولى بالشكر في كل الأوقات و الظروففھو   

 نحمد الله عز و جل و نثني علیھ الخیر كلھ الذي وفقنا

 لإتمام ھذا العمل، و نسألھ ان یجعل ھذا كلھ

.خالصا لوجھھ الكریم و أن  ینفعنا بھ  و ینتفع بھ من بعدنا  

"بومعزة نوري"دكتوربشكرنا و عرفاننا لل ترام و تقدیرنتقدم بكل إح  

ھذا العمل المتواضعالفاضل الذي كان موجھنا في   

الذي كان لھ الفضل الكبیر في شق الطریق نحو النجاح   

.و على كل النصائح و التوجیھات  

المكونین للجنة المناقشة بدایة برئیس اللجنةكما نتقدم بالشكر لكل الأساتذة   

، جامعة الشیخ العربي التبسي"دقایشیة حكیمة"ةالدكتور  

 والمناقش

، جامعة الشیخ العربي التبسي"طوالبیة عبد اللطیف"الدكتور  

 و إلى كل من قدم لنا ید المساعدة من قریب أو من بعید

 فلھ منا خالص الإحترام و التقدیر،

 نسأل الله أن یجازي الجمیع كل الخیر



  

 

 إھداء
 

ن اشرف ع السلام و الصلاة و يمالرح الرحمان الله سم   الھ ع و المرسل

ن اجمع بھ  و

م ي ال ق  شمعة نفسھ جعل من ا وعو ل و قدري  يرفع ان اجل من تح  لافتخار  يز

ي ين ان اجل من شقى و عب من ا ع ي نور  ا در سان اعز و حيا   الوجود ذا  ا

الغا ي   " م"ا

فون  رمش ا العيون  نور  ا بض الذي الدا القلب ا ا ب ي نان و با  الرحمة و ا

ي *سمة ا ا افنت من ا حيا ا زل  و لاسعادنا حيا ا ان من ا دمتنا جسد  دعا

ا و نجا سر ى سر ا جرا بلسم حنا ة و حيا ب رمز ا رو ب   ا

بة ب ا  "سماح" امي

ن من ا سب بوجود ا حدود لا محبة و ةو ق اك ن عرفت من ا ل ياة مع مع  ا ا

رة *القلوب يئة النفوس و الرقيقة الطا ن ا ال اح ي ر ي حيا  يم ديل اية شيماء اخو

  حمزة

ا زغلامي عائلة افراد ل ا ا و كب  * صغ

ي ا ي و اصدقا ي رفيقات و صديقا ياة تحلو لا الذين در  * م  ا

ي ا ي و زملا ي الذين زميلا ي  الدرا فيةمشواري  ساندو  و الثانوي  المتوسط بتدا

ام   ا

ي  انارو  الذين ساتذة جميع ا  * دراس سنوات خلال در

م من ل ا ي وسع م لم و ذاكر ي سع تصفح من ا مذكر  ا ما يوما المذكرة ذه س

دي ؤلاء ل دي ثمرة ا  ج

  

  

  

 

م   مر



 

 

 إھداء
 

الحمد  ربي ، اولا لك الحمد ربي على كثیر فضلك و جمیل عطائك و وجودك   
. و مھما حمدنا فلن نستوفي حمدك و الصلاة و السلام على من لا نبي بعده   

اختلطت دموع فرحتي بتخرجي و حزني بوداعك امي الحنون في غمضة عین رحمك الله 
رجي و نجاحي یا نبع الحنان و ھبة الرحمان امي یا و اسكنك فسیح جناتھ اھدیك تخ

ھذه احلى كلمة ینطق بھا اللسان و ترفرف العین من وحشتھا یا من كنتي اول من ینتظر 
النجاح اسال الله تعالى ان یتغمدك برحمتھ یا حبیبة اللحظات لتفتخري بابنتك تحقق ھذا 

 قلبي و یجعلك سیدة من سیدات اھل الجنة
" الزھرة"امي الحبیبة   

والذي شق لي بحر العلم و التعلم، وفي الحیاة بھ اقتدیت ، الى درعي الذي بھ احتمیت   
اماني و و صدر ، ركیزة عمري ، الى من احترقت شموعھ لیضيء لنا درب النجاح 

عمره كبریائي و كرامتي ابي اطال الله في  
"منیر  "ابي الغالي   

، في مساندتي و تشجیعي زوجي الغالي الى من كان الأول دوما ، الى رفیق روحي 
 اھدیك ھذا تعبیرا عن شكري لدعمك المستمر 

تحت ، الى من یذكرھم القلب قبل ان یكتب القلم الى من قاسموني حلو الحیاة و مرھا 
و الكتكوت ، شیماء  ،مھند ، بھاء الدین : السقف الواحد اخوتي و اختي الغالیة الى 

حیاتكم  إیھاب حفظكم الله و وفقكم في  
اسال الله "جدي و جدتي "ذا الاسى و القھر بالى الشمس و القمر الى عاشقا الفرح و نا

 ان یطیل لكما في العمر 
اعمامي و عمتي وكل ، وعلى راسھم اخوالي و خالاتي "براكني"الى كل من یحمل لقب 

 أولادھم 
اعمال أخرى كل  أتمنى رفقتك في، كنتي خیر الشریكة  "مریم"المذكرة الى شریكتي في 

 التوفیق في حیاتك 
الى احسن من عرفني بھم القدر صدیقاتي یا نعمة من الله رغم اختلاف امھاتنا الا انكم 

، خدیجة ، شاھیناز ، امینة : اخواتي كنتن اجمل الأشیاء في ایامي و ساعاتي الى 
  مجدة، انیسة ، بریزة 

اسال الله ان یجزیكم " عماد ایمن "  اولھم الى كل من دعمني و ساندني لاتم ھذا العمل
لكم مني كل الاحترام و التقدیر و فقكم الله و انار دربكم و سھل  مخیر الایجاز وان یحفظك

 اعمالكم
ي الى كل من صادفتھم في مشواري الدراسي شكرا لكم على مزیاكم تالى كل اساتذ

م العلوم القیمة المفیدةیالعدیدة في تقد  
حیل قلت لست براحلة فما زلت على الدرب اسیر الى اخر رمق في و في الأخیر قالو الر

 حیاتي ان شاء الله 
 وصال



 

 

Abstract 
 

    In this thesis , we study the dynamic proprieties of a nonlinear viscoelastic 

Kirchhoff-type equation with initial conditions and acoustic boundary conditions 

(see [29]). We show that , the energy of the solution decays exponentially or 

polynomially. Our approach is based on integral inequalities and multiplier 

techniques. Instead of using a Lyapunov-type technique for some perturbed 

energy . 

 
 
Keywords : Kirchhoff-type equation, Acoustic boudary condition , Original 

energy , Energy decay. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 

 

 

Resumé 
 

    Dans ce mémoire , nous étudions les propriétés dynamique de l’équation 

viscoélastique non linéaire de type Kirchhoff définit avec conditions initiales et 

conditions aux limites acoustiques (voir [29]). Nous montrons que, l’énergie de la 

solution décroit de manière exponentielle ou polynomiale. Notre approche est 

basée sur les inégalités intégrales et les téchniques de multiplicateur. Au lieu 

d’utiliser une téchnique de Lyapunov pour une certaine énergie perturbée. 

 

Mots-clés : équation de type Kirchhoff , Condition aux limites acostique , 

énergie originelle , Décroissance d'énergie.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 الملخص

 
معادلة اللزوجة غیر الخطیة من نوع ل الخصائص الدینامیكیة سرند،  ھذا العملفي        

طاقة الحل نبرھن أن  .)[29]أنظر( والشروط الحدیة الصوتیة الابتدائیةمع الشروط  كیرشوف

. نظریة المؤثرنعتمد على تقنیة المتراجحات التكاملیة و. و كثیر حدودأبشكل اسي تضمحل 

  .ض الطاقة المضطربةعستخدام تقنیة لیابونوف لبإعن  عوضا

 
 

ضمحلال إ،  الطاقة الاصلیة،  ، شروط حدیة صوتیة معادلة كیرشوف: الكلمات المفتاحیة
.ةالطاق  
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General Introduction

Our understanding of real-world phenomena and our technology today are largely based on

Partial Differential Equations (PDEs). It is indeed thanks to the modeling of these phenomena

through partial differential equations, which allow us to understand the role of such and such a

parameter, and above all to obtain sometimes extremely precise forecasts. In particular the wave

equations model several natural phenomena in: Physics, Chemistry, Biology...

