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Abstract

The object of this thesis is to study the existence of weak positive solutions to Kirchhoff’s
elliptic problems by using the Sub-supersolution method.

The problem that studied is called nonlocal due to the presence of the Kirchhoff operator
M(J, ﬁ|Vu|p ) dz),where M is a continuous and increasing function on RT and its values are
completely positive.This means that the equation is no longer point-identical. This causes some
mathematical difficulties that make studying such a problem interesting.

It is for this reason that we have performed confining the solution with two weak positive
solutions using the Sub-supersolution method.

Keywords: weak solution,subsolution,supersolution,the Kirchhoft operator.



Résumé

L’objet de cette thése est d’étudier 'existence de solutions faiblement positives aux problémes
elliptiques de Kirchhoff par la méthode de sous-supersolution.

Le probléme que nous avons étudié est dit non local du fait de la présence de I'opérateur
de Kirchhoff M([, ﬁ\vuv’ @dz), 0 M est une fonction continue et croissante sur R et
ses valeurs sont complétement positives.Cela signifie que I’équation n’est plus la méme en un
point.Cela conduit & des difficultés mathématiques qui rendent intéressante 1’étude d’un tel
probléme.

C’est pour cette raison que nous avons réalisé le confinement de la solution avec deux
solutions faiblement positives en utilisant la méthode de sous-supersolution.

Mots clés: solution faible,sous-solution,supersolution,l’opérateur de Kirchhoff.
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General introduction

The study of nonlinear elliptic equations with quasilinear homogeneous type operators such
as the p-Laplace operator can be performed basing on the theory of standard Sobolev spaces
W™P and thus weak solutions can be found.These spaces are made up of functions which have
weak derivatives and satisfy some integrability conditions.Hence,in the case of nonhomogen-
eous p (z)-Laplace operators,the normal framework for this approach is the use of the so-called
variable exponent Sobolev spaces.The general idea consists of replacing the Lebesgue spaces
L? (Q) by more general spaces LP(*) (Q),called variable exponent Lebesgue spaces.The result-
ing space will be denoted by W™ () and called a variable exponent Sobolev space if the
role played by L? () in the definition of the Sobolev spaces W@ () is assigned rather
to a variable Lebesgue space LP(®) (Q).Lot of properties of Sobolev spaces were extended to
Orlicz—Sobolev spaces,especially by O’Neill [46] (excellent account of those works can be found
with Adams [3] ). The spaces LP@ (2) and W™P®) (Q) have been closely studied in the works
published by Edmunds et al ([19];[18]) and the paper of Musielak [44],as well as in Kovacik
and Rkosnk,Mihailescu and Radulescu ([38];[43]],and Samko and Vakulov [50].In the last dec-
ades, Variable Sobolev spaces have been used in several domains to model various phenomena.As
major application,Chen,Levine and Rao [I3] have presented a framework for image restora-
tion,which is based on a variable exponent Laplacian.Moreover,modelling of electrorheological
fluids (also referred to as smart fluids) is highly considered as an important application which
adopts nonhomogeneous Laplace operators.In fact,since the middle of the last century,several
experimental studies for different materials relying on such an advanced theory have been
carried out.We may consider the works of WillisWinslow in 1949 as the most important discov-

ery in electrorheological fluids,showing that their viscosity depends on the electric field in the
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fluid,which is an interesting property.Thus,they were able to increase the viscosity by up to five
orders of magnitude,and the phenomenon has been known as the Winslow effect.Some more
technical applications are showed by Pfeiffer et al.[49] and a general account of the underlying
physics can be found with Halsey[32].

Our approach to this thesis is based on the method of sub and super-solutions.The concepts
of sub- and super-solution were introduced by Nagumo (Proc Phys—Math Soc Jpnl9 : 861 —
866, 1937) in 1937 who proved,using also the shooting method,the existence of at least one
solution for a class of nonlinear Sturm-Liouville problems.In fact,the premises of the sub and
super-solution method can be traced back to Picard.He applied,in the early 1880s,the method
of successive approximations to argue the existence of solutions for nonlinear elliptic equations
that are suitable perturbations of uniquely solvable linear problems.This is the starting point of
the use of sub-and super-solutions in connection with monotone methods.Picard’s techniques
were applied later by Poincaré (J Math Pures Appl 4:137230,1898) in connection with problems
arising in astrophysics.

Since the structure of the p (x) —Laplace is more complicated than that of the p—Laplace
operator,such as it is nonhomogeneous,the extension from p-Laplace operator to p () —Laplace
operator will not be well-worn.Furthermore,many methods for p—Laplacian are not true for the

p (z) —Laplacian; for instance,if €2 is bounded,then the Rayleigh quotient

(x)
o Iﬁ]VUVJ dx

Ap(z)= (0.1)

ueW(}”}(“’)(Q)/{O} f9$|u|p(’”)d9:
is zero generally,and as it is shown in [21],)\,() would be positive only under some special
conditions.In spite of the fact that the first eigenvalue and the first eigenfunction of the
p (z) —Laplacian may not be existing,having a positive first eigenvalue A\, and getting the first
eigenfunction are very interesting in the study of p—Laplacian problem.Hence,discussing the ex-
istence of solutions of variable exponent problems has more problems.The existence of positive

weak solutions for the following p-Laplacian problem is considered in [31]

—Aju=Af (v) in Q,
—Aypu=XAg(u) in €, (0.2)
u=v=10 on 0f),

where the first eigenfunction has been used to construct the subsolution of p—Laplacian prob-
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lem.Under the condition that

1

(Mg )

u——+00 up—1

) =0, for all M> 0, (0.3)

the authors gave the existence of positive solutions for problem (0.2)) provided that X is large
enough.In [I1],the existence and nonexistence of positive weak solutions to the following quasi-
linear elliptic system

—Apu=Au®v? in Q,

—Ao=u’v?  in Q, (0.4)

u=v= 0 on 0f),

has been considered where the first eigenfunction has been used to construct the subsolution
of problem and he obtained the following results:

(i) If a, B > 0,7,6> 0,0=(p—1—«) (¢—1—F) —y0> 0,then the problem has a positive
weak solution for each \> 0.

(ii) If 0= 0 and py=q (p—1—a),then there exists Ag> 0 such that for 0 <A<\g,then prob-
lem has no nontrivial nonnegative weak solution.For further generalizations of system
(0.4) we refer to [9] and [27].As described previously,among the p () —Laplacian problems,the
first eigenvalue and the first eigenfunction of the p (x) —Laplacian may not be existing even
if there is a first eigenfunction of the p (z) —Laplacian.Owing to the nonhomogeneous of the
p (z) —Laplacian,the first eigenfunction would not be used in the construction of the subso-
lutions of p (z) —Laplacian problems.Furthermore,some symmetry conditions are imposed in
[4],153],[54] in order to study the existence of solutions for the problem (0.2).Moreover,the ex-

istence of positive solutions of the system is investigated in [55]

—Apyu=N" f (v)  in Q,
—Ap(x)v:)\p(z)g (u) in £, (0.5)
u=v= 0 on 0,

without any symmetry conditions.Motivated by the ideas introduced in [55] and [30],where the
authors in [55] proved the existence of a positive solution when A is large enough and satisfies
the condition and they did not assume any symmetric condition,and did not assume any
sign condition on f(0) and ¢(0).Also the authors proved the existence of positive solutions with

multiparameter.



in this thesis,we extend this given system of differential equations,

—-M (ﬁ o |Vu|p(z)dx> Apyu= X" [\a (z) f (v) +pe () b (u)] in Q,
M (zﬁ I yvv\pmdx) Aoy 0=NT) M\ob () g (1) +p1pd (2) 7 (v)]  in Q
u=v= 10 on 0f,

where 0 C R” is a bounded smooth domain with C? boundary 9,1 <p € C! (ﬁ) is a func-
tions with 1 <p™:=infop (z) < pT:=supqp (z) <oco,and A,y u=div (\Vu\p(‘r)_QVu> is called
p(x)—Laplacian,and M ( o ﬁ\vuv’ (x)dx) is called Kirchhoff operator where M is a continu-
ous and increasing function on R* and its values are completely positive.

A, A1, Ag, g and i, are positive parameters,and f,g,h,7 are monotone functions in [0, +00|
such that

lim f(u)= lim g(u)= lim h(u)= lim 7 (u)= +o0,

U——-+00 U——+00 U——+00 U——+00

and satisfying some natural growth condition at u=oc.

An extension of the previous studies and with the same method used in modeling physical

phenomena,we generalized the following Kirchhoff equation:

ou

d%u P, E L_
ox

o\ "aL

2 2
dx) %: 0 (0.6)

presented by Kirchhoff in 1883,see [37] This equation is an extension of the classical d’Alembert’s
wave equation by considering the effect of the changes in the length of the string during the
vibrations.The parameters in ;have the following meanings: L is the length of the string,h
is the area of the cross-section,F is the Young modulus of the material,p is the mass density,and
Py is the initial tension.
In this thesis we have divided it into three chapters as :

Chapter 1 : We present the concepts and theories that where used in the remaining chapters
of the thesis

Chapter 2 : We studied the following system of differential equations

—A ([, |Vu*dz) Au=Na () f (v) +p 8 (z) h(u) in Q,
-B ([, \Vv|2dx) Av=N\yy (z) g (u) +pyn (x) 7 (v) in Q, (0.7)
u=v= 10 on 0f2,

x1



where Q C RY (N > 3) is a bounded smooth domain with C? boundary 9Q,and A,B :RT — R*
are continuous functions,«, 3,v,n € C (ﬁ) A1, A2, fiq,and i, are nonnegative parameters.