In general, The physical model giving rise to the acoustic boundary condition is that of gas un-

dergoing small irrotational perturbations from rest in a domain 
 with a smooth compact bound-

ary.We assume that each point of the surface S acts like a spring in response to the excess pres-

sure in the gas, and that there is no transverse tension between neighboring points of S, i.e., the

"springs" are independent of each other. (Such a surface is called locally reacting.This type of

boundary condition has been introduced by several authors beginning with Morse and Ingard in

[4], in this context, we can refer [3; 8; 18]:

In this work, we study the following initial boundary-value problem for the nonlinear viscoelastic

Kirchhoff-type equation (see [30]):8>>>>>>>>>>>><>>>>>>>>>>>>:

utt �M
�
kruk22

�
�u+

Z t

0

h (t� s)�u (s) ds

+a jutjm�2 ut = jujp�2 u
in 
� (0;1) ;

u = 0 on �1 � (0;1) ;

M
�
kruk22

�
@u
@v
�
Z t

0

h (t� s) @u(s)
@v
ds = yt on �0 � (0;1) ,

ut + � (x) yt + � (x) y = 0 on �0 � (0;1) ;
u (x; 0) = u0, ut (x; 0) = u1 in 
,

(P )

where 
 is a bounded domain in Rn, n � 1, with C2-boundary � = �0 [ �1, �0 and �1 are closed

and disjoint, meas (�0) � 0 and meas (�1) > 0, a � 0, m � 2, and P > 2 are constants, v is the

unit outward normal to �, ut = @u
@t

, yt = @y
@t

, �u =
Pn

i=1 (@
2u�@x2i ), M is a positive C1 -function

and h represents the kernel of the memory term, y is the normal displacement to the boundary at

time t at the boundary point x, and � and � will be specified later.

When h = 0 andM � 1, The first Eq. in (P ) becomes a nonlinear wave equation, this equation has

been extensively studied, and several results concerning existence and nonexistence have been

established. When M is not a constant, the first Eq. in (P ) is a Kirchhoff-type wave equation.

This type of models was introduced by Kirchhoff in order to study nonlinear vibrations of an

elastic string. Kirchhoff was the first to study the oscillations of stretched strings and plates. The

existence and nonexistence of solutions in this case have been discussed by many authors.

2



For the first Eq. in (P ) with h 6= 0 and M � 1, Cavalcanti et al. [9] studied the case of m = 2 and

the localized damping a (x)ut. They obtained an exponential decay rate under the assumption

that the kernel h decays exponentially. They studied the case of m � 2 in [8]. The results of this

work were later improved by Cavalcanti et al. [11] and by Berrimi and Messaoudi [7].

The homogeneous Dirichlet boundary-value problems for Kirchhoff-type equations have been con-

sidered by many mathematicians. Nishihara and Yamada [30] considered the global solvability of

the homogeneous Dirichlet boundary value problem for

@2u

@t2
� a

�Z



jruj2 dx
�
�u+ 2

@u

@t
= 0 in 
� [0;1)

and showed the global existence, uniqueness, and asymptotic decay of solutions provided that

the initial data u0 (u0 6= 0), u1 are small and u1 is much smaller than u0 in some sense. Aassila and

Benaissa [1] extended the global existence part of [12] to the case whereM (s) > 0,M
�
kru0k2

�
6=

0, and the equation contains the nonlinear dissipative term jutj��2 ut. Ono [32], [37] proved the

global existence of a solution to the homogeneous Dirichlet boundary value problem for

utt �M
�
kruk22

�
�u� aut = b juj��2 u in 
� (0;1);

where a, b > 0 and � > 2 are constants and M (s) is a C1 function on [0;1) satisfying

M (s) � m0, sM (s) �
Z s

0

M (�) d� for all s 2 [0;1)

with m0 � 1. Wu et al. [36] solved the general Kirchhoff-type equation

utt �M
�
kru (t)k22

�
�u+ jutjm�2 ut = jujp�2 u

with homogeneous Dirichlet boundary condition and positive upper-bounded initial energy blow-

ups. Applying the Banach contraction mapping principle, Gao et al. [17] proved the local existence

of a solution to the homogeneous Dirichlet boundary-value problem for the higher-order nonlin-

ear Kirchhoff-type equation

utt +M
�
kDmu (t)k22

�
(��)m u+ jutjq�2 ut = jujp�2 u,

where p > q � 2 and m � 1. Using Galerkin’s method, Ono and Nishihara [31] proved the

global existence and decay structure of a solutions to the homogeneous Dirichlet boundary-value

problem for

utt �M
�
kruk22

�
�u� a�ut = b juj��2 u in 
� (0;1)
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without smallness conditions on the data. Wu [35] considered the strong damping integro-

differential equation

utt �M
�
kruk22

�
�u+

Z t

0

h (t� s)�u (s) ds��ut = jujp�2 u

with homogeneous Dirichlet boundary and showed that, under certain conditions on h, the solu-

tion is global in time and energy decays exponentially.

The mixed Dirichlet and Neumann homogenous boundary-value problems for Kirchhoff-type

equations were considered in [16] by Gorain, who studied the uniform stability of two mixed

Dirichlet and Neumann homogenous boundary-value problems for

utt + 2�ut =

�
a2 + b

Z



jruj2 dx
�
�u in 
� (0;1) ,

utt =

�
a2 + b

Z



jruj2 dx
�
�u + 2��ut in 
� (0;1) :

Beale and Rosencrans [4] introduced acoustic boundary conditions of the general form

@u

@v
= yt on �0 � (0;1) , (1)

ut +m (x) ytt + � (x) yt + � (x) y = 0 on �0 � (0;1) , (2)

and then Beale [5], [6] investigated the global existence and regularity of solutions for the wave

equation

utt ��u = 0

with conditions (1), (2) by semigroup methods.

These acoustic boundary conditions have great intuitive appeal. It is easy to imagine a music

hall designed with these conditions in mind but with an absorbing portion of the boundary (for

example, the floor). In recent years, wave equations with acoustic boundary conditions have been

treated by many authors. Frota and Goldstein [15] studied the nonlinear Carrier wave equation

utt �M
�Z




u2dx

�
�u+ jutj� ut = 0

with the u = 0 on �1, (1) and (2). They proved the existence of solutions, but gave no decay

rate for solutions. Park and Park [34] considered a wave equation of memory type with acoustic

boundary conditions
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8>>>>>>>>>><>>>>>>>>>>:

utt ��u+
Z t

0

h (t� s)�u (s) ds = 0 in 
� (0;1) ,

u = 0 on �1 � (0;1) ,
@u

@v
�
Z t

0

h (t� s) @u(s)
@v
ds = yt on �0 � (0;1) ,

ut + p (x) yt + q (x) y = 0 on �0 � (0;1) ;
u (x; 0) = u0; ut (x; 0) = u1 in 
,

investigated the influence of the kernel function h, and obtained the general decay rates of solu-

tions when h does not necessarily decay exponentially.

In [19] � [21], Li et al. proved, respectively, the existence and uniqueness, the uniform energy

decay rates, and the limit behavior of the solution to the nonlinear viscoelastic Marguerre–von

Kàrmàn shallow shells system. Li et al. [22]� [25] proved the global existence and uniqueness of

a solution and decay estimates for the nonlinear viscoelastic equation with boundary dissipation.

The same authors studied the blow-up phenomenon for some evolution equations in [26]� [28].
Motivated by the above work, we intend to study the energy decay for the problem (P ). By using

multipliers techniques, we prove that, under certain conditions on M; h; �; �, and on the initial

data, the solution to the problem exists globally, and we obtain the uniform decay rate. The main

author’s contributions in our study is:

(A) The non linearity of viscolastic kirchhoff equation;

(B)They introduce the Lyapunov -type technique for some perturbed energy, they concentrate

on the original energy;

(C) The assumptions on the initial data and the relaxation function h are weaker, and the esti-

mates are precise.

The thesis is organized as follows. In chaptre 1, we introduced and stated without proofs some

important materials must be need in the proof. In chaptre 2, we study a nonlinear viscoelastic

Kirchhoff-type equation with initial conditions and acoustic boundary conditions, we showed that

the energy of the solution decays exponentially or polynomially as t! +1:

5



Chapter 1

Preliminaries

In this chapter, we recall the main notions that we will need, after present the normed spaces,

Banach and Hilbert, Lp spaces, and sobolev spaces, we will introduce some necessary inequalities

and importants Lemmas and theorems.