Since the first equation in contains an integral over (),it is no longer a pointwise
identity; therefore it is often called nonlocal problem.This problem models several physical and
biological systems,where u describes a process which depends on the average of itself,such as
the population density,

By imposing five conditions on the case data,

A, B: Rt — R" are two continuous and increasing functions and there exists

Ay)
a;, b;> 0,i=1,2,such that a; < A(t) < ag,by < B(t) < by for all t € RT.
(Ay) o, B,v,m € C(ﬁ) and for all x € Q
2
a(z) > ap> 0,8 (z) > By> 0,7 () > 79> 0,7 (2) > o> 0.
f,g,h,and 7 are continuous on [0, +oo[,C' on (0, +00),and increasing functions
(Asz) limy oo f () = 400, limy 1 g () = 400,

such that
lim; o0 h (t) = 400, limy, o 7 (t) = +00.

(Ag) It holds that lim,_, o PEWEII— 0 for all K> 0.

t

(A5)  limy oo "O=1lim,_ o, U= 0.
we have reached the following main conclusion :
Theorem 0.1 .Assume that the conditions (Ay)—(As) hold,and M is a nonincreasing function

atisfying ( 2.3). Then for A\jag + 11,8, and Aoy + psano are large then problem has a large

positive weak solution.

Finally,in Chapter Three,we examined the following Kirchhoff elliptic system of differential

equations

~M (5 fo IVl ) Ayyu=n") Na (2) f (v) +me (2) A ()] in ©,
M (55 Jo [V0P ) By=X [Mab () g (1) +15 (1) 7 ()] in 2, (0.8)
u=v= 10 on 0,
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where © C R is a bounded smooth domain with C? boundary 9,1 <p € C* (©2) is a func-
tions with 1 <p~:=infop (z) < phi=supgp (z) <oco,and A, yu=div <|Vu\p(x)_2Vu) is called
p(x)—Laplacian,and M ( Jo $|Vu|p (x)dx> is called Kirchhoff operator where M is a continu-
ous and increasing function on R* and its values are completely positive.

A, A1, Ag, g and p, are positive parameters,and f,g,h,7 are monotone functions in [0, +00|
such that

lim f(u)= lim g¢g(u)= lim h(u)= lim 7 (u)= +oo,

U—-+00 U——+00 U—-+00 U—-+00

and satisfying some natural growth condition at u=oc.

When certain conditions are met about the data of the problem,

(Hy) M:|0,+00) — [mg,o0] is a continuous and increasing function with mg> 0.

(Hy) peC! (ﬁ) and 1 <p~ < p™*.

f,9,h,7:]0,+00[ — R are C'', monotone functions such that

(H3)
1y oo f (u) = limy sy oo g (1) =1imy—jo0 b (v) =limy, 40 7 (u) = +o00.
1
f<L(g(u))p—_1>
<H4) limu_u,_oo?: O, for all L> 0.
(Hs)  Timy oo~ = 0, 1imy, 400 —2= 0.

uP uP

a,b,c,d :Q — (0,400) are continuous functions,such that
(Hs) ar=min, ga(r),bj=min, gb(z),c;=min,gc(z),d=min, gd(z),

as=max,.qa(r),by=max,qb(z),coc=max, qc(x),ds=max,qd(x).

We arrive at the main conclusion

Theorem 0.2 Assume that the conditions (Hy) — (Hg) are satisfied. Then problem has a

positive solution when A is large enough.

At the end of the thesis,we presented some prospects that we aspire to generalize our search

results to wider spaces.
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CHAPTER 1

\_Concepts about Lebesgue and Sobolev spaces with variable exponents.



Chapter 1. Concepts about Lebesgue and Sobolev spaces with
variable exponents.

1.1 History of function spaces with variable exponents.

One of the reasons for the huge development of the theory of classical Lebesgue and Sobolev
spaces LP and WP (where 1 < p < oo) is the description of many phenomena arising in
applied sciences.For instance,many materials can be modeled with sufficient accuracy using the
function spaces LP and WP where p is a fixed constant.For some nonhomogeneous materials,for
instance electrorheological fluids (sometimes referred to as “smart fluids”),this approach is
not adequate,but rather the exponent p should be allowed to vary.This leads us to the study
of variable exponent Lebesgue and Sobolev spaces,LP®) and WP where p is a real-valued
function.

Variable exponent Lebesgue spaces appeared in the literature in 1931 in the paper by Orlicz
[47].He was interested in the study of function spaces that contain all measurable functions

u : £ — R such that

p(vu) = / o fu (2))de (L.1)

for some A > 0 and ¢ satisfying some natural assumptions,where ) is an open set in R".This
space is denoted by L¥ and it is now called Orlicz space.

However,we point out that in [47] the case [u["™ corresponding to variable exponents was not
included.In the 1950’s these problems were systematically studied by Nakano [45],who developed
the theory of modular function spaces.Nakano explicitly mentioned variable exponent Lebesgue
spaces as an example of more general spaces he considered,see Nakano [45, p 284].Later,Polish
mathematicians investigated the modular function spaces,see Musielak [44].Variable exponent
Lebesgue spaces on the real line have been independently developed by Russian researchers.In
that context,we refer to the work of Tsenov [52] and Sharapudinov [51].They were interested

in the minimization of functionals like

/ lu(z) — v(x)[P@dz (1.2)

where v is a given function and v varies over a finite dimensional subspace of LP(®)[a, b].Zhikov
[57) started a new direction of investigation,which created the relationship between spaces
with variable exponent and variational integrals with nonstandard growth conditions.We also

point out the contributions of Marcellini [42],who studied minimization problems with (p;q)-




Chapter 1. Concepts about Lebesgue and Sobolev spaces with
variable exponents.

growth,namely

z'nf/QF(x,|Vu])da: (1.3)

where t? < F(z,t) < t7+4 1 for all ¢ > 0.The case corresponding to the variable exponent
corresponds to F(xz,t) = t*") where p: Q — (1,00) is a bounded function.

In 1991,Kovacik and Rakosnik [38] established several basic properties of spaces L? (2)
and, W' (Q) with variable exponents.Their results were extended by Fan and Zhao [26] in
the framework of Sobolev spacesW™? (Q).Pioneering regularity results for functionals with
nonstandard growth are due to Acerbi and Mingione [1].Density of smooth functions in WP (Q2)
and related Sobolev embedding properties are due to Edmunds and Rakosnik [18].

We also point out the important contributions of the Finnish research group on variable
exponent spaces and image processing,whose main goal was to study nonlinear potential the-
ory in variable exponent Sobolev spaces.The abstract theory of Lebesgue and Sobolev spaces
with variable exponents was developed in the monograph by Diening,Harjulehto,H dsto,and
Ruzicka [I7].The study of differential equations and variational problems involving p(z)-growth
conditions is a consequence of their applications.In 1920 Bingham was surprised to discover
that some paints do not run like honey.He studied such a behavior and described a strange
phenomenon.There are fluids that first flow,then stop spontaneously (Bingham fluids).Inside
them,the forces that create the flows reach a threshold.As this threshold is not reached,the fluid
flow deforms as a solid.Invented in the 17th century,the “Flemish medium” makes painting oil
thixotropic: it flows under pressure of the brush,but freezes as soon as you leave it to rest.While
the exact composition of the Flemish medium remains unknown,it is known that the bonds form
gradually between its components,which is why the picture freezes in a few minutes. Thanks to
this wonderful medium,Rubens was able to paint La Kermesse in only 24 hours.

Recent systematic study of partial differential equations with variable exponents was motiv-
ated by the description of several relevant models in electrorheological and thermorheological
fluids,image processing,or robotics.In what follows,we give two relevant examples that justify
the mathematical study of models involving variable exponents.The first example is due to
Chen,Levine,Rao [12] and it concerns applications to image restoration.Let us consider an in-

put I that corresponds to shades of gray in a domain C R2.




Chapter 1. Concepts about Lebesgue and Sobolev spaces with
variable exponents.

1.2 Lebesgue spaces with variable exponents.

We write ' = {u : u is a measurable function in Q}.suth that  C R™ be a measurable subset
and meas €2 > 0
Elements in £ that are equal to each other almost everywhere are considered as one element.

Let p € E.In the following discussion we always assume that v € F and write

d(z,s) =" Ve e Qs >0 (1.4)
pla) = pyla) = [ ol fulde = [ Juta) (15)
LPOQ) ={ueE: Jlim_p(Au) = 0} (1.6)
L§(©Q) = {u € E : p(u) < o0} (1.7)
LPDQ) = {ue E:VA>0,p(Mu) < oo} (1.8)
LP(Q) = {u € L®(Q) : ess inf u > 1} (1.9)

It is easy to see that the function ¢ defined above belongs to the class ®,which is defined in
[22,p.33],i.e.,¢ satisfies the following two conditions:

1) For all z € Q,¢(z, ) : [0,00) — R is a nondecreasing continuous function with ¢(z,0) =0

and ¢(z,s) > 0 whenever s > 0; ¢(z,s) — oo when s — oo.

2) For every s > 0,¢(.,s) € E.Obviously,¢ is convex in s.