1.1 Functional Spaces

1.1.1 Normed spaces and Banach spaces

Definition 1.1 The linear space V is endowed by a binary operation (v1; v2)! v1+ v2 : V �V ! V

which makes it a commutative group and furthermore it is equipped with a multiplication (a; x) !
ax : R� V ! V satisfying

(a1 + a2) v = av1 + av2;

a (v1 + v2) = av1 + av2; (a1a2) v

= a1 (a2v)

and

1:v = v:

Definition 1.2 Let V be linear space. A non-negative, degree-1 homogeneous, subadditive functional

k�kV : V ! R called a norm if it vanishes only at 0, often, we will write briefly k�k instead of k�kV , if

the following properties are satisfing respectively:

kvk � 0

kavk = jaj kvk

ku+ vk � kuk kvk

6



Chapter 1. Preliminaries

for any v 2 V and a 2 R and kvk = 0 ) v = 0: A linear space equipped with a norm is called

a normed linear space . If the last property (i.e.kvkV = 0 ) v = 0 ) is missing, we call such a

functional a seminorm.

Definition 1.3 A Banach space is a complete normed linear space V: Its dual space V 0 is the linear

space of all continuous linear functional u : V ! R.

Notation 1.1 We can consider the linear space ` (V;R), being also denoted by V 0 and called the dual

space to V . The original space V is then called predual to V 0.

Proposition 1.1 V 0 equipped with the norm k�kV 0 defined by

kuk
V 0
= sup fju (x)j : kxk � 1g ;

is also a Banach space. If V is a Banach space such that, for any

v 2 V; V ! R : u) ku+ vk2 � ku� vk2

is linear, then V is called a Hilbert space. In this case, we define the inner product (also called

scalar product) by

(u; v) =
1

4
ku+ vk2 � 1

4
ku� vk2 :

Definition 1.4 Since u is linear we see that

u : X ! X 00;

is a linear isometry of V onto a closed subspace of V 00, we denote this by

V ! V 00.

Let V be a Banach space and u 2 V 0. Denote by

'u : V ! R

x ! 'u (V )

when u cover V 0, we obtain a family ('u)u�V 0 of applications to V in R

1.1. Functional Spaces 7



Chapter 1. Preliminaries

Proposition 1.2 The weak star topology on V 0 is the weakest topology on V 0 for which every ('x)x2v
is continuous.

Theorem 1.1 Let V be Banach space. Then, V is reflexive, if and only if,

BV = fx 2 V : kxk � 1g ;

is compact with the weak topology � (V; V 0).

Corollary 1.1 Every weakly convergent sequence in V 0 must be bounded if V is a Banach space. In

particular, every weakly convergent sequence in a reflexive Banach V must be bounded.

Definition 1.5 Let V be a Banach space and let (un)n2N be a sequence in V . Then un converges

strongly to u in V if and only if

lim
t!1

kun � ukV = 0,

and this is denoted by un ! u, or lim
t!1

un = u:

1.1.2 The Lp (
) spaces

Definition 1.6 Let 1 � p � 1 and let 
 be an open domain in Rn ; n 2 N Define the standard

Lebesgue space Lp (
) by

Lp (
) =

�
f : 
! R is measurable and

Z



jf (x)jp dx <1
�
:

Notation 1.2 If p =1 ; we have

L1 (
) = ff : 
! R is measurable and there exists a constant C suchthat jf (x)j � C i.e 2 
g :

Also, we denote by

kfk1 = inf fC; jf (x)j � C a.e 2 
g :

Notation 1.3 For p 2 R and 1 � p � 1 ; we denote by q the conjugate of p i.e. 1
P
+ 1

q
= 1:

Theorem 1.2 Lp (
) is a Banach space for all 1 � p � 1:

1.1. Functional Spaces 8



Chapter 1. Preliminaries

Remark 1.1 In particularly, when P = 2 ; L2 (
) equipped with the inner product

hf; giL2(
) =
Z



f (x) g (x) dx;

is a Hilbert space.

Theorem 1.3 For 1 < p <1, Lp (
) is a reflexive space

The Lp (0; T ;X) spaces

Let X be a Banach space, denote by Lp (0; T ;X) the space of measurable functions such that

�Z T

0

kf (t)kpX dt
� 1

p

= kfkLp(0;T ;X) <1 for 1 � p � 1

If p =1

kfk
Lp(0;T ;X)

= sup
t2]0;T [

ess kf (t)kX

Theorem 1.4 The space Lp (0; T ;X) is complete.We denote by D0 (0; T ;X) the space of distributions

in ]0; T [ which take its values in X and us define

D0 (0; T ;X) = $ (D]0; T [; X)

where $ (�; ') is the space of the linear continuous applications of � to ' Since u 2 D0 (0; T ;X) ;

we define the distribution derivation as

@u

@t
(') = �u

�
d'

dt

�
;8' 2 D (]0; T [)

and since, we have u 2 Lp (0; T ;X)

u (') =

Z T

0

u (t)' (t) dt; 8' 2 D (]0; T [)

We will introduce some basic results on the Lp (0; T ;X) space.

Lemma 1.1 Let

f 2 Lp (0; T ;X) and
@f

@t
2 Lp (0; T ;X) ; (1 � p � 1)

then the function f is continuous from [0; T ] to X: i.e f 2 C1 (0; T ;X)

1.1. Functional Spaces 9
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Lemma 1.2 Let ' =]0; T [�
 an open bounded domain in R� Rn ; and g�; g ; are two functions in

Lq (]0; T [; Lq (
)) ; 1 < q <1 such that

kg�kLq(]0;T [;Lq(
)) � c; 8� 2 N

and g� ! g in ' ; then g� ! g in Lq (')

Theorem 1.5 Lp (0; T ;X) equipped with the norm k�k
Lq(]0;T [;X)

, 1 � p � 1 is a Banach space.

Proposition 1.3 Let X be a reflexive Banach space, X 0 it’s dual, and 1 � p q � 1 1
P
+ 1

q
= 1: Then

the dual of LP (0; T ;X) is identify algebraically and topologically with Lq (0; T ;X 0) :

Definition 1.7 Let X, Y be Banach space, X � Y with continuous embedding, then we have

LP (0; T ;X) � LP (0; T ;Y ) ;

with continuous embedding. The following compactness criterion will be useful for nonlinear

evolution problem, especially in the limit of the nonlinear terms

Definition 1.8 (Local LP spaces) LetG be an open set in RN : The local LP space onG consists of all

L-measurable functions f defined a.e on G such that for every compact set K � G, the characteristic

function f � k has a finite LP norm ; that is

Z
K

jf (x)jp dx � 1 if 1 � p � 1

f is essentially bounded on K if p =1
This set is denoted Lploc (G) :from our result on finite measur spaces ,

we have at once for 1 � p � q � 1

L1loc (G) � L
q
loc (G) � L

p
loc (G) � L1loc (G) :

The spaces Ck (
) et C1 (
) ;0 � k � 1

Definition 1.9 We denote by C (
) where C0 (
) (resp:C1 (
)) ;the space of continuous functions

(resp. continuously differentiable) on
with numerical values (i.e real or complex). For k 2 N; k � 2 ;
we pose

Ck (
) =

�
u 2 Ck�1 (
) : @u

@xi
2 Ck�1 (
) ; i = 1; :::; n

�
it is the space of k times continuously differentiable functions on 
. Finally we note

C1 (
) = \k2NCk (
) ;

1.1. Functional Spaces 10
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1.1.3 Hilbert space

Definition 1.10 A Hilbert space H is a vectorial space supplied with inner product hu; vi such that

kuk =
p
hu; ui is the norm which let H complete.

Theorem 1.6 (Riesz) If (H; h:; :i) is a Hilbert space, h:; :i being a scalar product onH ; thenH 0 = H

in the following sense: to each f 2 H 0 there corresponds a unique x 2 H such that f = hx; :i and

kfk0H = kxkH :

Remark 1.2 From this theorem we deduce thatH 00 = H. This means that a Hilbert space is reflexive.

Theorem 1.7 Let (un)n2N is a bounded sequence in the Hilbert space H;it posses a subsequence

which converges in the weak topology of H

Theorem 1.8 In the Hilbert space, all sequence which converges in the weak topology is bounded.

Theorem 1.9 Let (un)n2N be a sequence which converges to u, in the weak topology and (vn)n2N is

an other sequence which converge weakly to v ; then

lim
n!1

hvn; uni

Theorem 1.10 Let X be a normed space, then the unit ball

B0 � fx 2 X : kxk � 1g ;

of X 0 is compact in � (X 0; X) :

1.1.4 Sobolev spaces

Modern theory of differential equations is based on spaces of function whose derivatives exist in

a generalized sense and enjoy a suitable integrability.

Proposition 1.4 Let 
 be an open domain in Rn, Then the distribution T 2 D0 (
) is in Lp (
) if

there exists a function f 2 Lp (
) such that

hT; 'i =
Z



f (x)' (x) dx; forall ' 2 D (
)

where 1 � p � 1, and it’s well-known that f is unique.

1.1. Functional Spaces 11
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Let m 2 N and p 2 [0;1] . TheWm;p (
),p(W) is the space of all f 2 Lp (
), defined as Wm;p (
),

such that @�f 2 Lp (
)for all � 2 Nm such that

j�j =
nX
j=1

�j � m; where; @� = @�11 @
�2
2 ::@

�n
n :

Theorem 1.11 Wm;p (
) is a Banach space with their usual norm

kfkWm;p(
) =
X
j�j�m

k@�fkLp ; 1 � p � 1; for all f 2 Wm;p (
)

Definition 1.11 Denote by Wm;p
0 (
) the closure of D (
) in Wm;p (
).

Definition 1.12 When p = 2, we prefer to denote by Wm;2 (
) = Hm (
) and Wm;2
0 (
) = Hm

0 (
)

supplied with the norm

kfkHm(
) =

0@X
j�j�m

(k@�fkL2)
2

1A 1
2

which do at Hm (
) a real Hilbert space with their usual scalar product

hu; viHm(
) =
X
j�j�m

Z



@�u@�vdx

Theorem 1.12 1. Hm (
) supplied with inner product h:; :iHm(
) is a Hilbert space.

2. If m � m0, Hm (
)! Hm0
(
) , with continuous imbedding .

Lemma 1.3 Since D (
) is dense in Hm
0 (
) , we identify a dual H�m (
) of Hm

0 (
) in a weak

subspace on 
, and we have

D (
)! Hm
0 (
)! L2 (
)! H�m (
)! D0 (
)

The next results are fundamental in the study of partial differential equations

Theorem 1.13 Assume that 
 is an open domain in Rn (N � 1), with smooth boundary @
. Then,

1. If 1 � p � 1, we have W 1;p, for every q 2 [p; p�] , where p� = np
n�p .

2. If p = n we have W 1;p � Lq (
), for every q 2 [p;1) .

3. If p > n we have W 1;p � L1 (
) \ C0;� (
), where � = p�n
p

.

1.1. Functional Spaces 12
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The Wm;p (
) spaces

Proposition 1.5 Let 
 be an open domain in Rn. Then the distribution T 2 D0 (
) is in Lp (
) if

there exists a function f 2 Lp (
) such that

hT; 'i =
Z



f (x)' (x) dx; for all ' 2 D (
)

where 1 � p � 1 and it’s well-known that f is unique. Now, we will introduce the Sobolev

spaces: The Sobolev space WK;p (
) is defined to be the subset of Lp such that function f and its

weak derivatives up to some order K have a finite Lp norm, for given p � 1.

W k;p (
) = ff 2 Lp;D�f 2 Lp (
) :8� ; j�j � kg :

With this definition, the Sobolev spaces admit a natural norm:

f ! kfkwk;p (
) =

0@X
j�j�m

kD�fkpLp(
)

1A 1
p

; for p < +1

Space W k;p (
) equipped with the norm k:kWk;p is a Banach space. Moreover is a reflexive space

for 1 � p � 1 and a separable space for 1 � p � 1. Sobolev spaces with p = 2 are especially

important because of their connection with Fourier series and because they form a Hilbert space.

A special notation has arisen to cover this case:

W k;2 (
) = Hk (
)

the Hk inner product is defined in terms of the L2 inner product:

(f; g)Hk(
) =
X
j�j�k

(D�f;D�g)L2(
)

The spaceHm (
) andW k;p (
) contain C1
�
�

�

and Cm
�
�

�

. The closure ofD (
) for theHm (
)

norm (respectively Wm;p (
) norm) is denoted by Hm
0 (
) (respectively WK;P

0 (
)). Now, we in-

troduce a space of functions with values in a space X (a separable Hilbert space).The space

L2 (a; b ; X) is a Hilbert space for the inner product

(f; g)L2(a;b ; X) =

Z b

a

(f (t) ; g (t))X dt

we note that L1 (a; b ; X) = (L1 (a; b ; X))0 . Now, we define the Sobolev spaces with values in a

Hilbert space X. For k 2 N , p 2 [1;1], we set:

1.1. Functional Spaces 13
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W k;p (a; b;X) =

�
v 2 Lp (a; b ; X) @v

@xi
2 Lp (a; b ; X) :8i � k

�
The Sobolev space W k;p (a; b ; X) is a Banach space with the norm

kfkWk;p(a;b ; X) =

 
kX
i=0

 @f@xi
p
LP (a;b;X)

! 1
p

:for p < +1

and

kfkWk;1(a;b ; X) =

 
kX
i=0

 @v@xi

L1(a;b;X)

! 1
p

:for p = +1

The spacesW k;2 (a; b ; X) form a Hilbert space and it is notedHk (0; T ;X). TheHk (0; T ;X) inner

product is defined by:

(u; v)Hk(a;b ; X) =

kX
i=0

Z b

a

�
@u

@xi
@v

@xi

�
X

dt:

Theorem 1.14 Let 1 � p � n, then

W 1;p (Rn) � Lp� (Rn)

where p� is given by 1
p� =

1
p
� 1

n
(where p = n ; p = 1). Moreover there exists a constant

C = C (p; n) such that

kukLp � C krukLp(Rn) ; 8u 2 W 1;P (Rn) :

Corollary 1.2 Let 1 � p � n, then

W 1;p (Rn) � Lq (Rn) ;8q 2 [P; P �]

with continuous imbedding. For the case p = n, we have

W 1;n (Rn) � Lq (Rn) ;8q 2 [n;+1[

Theorem 1.15 Let p > n, then

1.1. Functional Spaces 14
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W 1;p (Rn) � L1 (Rn)

with continuous imbedding.

Corollary 1.3 Let 
 a bounded domain in Rn of C1 class with � = @
 and 1 � p � 1. We have

if 1 � p � 1, then W 1;p (
) � Lp� (
) where 1
p� =

1
p
� 1

n

if p = n ; then W 1;p (
) � Lq (
) ;8q 2 [p;+1[
if p > n ; then W 1;p (
) � L1 (
) with continuous imbedding. Moreover, if p > n we have:

8u 2 W 1;p (
) ; ju (x)� u (y)j � C jx� yj� kukW 1;p(
) a.e x; y 2 


with � = 1� n
p
> 0 and C is a constant which depend on p; n and 
 In particularW 1;p (
) � C

�
�

�

Lemma 1.4 (Sobolev-Poincarés inequality)

If 2 � q � 2n

n� 2 ; n � 3 ; and; n = 1; 2;

then

kukq � C (q;
) kruk2 ; 8u 2 H1
0 (
)

Remark 1.3 For all ' 2 H2 (
) ;�' 2 L2 (
) and for � sufficiently smooth, we have

k' (t)kH2(
) � C k�' (t)kL2(
)

Proposition 1.6 ( Green’s formula). For all u 2 H1 (
) we have

�
Z



�uvdx =

Z



rurvdx�
Z
@


@u

@�
vd�

where @u
@�

is a normal derivation of u at �:

1.2 Some integral inequalities

Young, Holder’s inequalities

Notation 1.4 Let 1 � p � 1, we denote by q the conjugate exponent,

1.2. Some integral inequalities 15
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1

P
+
1

q
= 1

We define the convolution product of a function f 2 L1 (Rn) with a function g 2 Lp (Rn).

Theorem 1.16 Let f 2 L1 (Rn) and g 2 Lp (Rn) with 1 � p � 1. Then for a.e. x 2 Rn the function

y ! f (x� y) g (y) is integrable on Rn and we define

(f � g) (x) =
Z
Rn
f (x� y) g (y) dy

In addition (f � g) 2 Lp(Rn ) and

kf � gkp � kfk1 kgkp

Theorem 1.17 Assume f 2 Lp (Rn) and g 2 Lq (Rn) with 1 � p � 1, 1 � q � 1 and 1
r
=

1
P
+ 1

q
� 1 � 0. Then (f � g) 2 Lr(Rn ) and

kf � gkr � kfkp kgkq

Theorem 1.18 Assume that f 2 Lp and g 2 Lq with

1 � p � 1. Then (f g) 2 L1 and

kf gk � kfkp kgkq

Corollary 1.4 ( general form) Let f1; f2; :::fk be k functions such that, fi 2 Lp (
),1 � i � k, and

1

p
=
1

p1
+
1

p2
+ :::+

1

pk
� 1

Then, the produc f1f2:::fk 2 Lp (
) and kf1f2:::fkkp � kf1kp1 ::: kfkkpk .

1.2.1 Minkowski inequality

Lemma 1.5 For 1 � p � 1 , we have

ku+ vkLp � kukLp + kvkLp .