In view of the definition in [44],p is a convex modular over Ei.e.,p: E — [0, o0] verifies the

following properties (a) — (c¢)
() p(u) =0 u=0,

(b) p(—u) = p(u),

(¢) plau+ Bv) < ap(u) + Bp(v) Yu,w € ENVa, > 0,a+ 5 = 1.

and thus by [44],L7*)(Q) is a Nakano space,which is a special kind of Musielak-Orlicz

space. L2 (Q) is a kind of generalized Orlicz class.It is easy to see that LP(®)(Q) is a linear




Chapter 1. Concepts about Lebesgue and Sobolev spaces with
variable exponents.

subspace of E,and L™ () is a convex subset of LP(*)(€2).In general we have
LP(Q) ¢ 12(Q) ¢ LP0)(Q)
By the properties of ¢(z, s) we also have
LPO(Q) = {u e E:3IN> 0, p(\u) < oo}
Theorem 1.1 ([26])The following two conditions are equivalent:

1) pe L2,
2) LM(Q) = LF@(Q).

Proof
1) = 2) is obvious.
2) = 1).If 1) is not true,then we can take a sequence {I,,} of disjoint subsets of 2 with positive
measure such that p(z) > m for x € I,,,.Choosing an increasing sequence {u,,} C (0,00) such

that u,, — oo as m — oo,we can find k,, satisfying the inequality

" 1
/ ui( Ve > —
I, m 2m

By the absolute continuity of integral,we can shrink 7,, to €2, such that

/ uif:)dx = 2"

Denote by xq () the characteristic function of €,,,i.e

1 of 2€Q,

Xaq,, (z) = ,
0 if x¢Qp,

if we write

wl@) = [ un,xa, @)

m=1

o0 o0 1
/ lug () [P@ dx = / / ui(x)da: = / — =1
Q n=1JQ, " n=1 2"

then we have




Chapter 1. Concepts about Lebesgue and Sobolev spaces with
variable exponents.

/]2uo |px)dx—/ /2p p(xdx>/ 2"/ uk Dz = 0o
n=1 n n

thus we have uy € LP@®(Q),but ug ¢ Lll’(x)(Q).This contradicts condition (2),and we complete

the proof. m

From now on we only consider the case where p € LY(€2),i.e.,
1 <p =:essinf p(z) < esssup p(z) = p" < o0 (1.10)

For simplicity we write £, = LP@(Q) = Lg(x)(Q) = L’f(x)(ﬂ),and we call LP®)(Q)) generalized

Lebesgue spaces.By [44],we can introduce the norm || u || 1p@) o) on E, (denoted by | u ||,) as

lull= it 2>0:0(5) <1}

and (E,, | . ||,) becomes a Banach space.lt is not hard to see that under condition (1.10),p

satisfies

(d) plu+u) <27 (p(u) + p(w)); ¥ u € E,.
(e) For u € E,,if A > 1,we have

+

p (W) < Ap (W) (S N p () (< p (M) < N p ()
and if 0 < A\ < 1,we have

Mo (u) < p(Au) <N p(u) < Ap(u) < p(u)

(f) Forevery fixed u € E,\{0},p(Au) is a continuous convex even function in A,and it increases

strictly when A € [0, c0)
By property (f) and the definition of || u ||,,we have

Theorem 1.2 ([26]) Let uw € E,\{0}; then

| wl,= azfandonlyzfp() 1

The norm || u ||, is in close relation with the modular p(u).We have
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Theorem 1.3 ([26]) Let u € E,; then
D Jul,<l(=1>1)epu) <1l(=1;>1),
2) If | ully> 1 then | u 7" < p(u) <[l llf,

3) If |l ullp< Lthen | u|5" < plu) <[ u .

Proof
From (f) and Theorem 1.2 we can obtain 1).We only prove 2) below,as the proof of 3) is
similar. Assume that || u ||,= a > 1,by Theorem 1.2,p(%) = 1.Notice that 2 < 1,by (e).We have

1

U 1
FP(U) < P(a) =1< —

praldC)

so we obtain 2). m

Theorem 1.4 ([26]) Let u,u, € E,k = 1,2,... Then the following statements are equivalent

to each other
1) limp—oo || up —u ||, =0,

2) limy— o0 p(ur, — u) =0,

3) uy converges to u in  in measure and limy_, p(ur) = p(u).

Proof
The equivalence of 1) and 2) can be obtained from Theorem 1.6 in [44] and the property e) of
p stated above.Now we prove the equiva lence of 2) and 3).If 2) holds,i.e.,

lim / | up — ufP@dr =0
Q

k—o0

then it is easy to see that u; converges to u in 2 in measure; thus |u;|?® converges to |u[P(®)

in measure.Using the inequality
g [P < 27 Y|y, — ul[P@ 4 |ulP@)

and using the Vitali convergence theorem of integral we deduce that p(ux) — p(u),s0 3 )
holds.On the other hand,if 3) holds,we can deduce that |u; — u|[P™® converges to 0 in  in

measure.By the inequality

up — ulP® < 227 (|, [P 4 |ufP@)
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and condition p(uz) — p(u),we get lim ,_,oop(us, — u) = 0.For arbitrary u € LP®)(Q),let

u(z), if |u(z)] <n,

0, if |lu(z)| > n.

un(x) =

It is easy to see that lim ,,_,.op(u,(z) —u(z)) =0. =

so by Theorem 1.4 we get

Theorem 1.5 ([26])

The set of all bounded measurable functions over Q is dense in (LP®(Q),] . ,)-

For every fixed s > 0,under condition ([1.10)),the function ¢ (.,s) is local integral in €2; thus
by Theorem 7.7 and 7.10 in [44],we get

Theorem 1.6 ([/4])The space (LP@(Q), || . ||,) is separable.
By Theorem 7.6 in [44] we have

Theorem 1.7 ([/]|])The set S consisting of all simple integral functions over Q) is dense in the
space (LX(Q). ] . |,).

When 2 C R"™ is an open subset,for every element in S,we can approximate it in the means

of norm || - ||, by the elements in C§°(2) through the standard method of mollifiers,so we have

Theorem 1.8 ([/]))
If Q C R™ is an open subset,then C3°(Y) is dense in the space (LP@(Q),] . |,)-

We now discuss the uniform convexity of LP(*)(Q).First we give the following conclusion:

Lemma 1.1 (/26]).Let p(z) > 1 be bounded. Then ¢(x, s) = sP@) is strongly convex with respect
to s ; i.e.,for arbitrary a € (0,1),there is d(a) € (0,1) such that for all s > 0 and b € [0, a],the
1equality holds.

$ <x ! : bs) < (1-5(a)) 212) *;b (z,bs) (1.11)

Proof
We rewrite ((1.11) as

145\ 1+ pr@)
(T) < (- oa) ]

8
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It is easy to see that for almost all z €  and b € [0, 1),we always have

1-b

p(x) ®)
<T) < (1+ D)2 (1.12)

Let

0,(t) = (%) P/ (14 7)) /2

It is not hard to prove that for almost all € ,0(t) increases strictly in [0, 1).We only need to

prove that the inequality
0.(a) <1—9(a)

holds.If this is not so,then we can find a sequence {x,} of points in {2 such that

lim 6, (a) =1

n—oo

thus we can choose a convergence subsequence p(z,,) of p(z,,) that still verifies

lim 0, (a) =1

Setting

p*= lim p(z,;) € [p,p

']

we get

(1;a)p* — (1+a")/2n,

which is a contradiction.Thus we must have
SUp,cqf(a) <1
i.e.there is d(a) € (0,1) such that for almost all = € Q,we have
0(a) <1—d(a)

This completes the proof. m
By Lemma 1.1 and Theorem 11.6 in [44],we can get immediately

Theorem 1.9 ([74]).If p~ > 1,p™ < 0o,then LP®)(Q) is uniform convexr and thus is reflexive.

9
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Now we give an imbedding result.

Theorem 1.10 ([26]).Let meas Q@ < oo,pi(z),p2(x) € E,and let condition be satis-
fied. Then the necessary and sufficient condition for LP*@)(Q) c LP*(®)(Q) is that for almost all

x € Q we haue p1(z) < po(x),and in this case,the imbedding is continuous.

The norm || . ||, of LP®)(€2) defined before is usually called the Luxem-bury norm.We can

introduce another norm p as
Hu||;:inf{)\(1+p<§)>,)\>0} (1.13)
This is called the Amemiya norm.The above two norms are equivalent; they satisfy
Full<lwlly, <2 wll,,Vue LF(Q)
A simple calculation shows that if p(x) = p is a constant and we write
I o= (| fu(o)Pda)

then we have

I u =1l ey | w1l =2 | w o)

If p~ > 1,we can also introduce the so-called Orlicz norm as

Py (v) < 10 (@) € L1 (Q)}

il = 0| [ 0ty ()

and we have

L o< ul,< 2| ull, Yu € LP(Q)

so || u ||'p is equivalent to || u ||, and u p.For the norm || u ||,,we have the Holder inequality

|/ z)dz| <|| u pr(I)H ||/p ( ),Vu(m) c [P@ (Q),v(z) € Lq(x)(Q)

and therefore we have

'/ )de] < 2wl 10, Vulz) € P0(Q),v(z) € L1(Q)

10
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Where

oty
p(z)  qlz)

Definition 1.1 Let u € LP®@)(Q),let D C Q be a measurable subset,and let xp, be the char-

acteristic function of E.If limyeas p—o || w(z) xp(X) ||,= 0 then we say that u is absolutely

continuous with respect to norm || . ||, .
Theorem 1.11 ([26]) u € LP@)(Q) is absolutely continuous with respect to norm || . ||,.