1.2. Some integral inequalities 16
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1.2.2 Cauchy-Schwarz inequality

Lemma 1.6 Every inner product satisfies the Cauchy-Schwarz inequality

hx1; x2i � kx1k kx2k .

The equality sign holds if and only if x1 and x2 are dependent. We will give here some integral

inequalities. These inequalities play an important role in applied mathematics and also, it is very

useful in our next chapters.

Lemma 1.7 Let 1 � p � r � q, 1
r
= �

p
+ 1��

q
, and 1 � � � 1. Then

kukLr � kuk
�
Lp kuk

1��
Lq .

Lemma 1.8 If � (
) < 1, 1 � p � q � 1, then Lq ! Lp, and Since our study based on some

known algebraic inequalities, we want to recall few of them here.

Lemma 1.9 For all a; b 2 R+, we have

ab � �a2 + b2

4�0
;

where � is any positive constant.

Lemma 1.10 For all a; b � 0, the following inequality holds

ab � ap

p
+
bq

q0
;

where, 1
P
+ 1

q
= 1.

Lemma 1.11 If h 2 C1 (R) and u is the solution to (2:1)� (2:5), then

Z t

0

h (t� s) (u (s) ; ut (t)) ds = �
1

2

d

dt

�
h � u�

Z t

0

h (s) ds kuk22
�
+
1

2
h0 � u� 1

2
h (t) kuk22 :

Proof. IndeedZ t

0

h (t� s) (ut (t) ; u (s)) ds =

Z t

0

h (t� s) (ut (t) ; (u (s)� u (t))) ds+
Z t

0

h (t� s) (ut (t) ; u (t)) ds

= �1
2

Z t

0

h (t� s) d
dt
ku (t)� u (s)k22 ds+

1

2

Z t

0

h (s) ds
d

dt
kuk22

1.2. Some integral inequalities 17
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= �1
2

d

dt

�
h � u�

Z t

0

h (s) ds kuk22
�
+
1

2
h0 � u� 1

2
h (t) kuk22 :

1.2. Some integral inequalities 18



Chapter 2

Energy Decay of nonlinear viscoelastic

Kirchhoff type equation with Acoustic

Control Boundary Conditions

This chapter is devoted to provide the general decay of solution by using the multiplier techniques

and some integral inequalities for the problem of a Nonlinear Viscoelastic Kirchhoff-Type Equation

with Acoustic Control Boundary Conditions

2.1 Statement of problem

We study the following Problem

utt �M
�
kruk22

�
�u+

R t
0
h (t� s)�u (s) ds

+a jutjm�2 ut = jujp�2 u in 
� (0;1) ;
(2.1)

u = 0 on �1 � (0;1) ; (2.2)

M
�
kruk22

�
@u
@v
�
R t
0
h (t� s) @u(s)

@v
ds = yt on �0 � (0;1) , (2.3)

ut + � (x) yt + � (x) y = 0 on �0 � (0;1) , (2.4)

u (x; 0) = u0 ; ut (x; 0) = u1 in 
, (2.5)

2.2 Preliminaries and Assumptions

Throughout this works, we use the space

19
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V =
�
u 2 H1 (
) j u = 0 on �1

	
,

the scalar products

(u; v) =

Z



u (x) v (x) dx; (u; v)�0 = u (x) v (x) dS,

and the norms

kukLp(
) =
�Z




jujp dx
� 1

P

, kukLp(�0) =
�Z

�0

jujp dS
� 1

p

.

To simplify notation, we denote kukLp(
) and kukLp(�0) by kukP and kukP;�0, respectively. The

symbol h � u stands for convolution, that is,

h � u =
Z t

0

h (t� s)u (s) ds,

and by � we denote

h � ru (t) =
Z t

0

h (t� s)
Z



jru (s)�ru (t)j2 dxds =
Z t

0

h (t� s) kru (s)�ru (t)k2 ds.

We make the following general assumptions on M; �; �, and h.

(A1) The notation M (s), s � 0, is used for a positive C1 function satisfying

M (s) � m0 > 0 and M (s) � sM (s) ,

where

M (s) =

Z s

0

M (t) dt:

(A2) The notation h : [0;1) �! [0;1) is used for a nonincreasing C1 function satisfying

m0 �
Z 1

0

h (s) ds = l > 0.

Furthermore, there exists a � 2 (2;1] and a � > 0 such that

h
0
(t) � ��h1+1�� for all t � 0,

(for � =1, 1�� = 0 is set to 0).

(A3) Functions � (x) and � (x) are assumed to satisfy the conditions � (x), � (x) 2 C (�0) and

� (x), � (x) > 0 for all x 2 �0. This assumption implies that there exist positive constants �i and

�i i = 0; 1, such that,

2.2. Preliminaries and Assumptions 20
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�0 � � (x) � �1; �0 � � (x) � �1 for all x 2 �0.

(A4) Either 2 < p � 2n= (n� 2) ; 2 < m � 2n= (n� 2) ; and n � 3 or p > 2; m � 2; and n = 1; 2:

Remark 2.1 Assumption (A2) implies that, for some t0 > 0,

Z t

0

h (s) ds �
Z t0

0

h (s) ds := h0 for all t � t0.

Remark 2.2 Assumption (A2) implies that, for � 2 (2;1),

h (t) � k

(1 + t)�
for all t � 0.

Therefore,

h� (t) 2 L1 (0;1) for all t � 0 for any � >
1

�
.

Our result is based on the following existence and uniqueness theorem for a solution to problem

(2:1)� (2:5).

Theorem 2.1 Suppose that Assumptions (A1)–(A4), hold and (u0; u1) 2 (V \H2(
))� V . Then

there exists a unique solution u of (2:1)� (2:5) satisfying

u 2 L1loc
�
0;1 ; V \H2 (
)

�
;

ut 2 L1loc (0;1 ; V ) ; utt 2 L1loc
�
0;1 ; V \ L2 (
)

�
; y; yt 2 L2

�
0;1 ; L2 (�0)

�
:

Moreover,

u 2 C([0;1) ; V ); ut 2 C([0;1) ; L2 (
));

u (x; t) �! u0 (x) in V; ut (x; t) �! u1 (x) in L2 (
) as t �! 0:

Proof. This theorem is proved by using Galerkin’s method and a calculus theorem in an abstract

space [19], [33], [13]. In what follows, we shall use the following lemmas.
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Lemma 2.1 (Poincare´ inequality, [2]).

Let q satisfy (
2 � q � 2n

n�2 ; n � 3;
2 � q n = 1; 2:

Then there exists a positive constant c� such that

kukq � c� (q) kruk2 for all u 2 V:

Moreover, the trace theorem implies

kuk22;�0 � � kruk
2
2 for all u 2 V .

2.3 General Decay results

In order to define the energy function E (t) of problem (2:1) � (2:5), we give the following com-

putation. Multiplying ut by both sides of Eq. (2:1), integrating the resulting equation over 
, we

obtain

Z



uttutdx�
Z



M
�
kruk22

�
�uutdx+

Z



Z t

0

h (t� s)�u (s)utdsdx+ a
Z



jutjm�2 jutj2 dx

=

Z



jujp�2 uutdx. (2.6)

using Green’s formula and (A1) on the second and third terms in the left hand sid of (2:6)

�
Z



M
�
kruk22

�
�uutdx =

Z



M
�
kruk22

�
rurutdx�

Z
�0

M
�
kruk22

� @u
@v
utdS

=
1

2

Z



M
�
kruk22

� d
dt
jruj2 dx�

Z
�0

M
�
kruk22

� @u
@v
utdS

=
1

2

d

dt
(M(kruk22)�

Z
�0

M
�
kruk22

� @u
@v
utdS (2.7)

Z



Z t

0

h (t� s)�u (s)utdsdx = �
Z



Z t

0

h (t� s)ru (s)rutdsdx+
Z
�0

Z t

0

h (t� s) @u (s)
@v

utdS

(2.8)

we add and subtract the terms �
R



R t
0
h (t� s)ru (s)rutdsdx to (2:8) we get
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�
Z



Z t

0

h (t� s)rut jru (s)�ru (t)j2 dsdx�
Z



Z t

0

h (t� s)rutru (t) dsdx

= �1
2

Z



Z t

0

h (t� s) d
dt
jru (s)�ru (t)j2 dsdx� 1

2

Z



Z t

0

h (t� s) d
dt
jruj2 dx

=
1

2

d

dt

Z



Z t

0

h (t� s) jru (s)�ru (t)j2 dsdx� 1
2

Z



Z t

0

h0 (t� s) jru (s)�ru (t)j2 dsdx

+
1

2

d

dt

Z



Z t

0

h (t� s) jruj2 dsdx� 1
2

Z



Z t

0

h0 (t� s) jruj2 dsdx

=
1

2

d

dt

Z t

0

h (t� s)
Z



jru (s)�ru (t)j2 dxds� 1
2

Z t

0

h0 (t� s)
Z



jru (s)�ru (t)j2 dxds

+
1

2

d

dt

Z



Z t

0

h (t� s) jruj2 dsdx� 1
2

Z



Z t

0

h0 (t� s) jruj2 dsdx

=
1

2

d

dt

Z t

0

h (t� s) kru (s)�ru (t)k22 ds�
1

2

Z t

0

h0 (t� s) kru (s)�ru (t)k22 ds

+
1

2

d

dt

Z



Z t

0

h (t� s) jruj2 dsdx� 1
2

Z



h (t� s) jruj2 dsdx

=
1

2

d

dt
h � ru� 1

2
h0 � ru+ 1

2

d

dt

Z t

0

h (t� s) ds kruk22 �
1

2
h (t� s) kruk22 ds (2.9)

Nou we treat the source terme

Z



jujp�2 uutdx =

Z



jujp�2
�
1

2

d

dt
juj2
�
dx

=
1

p

d

dt

Z



jujp dx

=
1

p

d

dt
kukpp (2.10)

using (2:2) (2:3) we obtain

�
Z
�0

ut

�
M
�
kruk22

� @u
@v
�
Z t

0

h (t� s) @u (s)
@v

�
ds = � (ut; yt)�0 =

�
� (x) ; y2t

�
�0
+
1

2

d

dt

�
� (x) ; y2

�
�0

(2.11)

substituting(2:7),(2:8) ; (2:9) ; (2:10) ; (2:11)and using Lemma 2-11 into (2:6)
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1

2

d

dt

�
kutk22 +M(kruk

2
2)�

2

p
kukpp

�
� 1
2

d

dt

�Z t

0

h (s) kruk22 ds� h � ru
�
+
1

2

d

dt

Z
�0

�
� (x) ; y2

�
�0

= �a kutkmm �
1

2
h (t) kruk22 +

1

2
h0 � ru� :

Z
�0

� (x) y2t dS

The above computation inspires us to define energy functional as

E (t) =
1

2
kutk22 +

1

2

�
M
�
kruk22

�
�
Z t

0

h (s) ds kruk22
�
+
1

2
h � ru

+
1

2

Z
�0

� (x) y2dS � 1
p
kukpp (2.12)

Lemma 2.2 The energy functional E(t) satisfies

E 0 (t) = �a kutkmm �
1

2
h (t) kruk22 +

1

2
h0 � ru�

Z
�0

� (x) y2t dS � 0:

Proof. It is easy to see from the above computation and Assumptions (A2) and (A3) that

E 0 (t) = �a kutkmm �
1

2
h (t) kruk22 +

1

2
h0 � ru�

Z
�0

� (x) y2t dS � 0:

In what follows, we prove that the energy functional E (t) is nonnegative under appropriate

conditions on the initial energy and data. By the definition of E (t), using Assumptions (A1) and

(A2) and Lemma(2:1) we obtaine

E (t) � 1

2
kutk22 +

1

2

�
m0 kruk22 �

Z t

0

h (s) kruk22 ds
�
+
1

2
h � ru+ 1

2

Z
�0

� (x) y2dS � 1

P
kukpp

� 1

2
kutk22 +

1

2
l kruk22 +

1

2
h � ru� c

p
�
p
krukP2

E (t) � 1

2
l kruk22 +

1

2
h � ru� c

p
�
P
krukpp

� 1

2

�
l kruk22 + h � ru

�
� c

p
�
p
krukp2

� G
��
l kruk22 + h � ru

�� 1
2 for all t � 0; (2.13)

where

G (�) =
1

2
�2 � B

p

p
�p and B =

c�p
l

It is easy to verify that G (�) has a maximum at �1 = B�p=(p�2), and its maximum value is

G0 (�) = ��Bp�p�1 = 0
�

�p�1
= Bp

�2�p = Bp
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replace �1 = B�p=(p�2) in G (�)

E1 = G (�1) =
1

2
�21 �

Bp

p
�p1

E1 =
1

2
�21 �

Bp

p
�p1 =

�
1

2
� 1
p

�
�21 > 0.

Lemma 2.3 Let u be the solution of (2:1) � (2:5), and let the initial data satisfy E (0) < E1 and

l
1
2 kru0k2 < �1: Then

1. �
l kruk22 + h � ru

� 1
2 < �1 for t > 0;

2.

kukqq � l(q�2)=(p�2)c2
(p�q)=(P�2)

� (q) kruk22 := c (q) kruk
2
2 for q such that(

2 � q � 2n
n�2 ; n � 3;

2 � q n = 1; 2;

in particular,

kukpp � l kruk
2
2 ;

3. the following inequality holds:

E (t) � 1

2
kutk22 +

�
1

2
� 1
p

�
l kruk22 +

1

2

Z
�0

� (x) y2dS +
1

2
h � ru � 0;

4.

kukpp � (2pk= (P � 2))E (t) for some k < 1:

Proof. (1) To obtain the desired conclusion (1), we argue by contradiction. Indeed, if (1) does

not hold,then it follows from the continuity of u (t) that there exists a t0 > 0 such that�
l kru (t0)k22 + (h � ru) (t0)

�1=2
= �1;

which. together with (2:13), implies

E (t0) � G
�
(l kru (t0)k22 + (h � ru) (t0))1=2

�
= G (�1) = E1. (2.14)
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Using Lemma 2.2 and the assumption E(0) < E1, we see that

E (t) � E (0) < E1 for all t � 0. (2.15)

Inequalities (3:12) and (3:13) contradict each other.

(2) Noting that �1 = B
�p
p�2 =

�
c�p
l

� �p
p�2

= l
p

2(P�2) c
� p
p�2

� we see from conclusion (1) that

l kruk22 � l kruk
2
2 + h � ru < �

2
1 =

�
B

�p
p�2

�2
=
�
l

p
2(P�2) c�

p
p�2

�2
that is,

kruk22 � l
2

p�2 c�
2p
p�2 ;

which, together with Lemma 2.1, implies

kukqq � cq� kruk
q
2 � cq� kruk

2
2

�
kruk22

� �
kruk22

� q�2
2 � cq�

�
l

2
p�2 c

� 2p
p�2

�

� q�2
2

kruk22

kukqq � l
q�2
P�2 c

2(p�q)
p�2
� kruk22 (2.16)

(3) From (2:12) and (2:16), we obtain

E (t) =
1

2
kutk22 +

1

2

�
M(kruk22)�

Z t

0

h (s) ds kruk22
�
+
1

2
h � ru

+
1

2

Z
�0

� (x) y2dS � 1

P
kukPP

E (t) � 1

2
kutk22 +

1

2

�
m0 �

Z t

0

h (s) ds

�
kruk22 +

1

2
h � ru+

Z
�0

� (x) y2dS � l

p
kruk22

� 1

2
kutk22 +

1

2
l kruk22 +

1

2
h � ru+

Z
�0

� (x) y2dS � l

p
kruk22

E (t) � 1

2
kutk22 +

�
1

2
� 1
p

�
l kruk22 +

1

2

Z
�0

� (x) y2dS +
1

2
h � ru � 0. (2.17)

(4) By Lemma 2.1 and (2:15), we have

kukpp � cp� kruk
p
2 � cp� kruk

2
2

�
kruk22

�P�2
2

using(2:17)

E (t) � 1

2
kutk22 +

�
l(p� 2)
2p

�
kruk22 +

1

2

Z
�0

� (x) y2dS +
1

2
h � ru � 0

E (t) �
�
l(p� 2)
2p

�
kruk22
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implies that

�
kruk22

� p�2
2 �

�
2p

l(p� 2)E (t)
� p�2

2

so

kukpp � cp� kruk
2
2

�
2p

l (p� 2)E (t)
�P�2

2

� cp�
l

�
2p

l (p� 2)E (0)
� p�2

2

l kruk22

kukpp � kl kruk22 �
2pk

p� 2E (t) for all t � 0; (2.18)

where

k =
cp�
l

�
2p

l (p� 2)E (0)
� p�2

2

and

k =
cp�
l

�
2p

l (p� 2)E (0)
� p�2

2

� cp�
l

�
2p

l (p� 2)E1
� p�2

2

replace �1 = B
�p
p�2 whith E1

E1 =

�
1

2
� 1
p

�
�21 =

�
1

2
� 1
p

�
B

�2p
p�2 =

�
p� 2
2p

�
B

�2p
p�2

replace E1 whith k

k =
cp�
l

�
2p

l (p� 2)E (0)
� p�2

2

� cp�
l

�
2p

l (p� 2)E1
� p�22

=
cp�
l

�
B

�2p
p�2

� p�2
2
= 1

where

�
c�p
l

�p
= Bp�

B
�2p
p�2

� p�2
2

= B�p

The proof of Lemma 3.2 is complet.