As IP(Q) = {u € E: VA >0, p(Au) < oo} for arbitrary s > 0,we have p(%) < co.Let

u(z), if |u(z)| <n,
0, if |u(x)| > n.

un(x) =

Then by Theorem 1.5,we can take /N such that

lw—uy |[<

DN ™

Because uy(x) is bounded,we can find 6 > 0 such that when meas D < §,we have

| ux(@)xn(@) < 5.

and thus we get

[ u(z)xp (@) <[l (u = un(z)xp(@) [, + | un(2)xp(@) < e

Let « € F and 0 < a < a(r) < b < oo,where a and b are positive constants.Setting ¢, :
Qx Rt — R" as

0oz, 5) = afx)p(z,5) = Oé(aj)sp(x).

Similar to the definition of p and FE, let

palu) = / a2, Ju(z) )z,

and

E, ={ucE : i \u) = 0}.
b = W€ E 1 lim p,(hu) =0}

11
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By

a p(x,5) < @o(x,5) < bp(, )

And

a p(u) < po(u) < bp(u)
We have E, = E, = LP@(Q).If we define the norm || . ||, of E, as before,

u

| flp, = inf A >0 py (5

) <1} (1.14)

it is easy to see that || . ||,, and || . ||, are equivalent norms on F,.

Let us begin to discuss the conjugate space of LP()(€),i.e.,the space (L") (Q))* consisting
of all continuous linear functionals over LP)(€2).We suppose that p(z) satisfies condition
and p~ > 1.By the definition in [18,p.33] (z, s) = s?(*) belongs to the class ®,and for z € Q,p

is convex in s and satisfies

(0) : lim AL

s—0t S

=0

(c0) : lim ¢l 9)

5—00 S

Let o, (z,s) = Iﬁsp(“’”).Then ¢, also belongs to the class ®.Writing

mwzﬁﬁmmmmm

u

| ull,,=inf {A>0: pp()\

) <1}

| u ||, is an equivalent norm on LP@)(€2).Obviously,the Young’s conjuga tive function of ¢, is

1
P, 5) = — 510
g q()
where ¢(x) is the conjugative function of p(x),i.e.,ﬁ + Wlm) = 1.It is obvious that (p5)* =

¢,and ¢~ ,q" are conjugative numbers of p*,p~ respectively.In particular,we have ¢~ > 1 and

gt < 0o.Writing
1

)= [ —|v(z)|"dr = “(z,|v(z)|)dx
i) = [ @ = [ g o)

12
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Ey = {v € Elimy_q+ py(Av) = 0},we have
B, = D9(Q) = [89(Q) = {v e B /Q (@) 1@ dz < 0o}
By Corollary 13.14 and Theorem 13.17 in [44].we have
Theorem 1.12 ([/4]).(LP®)(Q))* = L1®)(Q),i.e
1°) For evey v € LY®(Q),f defined by
flu) = /Qu(x)v(x)dx,‘v’u e LP@(Q) (1.15)

is a continuous linear functional over LP®)(Q)

2°) For every continuous linear functional f on LP®)(Q),there is a unique element u €

L1®)(Q) such that f is exactly defined by

From.Theorem 1.12 we can also deduce that when p~ > 1,p7 < oo,the space LP(*)(Q) is
reflexive.We know that for Banach space (X, || . ||) the norm || . || on its conjugate space X* is

usually defined by the formulation
| z* || = sup{=< z*,z =:|| z ||< 1} (1.16)
where z* € X* < x*, x == z*(z),and the inequality holds.
| <a* x> |<|2*|||z|, Ve e X, a5 e X* (1.17)

It is obvious that the norm || . |.on X* depends on the norm || z || on X.Now we take

X = LP@(Q),then X* = L@ (Q).For v € X* and u € X,

< U, v == / u(x)v(z)dz (1.18)
Q
If we use the norm || . ||, on X then according to Theorem 13.11 in [44],we have
[ vllps<[lv ;;,Vv € X" (1.19)

13
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An interesting question we are concerned with is the relation between the prime norm ||
- || par(q) of X* and the norm || . ||, of X* when X is equipped with norm || . [|,.It is well
known that when p(x) is a constant p € (1,00),the two norms defined above are exactly the

same.Here we give

Theorem 1.13 ([/4]) Under the aboue assumptions,for arbitrary v € L1 (Q),we have

, 1 1
Hﬂbmmﬁthﬁ(;fﬂ;>thmm) (1.20)

Proof
For v € LY(Q),u € LPW(Q) setting || v || paw @)= @l © || rer )= b < 1,

o B2 < [ S+ [y o
< Jo |8 [pl)d + + Ja |2 jale) g = =+
So we get
/ u(z)v(x)de < (i + i) ab < (i + i) a,
Q p q p q
and then

, 1 1
ol (2 +2) 19 -
p q

On the other hand,for v € LY®)(Q) with

(@) -
|0 ey = @ u(a) = |22 11 sgn u(a).

p(z) _ v(x) q(x) p(x) _
n == u AL Lr@ @)= 1.
Then|u(z)] | =717 Thus u(z) € LP*(Q).And || u || pp@) )= 1.So

@@ = [ a2 = a v o0
Q a

Q

This equality means that || v ||;ZH v || o) ()-The proof is completed. m

This theorem can be regarded as a generalization of conclusion ([I.19).The importance of Ne-
mytsky operators from LP*(Q2) to LP?(Q2) is well known.Here we give the basic properties of
Nemytsky operators from LP*®)(Q) to Lr2@)(Q).Let py,p2 € L2(Q).We denote by py,ps the
modular corresponding to p; and py,respectively.Let g(x,u)(x € Q,u € R) be a Caratheodory
function,and G is the Nemytsky operator defined by g,i.e.,(Gu)(x) = g(x,u(x)).We have

14
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Theorem 1.14 ([20]).1f G maps LP*)(Q) into LP*@)(Q),then G is continuous and bounded,and
there is a constant b > 0 and a nonnegative function a € LP2®)(Q) such that for v € Q and

u € R,the following inequality holds
g(z,u) < a(z) + bluP@/r2@) (1.21)

On the other hand,if g satisfies then G maps LP*®)(Q) into LP2@)(Q),and thus G is

continuous and bounded.
As an application,we give an example.

Example 1.1 Let 2 be a measurable set in R™ and meas(Q) < oo,f : @ xR — R is a

Caratheodory function satisfying the condition
fla,u) < alx) + blu'?,
where p(z) € LY (Q),a(x) € LY(Q),a(x) > 0,b > 0 is a constant. Then the functional

J(u) = / £ (o u())de

defined on LP@)(Q) is continuous and J is uniformly bounded on a bounded set in LP®)(Q).

1.3 Sobolev spaces with variable exponents.

In this section we will give some basic results on the generalized Lebesgue-Sobolev space
WmP@) (), where (2 is a bounded domain of R",m is a positive integer and p € L (). W™»@) ()
is defined as

Wmr@(Q) = {u € L"P(Q) : D*u € LP(Q),|a] < m}

WmP)(Q)) is a special class of socalled generalized Orlicz-Sobolev spaces.
For p(z) = 2,we have
H™(Q) = W™2(Q).

For m = 0,we have

W@ (Q) = LP@(Q).

15
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We define the subspace W™ () as the closure of C3°(Q) in W™P@)(() :

m,p(z o Wm’p(z)(g)
WP (Q) = C(Q)

We call Hj(Q) the closure of C§°(Q) in H*(2),which we also note :

HY(Q

HAQ) =T @ = W)

From [35].we know that W™P®)(Q) can be equipped with the norm [wll e ) @s Banach

spaces,where

HuHWm»p(z)(Q) = Z HDauHLp(z)(Q)

laj<m

According to [36] and Theorem 1.9 in Section 2,we already have
Theorem 1.15 ([26]).W™P@)(Q) is separable and reflexive.

Theorem 1.16 ([}4]) When p~ > 1,the function spaces Wol’p(z)(Q) is reflexive uniformly con-
vexr Banach spaces. Moreover,for any measurable bounded exponent p,the spaces VVO1 P (x)(Q) 18

separable
An immediate consequence of Theorem 1.7

Theorem 1.17 ([26]).Assume that pi(z),p2(x) € LP(Q).If pi(x) < po(x),then Wmr2@)(Q)

can be imbedded into W™ (Q) continuously.

Now let us generalize the well known Sobolev imbedding theorem of W™?(£2) to W™ (). We

have
Theorem 1.18 ([26]).Let p,g € C(Q2) and p,q € L (S2). Assume that

np(r)
n —mp(x)

mp(x) <n,q(z) < \Vr € Q.

Then there is a continuous and compact imbedding W™P®)(Q) — L1®)(().

Remark 1.1 We do not known whether we have the imbedding

WP (Q) — LPT(Q)

16
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but if the assumption on p(x) is not satisfied,we cannot have it.

Example 1.2 Let Q = {z = (z1,72) : 0 < 21 < 1,0 < 22 < 1} C R%p(z) = 1 + z9,u(z) =
(2 + 29)Y/F22) - then we have u(z) € WIPE(Q) and p*(z) = 2(1 — x2) /(1 — x3).1t is easy to
test that u ¢ LP" @ (Q).

1.4 Maximum principle.

The maximum principle is one of the most useful and best known tools employed in the study of
partial differential equations.The maximum principle enables us to obtain information about the
uniqueness,approximation,boundedness and symmetry of the solution,the bounds for the first
eigenvalue,for quantities of physical interest (maximum stress,the torsional stiffness,electrostatic
capacity,charge density etc),the necessary conditions of solvability for some boundary value
problems,etc.

The first subsection specializes the maximum principle for partial differential equations to
the one variable case.We present the one dimensional classical maximum principle and a new
extension.In subsection two,we present the classical maximum principle of Hopf for elliptic

operators and some possible extensions

1.4.1 The one dimensional case

The one dimensional maximum principle represents a generalization of the following simple
result: Let the smooth function u satisfy the inequality u' > 0 in Q = (o, B). Then the mazimum

of w in Q occurs on 02 = {a, B} (on the boundary of Q),i.e.,
maxu = max{u(a),u(s)}.
9)

Theorem 1.19 (one dimensional weak mazimum principle) ([16]) Letu € C%(Q)NC°(Q)
be a nonconstant function satisfying Lu = u" +b(x)u’ > 0 in Q,with b bounded in closed subin-
tervals of 2. Then,

maxu = maxau.
Q 89

Drawing the graph of a function u satisfying u”~ > 0 (u" # 0) reveals us the interesting

fact that at a point on 02 (where u attains its maximum),the slope of u is nonzero.More

17
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precisely,j—z > 0 at such a point.Here 7~ denotes the outward derivative on 9{2,i.e.,

du / du /
2 a) = —u'(a), S (5) = ' (B).

The next theorem is an extension of this result:

Theorem 1.20 (one dimensional strong mazximum principle) ([16]).Let u € C*(Q2) N
C°(Q) be a nonconstant function satisfying Lu = u" + b(x)u’ + c(x)u > 0 in Q,with b and c
bounded in closed subintervals of 0 and ¢ < 0 in Q.Then a nonnegative maximum can occur
only on 0Q,and du/dn > 0 there.If ¢ = 0 in Q then,u takes its maximum on 02 and du/dn > 0

there.

The following simple counterexample shows that we have to impose some restrictions to c:
The function u(z) = e™* sin x satisfies

Lu=u"+2u +3u>0in Q= (0,7).

1.4.2 The n dimensional case

In this subection,we treat the n dimensional variants of results presented in section 1,some
possible extensions for nonlinear equations and for equations for higher order as well as their
applications.We consider the linear operator (summation convention is assumed,i.e.,summation

from 1 to n is understood on repeated indices)
Lu = a" (z)ugu + ' (2)u; + c(x)u, a” (z) = o’ (),

where © = (1, x,) € Q2,0 is a bounded domain (unless otherwise stated) of B”,n > 1 and

8:62-’ Yo (9%8:1:]

U; =

The operator L is called elliptic at a point z € Q if the matrix [a¥(z)] is positive,i.e.,if \(z)

and A(z) denote respectively the minimum and maximum eigenvalues of [a/ (z)],then
0 < A@)[¢f* < a?(2)€:¢; < Aa)lE]*,

for all £ = (&,,€,) € B" — {0}.If A > 0,then L is elliptic in Q,If A/X is bounded in ,then L is

called uniformly elliptic in €.

18
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Theorem 1.21 (weak maximum principle) ([29], Theorem 3.1).Let L be elliptic in Q2. Suppose
that |b°| /XA < +oo in Qi = 1,n.If Lu > 0 in Q,c = 0 in Q and u € C%(Q) N C°(Q),then the

maximum of u in Q is achieved on 0, that is:

maxu = maxu
Q 89

Remark 1.2 Theorem 1.20 holds under the weaker hypothesis: the matriz [[a¥] is nonnegative

and the ratio [b¥|/a** is locally bounded for some k € {1,n}.

Theorem 1.22 (the strong mazximum principle of E. Hopf) ([3]])Let L be uniformly elliptic,c =
0 and Lu > 0 in Q (not necessarily bounded),where u € C? Then,if u attains its maximum in the
interior of Q,then u is constant.If ¢ < 0 and ¢/ is bounded then u cannot attain a nonnegative

mazimum in the interior of Q,unless u is constant.

1.5 FEigenvalue problem.

Definition 1.2 (an eigenvalue) We say that u € W, 7 () ,u # 0,is an eigenfunction of the

operator —Ayu if

/|Vu|p2 Vu.Vodr = )\/ [ulP~? u.pdz (1.22)
Q Q
for all ¢ € C§° (). The corresponding real number X is called eigenvalue.

Let A\ defined by

/]Vu]p dx
M= inf

(1.23)
ueWy P (Q),uz0 / (ul? da
Q

Equivalent

A1 = inf /|Vu|pdx;/|u|pdx = 1,ueWy?(Q),u#0
0 0

A1 is the first eigenvalue of the p-Laplacian operator with zero Dirichlet conditions at the

boundary.
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Lemma 1.2 \; is isolated,then there exists 6 > 0 such that in an interval (A, \y + 0),there

does not exist another eigenvalue of

Lemma 1.3 a) Let p > 2,then for all £,,&, € R

&P > 16 + 162 (€6 — &)+ C () |€ — &7,

b) Let p < 2,then for all £;,&, € R"

€1 — &l

PP Hpla TP, — &)+ C =t
€5" > [&4] P& (1,62 — &) (p) <|£2|+|€1|)2 p

where C(p) is a component dependent only on p.

Lemma 1.4 The first eigenvalue \iis simple.i.e if u.v are two eigenfunctions associated with

A1,then,there exists k such that: v = kv

Lemma 1.5 Let u be an eigenfunction associated with the eigenvalue \1,then u does not change

sign on §,moreover if u € CY* then it does not vanish on Q.
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Chapter 2. Existence of positive weak solutions for a class of
Kirrchoff elliptic systems with multiple parameters.

2.1 Introduction.

In this chapter,we consider the following system of differential equations

—A ([ ]Vu|2d:z:) Au=Ma (x) f (v) +p () h(u), in €Q,
—B (fQ |Vv|2dx) Av=X\yvy (z) g (u) +pgn () 7 (v),  in Q, (2.1)
u=v= 0, on 012,

where Q C RY (N > 3) is a bounded smooth domain with C? boundary 9.
A,B : R" — R* are continuous functions,«, 8,7v,n € C (ﬁ),)\l, A2, ii1,and p, are nonnegative
parameters.

Since the first equation in contains an integral over (),it is no longer a pointwise
identity; therefore it is often called nonlocal problem.This problem models several physical and
biological systems,where u describes a process which depends on the average of itself,such as
the population density,see [56].

In recent years,problems involving Kirchhoff type operators have been studied in many
papers,we refer to ([4 - 9],in which the authors have used different methods to get the existence
of solutions for in the single equation case.In the papers ([48]; [50]),Z.Zhang et al.studied
the existence of nontrivial singn-changing solutions for system where A (t)=B(t)=1 via
sub-supersolution method.Our work is motivated by the recent results in ([6],[7],[28],[37]).In
the papers [7] (Theorem 2),Azzouz and Bensedik studied the existence of a positive solution

for the nonlocal problem of the form

—M (fQ |Vu|2da:) Au:|u]p_2u+)\f (x), in Q,
u=0, on 09,

(2.2)

where Q is a bounded smooth domain in RY, N > 3 and p> 1,i.e.the nonlinear term at infinity. f
is a sign-changing function.Using the sub-supersolution method combining a comparison prin-
ciple introduced in [6],the authors established the existence of a positive solution for where
the parameter \> 0 is small enough.In the present chapter,we consider system in the case

“ sublinear” at infinity,see the condition (H3).We are inspired by

when the nonlinearities are
the ideas in the interesting paper [28],in which the authors considered system ([2.1)) in the case
A (t) =B (t) = 1.More precisely,under suitable conditions on f,g,we shall show that system (2.1

has a positive solution for A\>\* large enough.To our best knowledge,this is a new research topic
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for nonlocal problems,see [37].In current chapter,motivated by previous works in ([7] and [28])
and by using sub-super solutions method,we study the existence of weak positive solution for

a class of Kirrchoff elliptic systems in bounded domains with multiple parameters.

2.2 Definitions and theories

Lemma 2.1 (Comparison principle) [6]/Assume that M : RY — R* is a continuous and

increasing function satisfying
M(s) > myg, for all s > so. (2.3)

Assume that u,v are two non-negative functions such that

M ([, [V’ dx) Au > —M (f, [Vv[*dx) Av, in Q,
u=v=0_0, on 0f2.

Then

<l

uU>v,in

Proof
Suppose further that the function H(t) = tM(¢*),t > 0 is an increasing on R*.We follow
along the lines of Alves’ work in [6].Multiplying both sides of the inequality by v and u and

integrating,we get
2 2 2 2
M| ) ||2u I” (u,0) > Ml v %) ||2v I
M v ]?) M| w [1?)

and so
Ml w ) T[> Mo ]?) [
H(|[wl) = H([v )

Since H is increasing,we obtain

fullz] vl

Then
M| wl?) <M(||v|?) (2.5)
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Because M is nonincreasing.On the other hand,by application of the maximum principle to

22),we get
Ml u [P = M(]| v 2.

This with (2.5)),yield v > v.This ends the proof m

We give the following two definitions before we give our main result.

Definition 2.1 (weak solution) Let (u,v) € (H} () x Hj (Q)),(u,v) is said a weak solution
of (2.1) if it satisfies for all (¢,v) € (H} () x H} (Q))

A/, ]Vu|2dw) VuVodr = N\ [ a(z) f(v) ¢dx + py | B (x) h(u) pdx in £,
[

Q

B ([, |Vv|2dx) /VUV@Z)dm = /\2/7 (x) g (u)Ydx + ,u2/7] () 7 (v)Ydx in Q.

L Q Q Q

Definition 2.2 (weak subsolution and supersolution) A pair of nonnegative functions (u,v) , (4,1
n (H} () x H (Q)) are called a weak subsolution and supersolution of if they satisfy
(w,0), (@) = (0,0) on OQ.For all (¢,%) € (Hg () x Hg ().