Remark 2.3 We conclude from the above inequality that E(0) < E1 if and only if � < 1.

Below we state our main result and then make use of the above assumptions and preliminaries to

prove it. By ci and Ci we denote different positive constants
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Lemma 2.4 (see[14]):

Let E(t) be a nonnegative decreasing function defined on [0;1). IfZ +1

s

E(t)dt � CE(s) for all s � s0

for some constants S0 and C > 0, then

E(t) � E(0)e1�t�(s0+C) for all t � 0.

Lemma 2.5 (See[14]):

Let E(t) be a nonnegative decreasing function defined on [0;1). IfZ +1

s

E1+�(t)dt � CE� (0)E (s) for all s � s0

for some constants s0 and C > 0 , then

E (t) � E (0)
�
(s0 + C) (1 + �)

�t+ s0 + C

�1��
forall t � 0:

Theorem 2.2 Let u be the global solution of problem (2:1) � (2:5) with conditions (A1) � (A4),
E(0) < E1, and l

1
2 kru0k2 < �1 . Then the following decay estimates are valid:

E (t) � E (0) exp

�
1� t

C + t0

�
for all t � 0 with � =1;

E (t) � E (0)

�
(t0 + C) (1 + �)

t+ � (t0 + C)

��
for all t � 0 with � 2 (2;1) :

Proof. Multiplying (2:1) by � (t) u (t) (where � (t) : [0;1) �! [0;1) is a nonincreasing func-

tion),integrating the result over 
� [t1; t2] (t0 � t1 � t2), we obtainZ t2

t1

� (t)

Z



utt (t)u (t) dxdt�
Z t2

t1

� (t)

Z



M(kru (t)k22)�uu (t) dxdt

+

Z t2

t1

� (t)

Z



Z t

0

h (t� s)�u (s)utdsdxdt

+a

Z t2

t1

� (t)

Z



jut (t)jm�2 u (t)utdxdt

=

Z t2

t1

� (t)

Z



jujp�2 u (t)u (t)utdxdt (2.19)

using Green’s formula dans(2:19)
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�
Z t2

t1

� (t)

Z



M(kru (t)k22)�uu (t) dxdt

=

Z t2

t1

� (t)

Z



M(kru (t)k22)ru (t)rudxdt�
Z t2

t1

� (t)

Z
�0

M(kru (t)k22)
@u

@v
u (t) dSdtZ t2

t1

� (t)M(kru (t)k22) kru (t)k
2
2 dt�

Z t2

t1

� (t)

Z
�0

M(kru (t)k22)
@u

@v
u (t) dSdt (2.20)

using Green’s formula

Z t2

t1

� (t)

Z



Z t

0

h (t� s)�u (s)utdsdxdt

= �
Z t2

t1

� (t)

Z t

0

h (t� s) (ru (s) ;ru (t))
L2(
)

dsdt

�
Z t2

t1

� (t)

Z
�0

Z t

0

h (t� s) @u (s)
@v

u (t) dSdt (2.21)

Where :

yt =

Z
�0

M(kruk22)
@u

@v
dS �

Z
�0

Z t

0

h (t� s) @u (s)
@v

dS �0 � (0;1)

substitant (2:20) ; (2:21) and yt whith (2:19)Z t2

t1

� (t) (utt (t) ; u (t))L2(
) dt+

Z t2

t1

� (t)M(kru (t)k22) kru (t)k
2
2 dt

�
Z t2

t1

� (t)

Z t

0

h (t� s) (ru (s) ;ru (t))
L2(
)

dsdt

+a

Z t2

t1

� (t)
�
jut (t)jm�2 ut (t) ; u (t)

�
L2(
)

dt

=

Z t2

t1

� (t) ku (t)kpp dt+
Z t2

t1

� (t) (yt (t) ; u (t))L2(�0) dt (2.22)

It follows from (A1) and (2:12) that

E (t) =
1

2
kut (t)k22 +

1

2

�
M(kru (t)k22)�

Z t

0

h (s) ds kru (t)k22
�
+
1

2
h � ru

+
1

2

Z
�0

� (x) y2dS � 1

P
ku (t)kPP

(A1) :

M(kru (t)k22) � kru (t)k22M(kru (t)k
2
2)

M(kru (t)k22)� ku (t)k
p
p � M(kru (t)k22) kru (t)k

2
2 � ku (t)k

P
P
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implies that

M(kru (t)k22)� ku (t)k
P
P = 2E (t)� kut (t)k22 +

Z t

0

h (s) ds kru (t)k22 � h � ru

�
Z
�0

� (x) y2ds+
2

P
ku (t)kPP � ku (t)k

P
P

implies that

2E (t) +
2

P
ku (t)kpp � kut (t)k

2
2 +

Z t

0

h (s) ds kru (t)k22 � h � ru (t)

�
Z
�0

� (x) y2dS � ku (t)kPP

= M(kru (t)k22)� ku (t)k
P
P �M(kru (t)k

2
2) kru (t)k

2
2 � ku (t)k

P
P

implies that

2E (t) +
2� p
P

ku (t)kPP � M(kru (t)k22) kru (t)k
2
2 � ku (t)k

P
P +

Z
�0

� (x) y2dS

+ kut (t)k22 �
Z t

0

h (s) ds kru (t)k22 + h � ru (t)

Multiplying by � (t) and integrating the result (t1; t2) weget

2

Z t2

t1

� (t)E (t) dt+
2� p
p

Z t2

t1

� (t) ku (t)kpp dt

�
Z t2

t1

� (t)
�
M
�
kruk22 (t)

�
kru (t)k22 � ku (t)k

p
p

�
dt+

Z t2

t1

� (t) kut (t)k22 dt

+

Z t2

t1

� (t) (h � ru) (t) dt�
Z t2

t1

� (t)

Z t

0

h (s) ds kru (t)k22 dt

+

Z t2

t1

� (t)

Z
�0

� (x) y2 (t) dSdt: (2.23)

Note that�Z t2

t1

Z



� (t)utudxdt

�
t

=

Z t2

t1

Z



�
0
(t)utudxdt+

Z t2

t1

Z



� (t)uttudxdt+

Z t2

t1

Z



� (t)u2tdxdt

implies that

�
Z t2

t1

� (t) (utt (t) ; u (t))L2(
) dt =

Z t2

t1

�
0
(t) (ut (t) ; u (t))L2(
) dt+

Z t2

t1

� (t) kut (t)k22 dt

� � (t) (ut (t) ; u (t))L2(
)
���t2
t1

(2.24)
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Substituting (2:22) and (2:24) into (2:23), we obtain

2

Z t2

t1

� (t)E (t) dt+
2� p
p

Z t2

t1

� (t) ku (t)kpp dt

� 2

Z t2

t1

� (t) kut (t)k22 dt+
Z t2

t1

�0 (t) (ut (t) ; u (t)) dt� � (t) (ut (t) ; u (t))jt2t1

+

Z t2

t1

� (t)

Z t

0

h (t� s) (ru (s) ;ru (t)) dsdt� a
Z t2

t1

� (t)
�
jut (t)jm�2 ut (t) ; u (t)

�
dt

+

Z t2

t1

� (t) (h � ru) (t) dt�
Z t2

t1

� (t)

Z t

0

h (s) ds kru (t)k22 dt

+

Z t2

t1

� (t) (yt (t) ; u (t))�0 dt+

Z t2

t1

� (t)

Z
�0

� (x) y2 (t) dsdt: (2.25)

Since Z t2

t1

� (t)

Z t

0

h (t� s) (ru (s) ;ru (t)) dsdt�
Z t1

t2

� (t)

Z t

0

h (s) ds kru (t)k22

=

Z t2

t1

� (t)

Z t

0

h (t� s) (ru (s)�ru (t) ;ru (t)) dsdt;

we can write (2:25) as

2

Z t2

t1

� (t)E (t) dt+
2� p
p

Z t2

t1

� (t) ku (t)kpp dt

� 2

Z t2

t1

� (t) kut (t)k22 dt+
Z t2

t1

�0 (t) (ut (t) ; u (t)) dt� � (t) (ut (t) ; u (t))jt2t1

+

Z t2

t1

� (t)

Z t

0

h (t� s) (ru (s) ;ru (t)) dsdt� a
Z t2

t1

� (t)
�
jut (t)jm�2 ut (t) ; u (t)