A \Vu|?dx VuVodr < X\ [ a(x) f(v)¢de + py [ B(x)h(u)pdx  in §Q,
[ ) [ree=n] [
B [|Vulde | [ VeVede <X [y (2) g (W) vde + py [ ()7 (v) pde in Q,
o\ e !
and
A \Va|*dx VuaVeodr > N\ | a(x) f (D) ¢dx + py [ 5 (x) h(T) pdx in Q,
[t o= [

B /|vv|2dx /Wwdq; > )\2/7 () g (@) hdx + MQ/n () 7 (D) bdz in Q.

\ Q Q Q Q

2.3 Existence of positive weak solutions.

In this section,we shall state and prove the main result of this chapter.Let us assume the

following assumptions
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A,B : Rt — R are two continuous and increasing functions and there exists

H,)
! a;,b;> 0, i=1,2,such that a; < A(t) < az,by < B(t) < by for all t € RT.
(i) a,ﬁ,’y,nEC(ﬁ) and for all x € §
T a(@) 2 a0 0,8(2) = By 07 (2) = 50> 09 (2) > 1> 0.
f,9,h,and T are continuous on [0,+oo[,Clon (0,+00),and increasing functions

such that
limy_ o0 h (t) = +o0,limy_, 1 o 7 (1) = +00

(H,) It holds that lim ;e {5 = 0 for all K> 0.

(Hj) lime oo ™ lim, .o "2=0.
Theorem 2.1 ([10)])Assume that conditions (Hy) — (Hs) hold,and M is a nonincreasing func-
tion atisfying .Then for Mag + 1118y and Aoy + 1en, are large then problem has a

large positive weak solution.

Proof
Let o be the first eigenvalue of —A with Dirichlet boundary conditions and ¢, the corresponding
positive eigenfunction with ||¢, || = 1.Let ko, mg, 6> 0 such that f (¢),g (t),h (t),7 (t) > —ko for
all t € Rt and |V¢,|*—0¢? > mg on Qy={x € Q:d (x,0Q) < §} For each \jag+,0, and
AaYot1e Mo large,let us define

_ [ Quaot+pyBg)ko | 42
U= ( 2moa1 (bl

_  Qavotrang)ko qb2
2mob1 1

<

where ay,b; are given by the condition (H;).We shall verify that (u,v) is a subsolution of

problem (2.1)) for A\jag+p1 8, and Agyo+py 1, large enough.Indeed,let ¢ € H} () with ¢ > 0
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in Q.By (H;) — (H3),a simple calculation shows that

A ( Ja, |w|2dx) Jos, Vu.Vode  =A ( Jo, |Vg|2dx> raotiibe [ 7 G
— Qwaotin foko 4 (fﬁ |Vl d:U)
Vu

moai

< { o, VOV (610) du— [ [V, [*oda}
—Lueomiolo g (fo [Tufda) fo, (063 |Vo, ) do.

moal

On Qs we have |V, [°*—0¢? > mg,then by (Hs) : f (v),h(u),g(w),7 (v) > T’Z—OO that

A (fo, IVuPdz) fp, VuVode < Coowtiaiulta (562 |70,?) oda
< o 0 (@) f () ddtp f B (2) h () oda.

(2.6)

Next,on Q\Qs we have ¢; > 7 for some r> 0.and therefor by the conditions (H;) — (H3) and

the definition of v,it follows that for \jag+p,5,> 0 large enough.

Ao (@) f () ddatpy [ B(x)h(w) ¢dr > (Moot By) fff; TR —
> (atorts ) 22 A  fog, [V*de) 0 foyq dd
> (oo 80) 72 A ( oy, IVulde)
X fﬂ\m (‘7¢1_W¢1‘ ) ¢da
A <fQ\§5 |VH|2dCU) Jorg, VuVedz

So
2
)\1/9 (x) f (v) pdx+p, / B(x)h(u) pdx > A (/Q\Qa |Vul dm) - VuV ¢dr (2.7)

Relation (2.6) and (2.7) imply that

A< /Q |Vg|2dx) /Q VuVds < A /Q o (2) f (v) -, / B(2)h(w)dde  (2.8)

for A\jag+p1, 80> 0 large enough and any ¢ € H} () with ¢ > 0 in Q. Similarly,

5 ([ 1vefar) [ Govvds <ou [ 3@ g vdstn [n@r@ea @9

for Aayo+4ame> 0 large enough and any ¢ € H{ (€2) with ¢ > 0 in Q.From (2.8) and (2.9),(u, v)

is a subsolution of problem (2.1]).Moreover,we have u> 0 and v> 0 in Q,u — +o0 and v — 400
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as Moo+ By — +oo and Aoyt — +00. Next We shall construct a supersolution of

problem (2.1)).Let e be the solution of the following problem

—Ae=1 in
e=0 on 0f)

(2.10)

Let
=Cle

{ o= (Ablatiolil) (g (Cle]l, )] €

where e is given by (2.10) and C> 0 is a large positive real number to be chosen later.We shall
verify that (u,v) is a supersolution of problem (2.1) Let ¢ € Hj () with ¢ > 0 in Q.Then we
obtain from (2.10) and the condition (H;) that

|

A ([, |Val*dz) [, Va.Vede =A([,|Vul’dz)C [, Vw.Védz
=A ([, |Val’dz) C [, ¢dz
> a,C [, ¢de.

By (H,) and (Hj),we can choose C' large enough so that

A2|[ Voo TH2 1l oo
€ =l of (22l e e, ) a1 (el

Therefore

A(fo|Valdz) o Vaveds > [l f (2t (©le),) flell. )+ 18]l (Cllell)
x [, ¢dx
> Mllall o £ ([2llpzelle] g (Cle]l.,) llell., ) oo
13 Jo b (Clle]l) bda
> M fy o) f (0) ddatp, [y, B (x) b (T) dda.

So

A< /Q |W|2dx> /Q Va.Vodr > A /Q o (x) f (D) pda+tp, /Q B (x) h () pd. (2.11)
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Also

B (fo [VO*dz) o VOVide > (Nllvllatralnll) Jo 9 (Cllell) vda

(2.12)
=X Jo v () g (@) ¥datpy o n (2) g (Cllell) vdo
Again by (H,) and (H;) for C' large enough we have
A
5 (Clel) = 7 | Celltaltled o ey ) e | 2 7 @), 219

From (2.12)) and ([2.13)),we have

B ( /Q |W|2da;> /Q VoVidr > A /Q v () g (@) Ydaz+ i, / n (z) 7 (v) Yd. (2.14)

Q

From and we have(w,7) is a subsolution of problem (2.1) with v <7 and v < 7T
for C' large.To obtain a weak solution of problem we shall use the arguments by Azzouz
and Bensedik [7] (observe that f,g,h,and 7 does not depend on x).For this purpose,we define
a sequence (u, ,v,) € (H} () xH; () as follows: ug:=u,vo=v and (u,,v,) is the unique

solution of the system

—A ([, |Vun|2dx) Aup=\o () f (vn—1) 15 () h (up—q) in Q,
=B ([ [Voal*da) Avu=Xay () g (1) 11 (2) T (v5-1) 0 €, (2.15)

Up,=Vp= 0 on 0f).

Problem is (A, B) —linear in the sense that,if (u, 1,v,_1) € (Hj (Q) xH} () is a
given,the right hand sides of is independent of u,,, v,.Set A (t) =t A (t*),B (t) =t B (*). Then
since A (R)=R, B(R)=R,f (v,_1),h (tn_1),9 (un_1),and 7 (v,_1) € L*(2),we deduce from a
result in [6] that system has a unique solution (u,,v,) € (Ha (Q) xH] (Q)) .By using
and the fact that (ug, vo) is a supersolution of (2.1)),we have

— A (fo | Vuo|*dzx) Aug > Mo () f (vo) +pa B () b (ug) = —A (fo [Vua|*dr) Auy,
=B (Jo |Vuo*dz) Ave > Aoy () g (uo) +p1m () 7 (v0) = =B ([ [Vor| d) Awy,
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and by Lemma 2.1,uqg > u; and vy > vy.Also,since ug > wu,vg > v and the monotonicity of

f,h,g,and 7 one has

—A( [y ]Vu1|2dx) Auy = a(x) f (vo) +p 8 (z) h (uo)
> Mo (z) f(v) + B (x) h(w)
> —A(/, |Vg|2dm) Au,

—B (Jo |Vui[*dz) Avy =)Ao () g (uo) +pam (x) 7 (o)
> Ay (#) g (W) +pm (2) 7 (1)
B (Jy Vufds) Au

from which,according to Lemma 2.1,u; > u,v; > v.for us, vy we write

—A ([, |Vu1|2dm) Auy  =Ma(x) f (vo) +u1B (z) b (up)
> Ma(z) f(v1) +p 8 () b (uo)
= —A ([, |Vus|*dz) Aus,

and
—B (o [Vuilda) Avi - =Xay (2) g (uo) +ham () 7 (v0)

> Mo (x) g (u1) o () 7 (v1)
= —B ([, |Vve|*dz) Av,,

and then u; > ug,v; > vy.Similarly,us > u and v > v because

—A( [y ]Vu2|2dx) Auy =M (x) f(v1) +p 8 (z) b (uq)
> Ma(z) f(v) +mB (x) b (u)
> —A ([, |Vul’dr) Au

—B ([, |Vva’dz) Avy =Xy (2) g (u1) +pon (2) T (01)
> Ay (2) g (w) +pgn () 7 (2)
> —B ([, |Vy|2dx) Av

Repeating this argument we get a bounded monotone sequence (u,, ,v,) € (H} () xHj (Q2))

satisfying
U=Uy > U > Uy > .. > Uy > ... >u>0 (2.16)

T=Ug > V] > Vg > ... > Uy > ...>0>0 (2.17)
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Using the continuity of the functions f, h,g,and 7 and the definition of the sequences u,, , v, ,there

exist constants C;> 0,i= 1, ..., 4 independent of n such that
|f (Un-1)| < O, |h (Un—1)| < Co,[g (un—1)| < Cs (2.18)

and |7 (u,_1)| < C4 for all n.From (2.18),multiplying the first equation of (2.15]) by u,,integrating,using

the Holder inequality we can show that

ar [, |Vua’de < A ([, [Vu,*dz) [, |Vun|*de
=M1 Jo () f (Un-1) undztpy [o, 8 (2) h (Un-1) upde
< Millall g Jo [ (wnen) un| dz+p 18]l o Jo 17 (wn-1)] |un| dz
< Ci\ g [un] de+Capy g [unl dz < Csllunl| g o)

or

where C5> 0 is a constant independent of n.Similarly,there exist Cs> 0 independent of n such
that

From and (2.20),we infer that (u,,v,) has a subsequence which weakly converges in
Hi (Q,R?) to a limit (u,v) with the properties u > u >0 and v > v > 0.Being monotone
and also using a standard regularity argument,(u,,v,) converges itself to (u,v).Now,letting
n — +oo in (2.17),we deduce that (u,v) is a positive solution of system (2.1)).The proof of

theorem is now completed. m
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Existence of positive solutions for nonlocal elliptic systems.
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systems.

3.1 Introduction

The study of differential equations and variational problems with nonstandard p(z)—growth
conditions is a new and interesting topic.It arises from nonlinear elasticity theory,electrorheological
fluids,etc. (see [2],[8],[12]).Many existence results have been obtained on this kind of problems.In
[14],120],[24],122],[23],X.L.Fan et al.studied the regularity of solutions for differential equations
with nonstandard p(x)-growth conditions.

In this chapter,we are interested in the p(z)-Kirchhoff systems of the form

—M (o 551Vl ) Ay u=N") Na (2) f (0) +me (@) A (w)] in Q.
~M (o 55 1V0P ) Apayo =X Db (2) g (1) +pd (2) 7 (0)] in €, (3.1)
u=v= 10 ondf,

where 0 C RY is a bounded smooth domain with C? boundary 92,1 <p € C* (Q) is a func-
tions with 1 <p~:=infop (z) < pT:=supgp (z) <oco,and A u=div (\Vu\p(x)_2Vu> is called
p(x)—Laplacian,and M ( Q ﬁ\vml’ (m)dm) is called the Kirchhoff operator where it satisfies
the condition
(Hy) M :[0,+00) — [myg,00] is a continuous and increasing function with mg> 0.
A, A1, Ag, g and p, are positive parameters,and f,g,h,7 are monotone functions in [0, +00|

such that

lim f(u)= lim g(u)= lim h(u)= lim 7(u)=+o0

u—+o00 u—+o00 u—+00 u—to00
and satisfying some natural growth condition at u=oc.

In this chapter,motivated by the ideas introduced in ([5]) and the properties of Kirchhoff
type operators in [33],we study the existence of positive solutions for system by using
the sub- and super solutions techniques.To our best knowledge,this is a new research topic for
nonlocal problems.The remainder of this chapter is organized as follows.In Section 2,we present
properties of p(x)—Kirchhoff—Laplace operator.In Section 3 is devoted to state and prove the

main result.

3.2 Properties of p(x)— Kirchhoff — Laplace operator

In this section,we discuss the p(x)—Kirchhoff—Laplace operator
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Definition 3.1 (differentiable in the Gateaux sense) Let X andY be two normalized vec-
tor spaces and let fbe a map of an open U of E with values in F'. We say that f is differentiable
in the Gateaux sense at point a of U if there exists an continuous linear application L: E —

F' such that,for all v of £

lim (f (a+tv) — f(a) = L (v)

t—0t+
L 1is then called the Gateauz differential of f at a.

This notion is weaker than the usual notion of differentiability,also called differentiability
in the sense of Fréchet.Indeed,if f is differentiable in a in the sense of Fréchet and if L is its

differential,then

X—0

J R — Re(z) —0VYov € E,

%(f(a—l—tv)—f(a))—[/(v) < e(|t])

If f is differentiable in a in the sense of Gateaux,and if L is its differential,then

X—0

Vv € E,3, :R —>R,5U(m)—>0,'%(f(a+tv)—f(a))—L(v) < e, (|t])

This notion of differentiability was introduced by Gateaux in 1913 in order to establish a theory

of integration in infinite dimension.For each u € X ,define

o(u) = T ( /Q ]%]Vu]p(x)dx)

where ]\/I\(t) = ng(s) ds.For simplicity we write X = W'?®(Q) denote by u, — u and
u, — u the weak convergence and strong convergence of sequence {u,} in X respectively.It is
obvious that the functional ¢ is a Gateaux differentiable whose Gateaux derivative at the point

u € X is the functional ¢ (u) € X*,given by

(¢ (w),v) =M ( /Q ﬁ]VU!“”dm) /Q IVu[PD 2T uVo(z)de.

(.,.) is the duality pairing between X and X*.
Therefore,the p(x) Kirchhoff Laplace operator is the derivative operator of ¢ in the weak

sense.We have the following properties about the derivative operator of ¢.
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Lemma 3.1 ([15])

(i) ¢ : X — X* is a continuous,bounded and strictly monotone operator-
(ii) ¢ is a mapping of type (S.),i.e.if up, — u in X and

T oo (0 (up)— &' (1), un — u) < 0,then u, — u in X.

(iii) ¢ (u) : X — X* is a homeomorphism.

Proof
(i) It is obvious that ¢ is continuous and bounded since M is continuous.For any u,v € X with

u # v,without loss of generality,we may assume that

1 1
/—|Vu|p(x)dx2/—|Vv|p(x)dx
o () o p(x)

(otherwise,changing the role of u and v in the following proof).Therefore,we have

M ( /Q ﬁ\VU\p(‘x)dm) > M ( /Q ﬁwv\p@dm) (3.2)

since M (t) is a monotone function.Using Cauchy’s inequality,we have

|Vu|? + |Vol|?

VuVo < |[Vul|Vo| < i

(3.3)
Using ([3.3)),we can easily obtain that

p(z)—2
/ |VulP@ dx —/ |VulP@) 2 VuVude > / % (IVul®* = |Vol?) dz (3.4)
Q 0 Q

and

p(z)—2
/|Vv|p(‘”)da:—/ yvu\P@)ZWWd:cz/%(va— Vul?) dx (3.5)
Q Q Q

Moreover,by Young’s inequality,we obtain

/ VP2 Vo 2z < / (M\Vu\p(x) + iwv\pw) da (3.6)
Q Q p(x) p(x)
and
(@)-2w, 2 p(r) —2 @ , 2 (@)
(Vo725 |\ Vu|*de < ———— Vo) 4 ——|Vu|P'" ) dx (3.7)
Q o\ () p(z)
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From (3.6) and (3.7),we can see that

/\Vu\p(x)_ZWv\?d:U—i—/ |VoP® 2| Vu|?dz < / (IVuP™) + |Volp™) dz (3.8)
Q Q Q

Therefore,using (3.2)),(3.4),(3.5) and (3.8)),we obtain

’ ’ ! ’

(@' (W) = ¢/ (v),u—v) =(¢(u),u) = (¢ (w),v) = (¢ (v),u) + (¢ (v),v)
(Jo Vel fo |l

(Jo 5 [Vul @) [, [Vup 29T vda
(fg%) Vo) da:) |Vo[P) =2V uVoda
(Joo 5 VP @) [y [0
( LV d:v) o T2 Gy — | VoPyde (3.9)
1 (s V) fy B (5 90 e
>M(fQ L Vop® da:)f P22 (|1Tuf? — |Vof?) da

M (Jo 35190l @dz) J, 'W‘p‘”’ (VU = Vo) do
>M<fQ SIVoldz)
x [fo 3 (IVufP®=2 = |Vo|p@=2) (|Vuf2 - |Vo]?) dz] >0

M
-M
-M
+M

> M

i.e.¢/ is monotone.We claim that qbl is strictly monotone.Indeed,if

’ ’

(¢ (u)—¢ (v),u—v)=0

then we have

/ (IVuP)=2 — |V [Pt =2) (|Vul? — |Vo|?) dz = 0
Q
so |Vu| = |Vu|.Thus,we obtain

! ’

(@' (w) = ¢ (v),u=v) = (¢ (u),u—v) = (¢ (v),u—0v)
- M ( Jor 55 (|97t w>dg;) (Jiy [Vu[r®) =2 (Vu — Vv)2da)) =0

i.e.u — v is a constant.In view of u = v = 0 on 0Q),we have u = v,which is contrary with
u # v.Therefore,(qbl (u) — ¢ (v),u — v) > 0.It follows that ®" is a strictly monotone operator in
X.
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(i)

(i)

!