�
dt

+

Z t2

t1

� (t)

Z t

0

h (t� s) (ru (s) ;ru (t)) dsdt+
Z t2

t1

� (t) (yt (t) ; u (t))�0 dt

+

Z t2

t1

� (t)

Z
�0

� (x) y2 (t) dsdt:

= : J1 + J2 + J3 + J4 + J5 + J6 + J7 + J8: (2.26)

By Lemma 2.3, we have

2

Z t2

t1

� (t)E (t) dt+
2� p
p

Z t2

t1

� (t) ku (t)kpp dt � (2� 2k)
Z t2

t1

� (t)E (t) dt:

Next, we shall estimate every term of the right-hand side of (2:26). First,by the Young inequality

and Lemmas 2.1, we can write

j(ut; u)j =
Z



utudx �
1

2

�Z



utdx

�2
+
1

2

�Z



udx

�2
� 1

2
kutk22 +

1

2
kuk22 �

1

2

�
kutk22 + c2� kruk

2
2

�
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by Lemma (2:2) we have

E (t) � 1

2
kutk22

by Lemma (2:3)

E (t) �
�
1

2
� 1
p

�
l kruk22

implies that

kruk22 �
2p

(p� 2) lE (t)

applying young inquality and Lemma 2.1

j(ut; u)j �
1

2

�
kutk22 + kuk

2
2

�
� 1

2

�
kutk22 + c2� kruk

2
2

�
�
�
1 +

c2�p

(p� 2) l

�
E (t) :

which, together with Lemma 2.2 and the definition of ' (t), implies
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where c1 = 1 + c2�p= ((p� 2) l) :
Using the Holder and Young inequalities, we obtain����Z
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which, together with Lemmas 2.2, 2.3 implies
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where c2 = 2pc (m) = (ml (p� 2)).
Applying (A2) and Lemma 2.3, we obtain
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It follows from Lemmas 2.1, 2.2, and 2.3 and Assumption (A3) that, for all � > 0, we have
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where c3 = p�= (l (p� 2)).
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Using (2:4), the Holder and Cauchy inequalities, and Lemma 2.1, we obtainZ
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which, together with(2:31) and Lemmas 2.2 and 2.3, implies
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Let us estimate the first term on the right-and side of (2.11). Multiplying (2:1) by
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Note that
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Now, we estimate the terms on the right-hand side of (2:35). By virtue of the Young inequal-

ity,Lemmas 2.2 and 2.3, formula (2.30), and Assumption (A1) (where M(s) is a positive c1-

function), we have
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Using the Holder and Cauchy inequalities and Lemmas 2.2 and 2.3, we obtain
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The Holder and Cauchy inequalities, Lemma 2.2, and (2.30) imply
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By the Holder inequality and Lemmas 2.1 and 2.11, we have
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which, together with Lemma 2.2, implies
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By the Holder inequality and Lemmas 2.2 and 2.3, we can writeZ t
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Using the Holder and Cauchy inequalities and Lemmas 2.1 and 2.2, we obtain
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Using the Holder and Cauchy inequalities and (2.12), we see thatZ t
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Combining Lemma 2.3, (2:26)–(2:32), and (2:45), we obtain
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Then, choosing � > 0 small enough, we conclude from (2.46) thatZ t2

t1

� (t)E (t) dt � C1� (0)E (t1) +
Z t2

t1

� (t) (h � ru) (t) dt, (2.47)

where C1 is a positive constant.

Case 1 : � =1 . Setting � (t) = 1 in (3.37), we see from Lemma 3.1 thatZ t2

t1

h � ru (t) dt � �"
Z t2

t1

h0 � ru (t) dt � 2"E (t1) ,

that is, Z t2

t1

E (t) dt � CE (t1) . (2.48)

Now, letting t2 �!1 in (2:47), we obtainZ 1

t1

E (t) dt � CE (t1) for all t1 > t0.

Therefore, by Lemma 2.4, we have

E (t) � E (0) exp
�
1� t

C + t0

�
for t � 0.

Case 2: � 2 (2;1) . Setting � (t) = Em=� (t) , n � 1 in (2:46), taking into account Assumption

(A2),and using the Holder inequality and Lemma 2.2, we obtainZ t2

t1

Em=� (t)h � ru (t) dt

=

Z t2

t1

Em=� (t)

Z t

0

h(m�1)=(�+m) (t� s) kru (s)�ru (t)k2m=(�+m)2

�h1�(m�1)=(�+m) (t� s) kru (s)�ru (t)k
2p=(�+m)

2 dsdt
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�
Z t2

t1

Em=� (t)

�Z t

0

h1�1=m (t� s) kru (s)�ru (t)k22 ds
�m=(�+m)

�
�Z t

0

h1+1=� (t� s) kru (s)�ru (t)k22 ds
��=(�+m)

dt

�
�Z t2

t1

E1+m=� (t)

�Z t

0

h1�1=m (t� s) kru (s)�ru (t)k22 ds
�
dt

�m=(�+m)
�
�Z t2

t1

�Z t

0

h1+1=� (t� s) kru (s)�ru (t)k22 ds
�
dt

��=(�+m)

� 1

"�=(�+m)

�Z t2

t1

E1+m=� (t)

�Z t

0

h1�1=m (t� s) kru (s)�ru (t)k22 ds
�
dt

�m=(�+m)

�
�
�
Z t2

t1

(h0 � ru) (t) dt
��=(�+m)

�
�
2

"

��=(�+m)�Z t2

t1

E1+m=� (t)

�Z t

0

h1�1=m (t� s) kru (s)�ru (t)k22 ds
�
dt

�m=(�+m)
�E�=(�+m)

(t1) : (2.49)

For any m � 1, we define

'm (t) :=

Z t

0

h1�1=m (t� s) kru (s)�ru (t)k22 ds;

so that 'm (t) is bounded. Indeed, thanks to Remark 2.2, we know that h1=2 2 L1 (0;1), since

� > 2. Hence, recalling Lemma 2.3, we obtain

j'2 (t)j � C
Z t

0

h1=2 (t� s) (E (s) + E (t)) ds � 2C
Z 1

0

h1=2dsE (0) for all t � 0;

Thus,

k'2k1 � cE (0) ; (2.50)

as claimed.

Owing to (2.49) and (2.50), we haveZ t2

t1

E2=� (t)h � ru (t) dt � c

�Z t2

t1

E2=� (t) dt

�2=(�+2)
k'2k

2=(�+2)

1 k'2k
2=(�+2)
1 E�=(�+2) (t1)

� �

Z t2

t1

E1+2=� (t) dt+ c (�) k'2k
2=�
1 E (t1) : (2.51)
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Thanks to (2.51), for � > 0 small enough, (2.47) with ' (t) = E2=� (t)becomesZ t2

t1

E1+2=� (t) dt � cE2=� (0)E (t1) for all t1 > t0: (2.52)

Letting t2 !1 in (2:52) and applying Lemma 2.5, we obtain

E (t) � E (0)
�
(t0 + c) (2 + �)

2t+ � (t0 + c)

��=2
for all t � 0: (2.53)

Recalling Lemma 2.3 and the fact that� > 2 and using (2:53), we obtain

j'1 (t)j �
Z t

0

kru (s)�ru (t)k22 ds �
4

l (p� 2)

�Z 1

0

E (s) ds+ tE (t)

�
� cE (0) : (2.54)

Owing to (2:49) and (2:54), we haveZ t2

t1

E1=� (t)h � ru (t) dt � C

�Z t2

t1

E1+1=� (t) dt

�1=(�+1)
k'1k

1=(�+1)

1 E�=(�+1) (t1)

� �

Z t2

t2

E1+1=� (t) dt+ c (�) k'1k
1=�
1 E (t1) : (2.55)

Thanks to (2.55), for � > 0 small enough, we know that (3.37) with � (t) = E1=� (t) becomesZ t2

t1

E1+1=� (t) dt � cE1=� (0)E (t1) for all t1 > t0: (2.56)

As above, letting t2 !1 in (3.46), we can writeZ 1

t1

E1+1=� (t) dt � cE1=� (0)E (t1) for all t1 > t0:

Letting t2 !1in (2:56)and applying Lemma 2.3, we obtain

E (t) � E (0)
�
(t0 + c) (1 + �)

t+ � (t0 + c)

��
for all t � 0:
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Conclusion

The study of the dynamic properties over time of the solutions of nonlinear evolution equations

with acoustic control boundary conditions has aroused the interest of many mathematicians for

a long time. Instead of using a lyapunov-type technique for some pertubed energy, a new active

method, due to komornik is presented so as to achieve arbitrily large decay rate for the energy of

the problem.
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