From (i),if u, — u and T, 400 (¢ (un) — ¢ (1), up — u) < 0 then

! !

lim o (6 (1) — & (12), 2t — ) = 0

In view of (3.9),Vu,, converges in measure to Vu in €,s0 we get a subsequence (which we

still denote by wu,,) satisfying Vu,(z) — u(x),a.e.x € Q.By Fatou lemma we get

1 1
lim,, 400 / —— |V, PP dx > / —— | VulP® dz (3.10)
o p(2) o p(2)
From u, — u we havelim, oo (@ (), ty — ) = lmy_ioo (@ (tn) — @ (w), up —u) =

0 On the other hand,we also have

’

(O (up),up —u) =M (fQ IﬁlV’udp(a@)dm) (fQ [V, [P@) da — I |vun|p(x)f2vunvudl_)
> M (Jy 55V "@dz) (fo IV PO da = o |V P91 Vuda)

> M (fQ Iﬁwunmr)dx [y |V, [P@ dz

-M ( Jo IﬁlVU”Z’(JE)dﬁ) I (p;r(glwwpu) + IﬁWUP’(’:)) do

> M (fﬂ ]ﬁ\Vunp(w)dx) (fQ ﬁ\Vun]p(”“)d:c — f ﬁ|vu‘p(x)dx>

> my (fQ ﬁ|Vun|p(z)d:z7 - o Iﬁ|Vu|p(‘”)dx>

N———

(3.11)
According to (3.10))-(3.11) we obtain
- 1 (@) 1 (@)
lim ——|Vu,[P"de = | ——|Vu|"'""dz.
n—+o0 Jo p(z) o p(z)
Using the similar method in [25],we have
lim / | Vau, — VulP@dr =0 (3.12)
n——+00 Q

From Theorem 1.4 (See Chapter 1) and 1} U, — uji.e.g is of type (S,).

It is clear that gzﬁl is an injection since qb/ is a strictly monotone operator in X.Since

!

p(z)
(o mo fy Ve de

lim ————*" >
lul—+oo | u | lul|—+o0 [ ||

!

¢ 1is coercive,thus qﬁ/ is a surjection in view of Minty-Browder theorem [49,Theorem

26A].Hence ¢ has an inverse mapping ¥ := (¢ )~! : X* — X .Therefore,the continuity
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of W is sufficient to ensure qﬁl to be a homeomorphism.If f,,f € X*.f, — flet u, =
U(fo)u = U(f),then ¢ (up) = fn,d (1) = f.So {u,} is bounded in X.Without loss of

generality,we can assume that u,, — u.Since f, — f,then

!

lim (¢ (un),up, —u) = lm (f,,u, —u) =0

n——+00 n——+00
Since ¢ is of type (S4),u, — u,80 ¥ is continuous
Now we give a useful definition of the principle of comparison =

Definition 3.2 If u,v € W™ (Q), We say that
M (o (1) Aoyt € =M (I (0)) Ayiyp
if for all o € WiP™(Q) with ¢ > 0
M(Iy (u)) /Q IVulP“ 2V Vods < M(I, (v)) /Q (V[P 20. Vpds

Where Iy (u) = [, 1%9&) V"™ dz

we give a general principle of sub-supersolution method for the problem ({3.1)) based on the

regularity results and the comparison principle

Lemma 3.2 (Comparison principle) Let u,v € W'P®) (Q) and (H,) holds.If
-M (IO (u)) Ap(x)u S —-M (IO (V)) AP(X)V (313)

and (v —v)" € Wi (Q) then u < v in Q

Proof
Taking A = 0 in the proof of Theorem 3.2 of [40]. m

Lemma 3.3 ([35]).Let (Hy) hold.M > 0 and let u be the unique solution of the problem

~M (t) div (|Vu\P<X>—2Vu) ~M inQ
u=20 on 0f2

(3.14)
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Seth = 2|$|Opc .when M > h then |u| < C*M7#=1 and when M < h then [uly < C'*Mpflfl,where
N Co

C* and C.are positive constants depending p*,p~, N, |Q|,Cy and my.

Proof
Let u be the solution of (3.14)),Lemma 3.2 implies u > 0.For k > O,set Ay = {x € Q : u(x) >
k}.Taking (u — k)™ as a test function in (3.14)) and using the Young inequality,we have

1
z < MQINC - .
fAk IVul™ do = 1\%) fAk (u—k)dx wf eP@) |V [P@) dy

- mop

M|Ak‘1/NCO f e P (ac)d
mo( p+ Ak

_ mop~ 1/p~ B i 1/p~
N 2MIQIVNC, M ’
then ¢ <1 and

1/N 1/N
MU Co / @)@ gy < MU Co - / V! do = £ / Vul" da
Ay Ay, 2 A

(3.15)

When M > h,taking

mop— moep—

Consequently,from this and (3.15),it follows that

IM AN ; 2 ~()
/ IVul do < MIAT Co / eP (“)deMMkP“/N (3.16)
Ay, mo(p™) Ay, mo(p™)

From - and ( -,We have

—(p~
/ (u—k)dx = M_<t>/ |VU|p($)daj <M 2M M Cye'P |Q|1+1/N 2Ce~ (P |A |1+1/N
Ay M Ay, p*mo(p+) mo(p )
(3.17)
By Lemma 5.1 in( [39],Chapter 2) and (3.17)) implies that
Julo, < v (N +1) Q'Y (3.18)

Where

y= M QMC()&T_(If) |Q’1+1/N 2008_(1?7)
p~mo(pT) mo(p*)

From and (3.18),we obtain

ful,, < C* MY )
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Where

C* — (N"‘l)(QCO)(pi) |Q|(p’)'/NM (2MCO) ] ‘Q‘(p*)//N
(p+)m& =) e /e p=(pH)ym&)- )(p*)’/p*

When M < h,taking

B mopf 1/17+ _ h 1/17Jr
T \aMQN G, — M

(noting that in this case ¢ > 1) and using arguments similar to those above,we can obtain
U] < C MY @1

Where

N +1)(2C5) @ / (2MCy) " /
C, = ( >< 0) |Q|(p+) MM ; )(p+) /pJQ’(pﬂ o

(ptymy e p(pt)mg -

The proof is complete. =

Before going to the next lemma,we will use the notation d (z,02) to denote the distance of

z € 2 to the boundary of Q.Denote d (x) =d (z,02) and
0.={z € Q:d (2,00) <e.}

From Lemma 14.16 in [29],Since 99 is C? regularly,there exists a constant ¢ € (0,1) such that
d(z) € C? (0Q35) and |Vd (z)| = 1.Denote

vd (z) if d (x) <6,
v () = yot [ ( Bty *1 (Arar+pc1) T e < d(z) < 24,
0+ [ (BT by pgdy) Tt iF 20 < d ().
And
vd () if d (x) <6,
vr(x) =1 Aot [y (BT Ogagtpgey) T dE i 6 < d(x) < 26,

2

76t [P (BT Moyt pidy) Tt i 20 < d(x).
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Obviously,0 < v;(z), vs (z) € C* (©2) .Considering

—M (fQ $|Vu|p(x)dx) Apyw (x)=n in Q,
w=10 on 0.

(3.19)

we have the following result

Lemma 3.4 ([15]).If positive parameter n is large enough and w is the unique solution of

. then we have

1
1) For any 6 € (0, ere exists a positive constant Cy such that Cinr™ -1+ < max,qw (T
) Fi 0 (0,1) th 51 i tant C h that Cyne»* < -

1
(ii) There exists a positive constant Cy such that maz,cqw () < Conr=-1.

3.3 Main Result

Throughout the section,we will assume that:

(Hy) M :[0,4+00) — [mg,00] is a continuous and increasing function with mg> 0.
(Hy) peC'(Q)and 1 <p~ < p'.
f,9,h,7:]0, +00[ — R are C',;monotone functions such that

limy, oo f () =limy 400 g (1) =limy 100 b (1) =limy, 100 7 (1) = +00.

1
f(L(g(U))P1>
(H4) hmuﬂ+oo w1 = O, for all L> 0.
(Hs)  1imy oo = 0,and lim, . 40 == 0.

a,b,c,d :Q — (0,+00) are continuous functions,such that
(Hs)  ar=min, ga(z),bj=min,gb(z),c;=min,gc(z),d=min,gd(z),
as=max, g a (), bp=max,.qb (), co=max, g c(x),do=max, qd (z).

Before we give the main result,we provide some basic definitions as follows

Definition 3.3 (a weak solution) If u,v € Wy (Q),(u,v) is called a weak solution of
1’ if it satisfies for all p € Wol’p(m) Q). >0.

"

M (I (u)) / Va2 V0. Vipds = / WO Na (x) f () + e (x) h (u)] pda

M(Io (v)) / IVuP™ V0. Vods = / AP@ [X\ob (2) g (1) + pod (2) 7 (0)] da

40



Chapter 3. Existence of positive solutions for nonlocal elliptic
systems.

Definition 3.4 (a subsolution and supersolution) We say that (u,v) is called a sub solu-

tion (respectively a super solution) of problem (3.1) if for all v € Wlp (Q).p>0.

/

M (I (u))/|Vu\p(x)_2Vu.V<pd:v < (resp >) /)\p(z) [Aa () f(v) + pye(x) b (u)] pdz

M(Iy (v) / VUl Ve Vids < (resp ) / N g () g (u) + prod () 7 (0)] o
Q

Theorem 3.1 ([/1)]) Assume that the conditions (Hy) — (Hg) are satisfied. Then problem

has a positive solution when X\ is large enough.

Proof
We shall establish Theorem 3.1 by constructing a positive subsolution (¢, ¢,) and supersolution

(21, 22) of (3.1)).such that ¢; < z; and ¢, < z9.that is,(¢y, @) and (21, 29) satisfies

M (1o (¢7) /|V(;§ |p(x v¢1 Vadz < /)\”(”) [Ara(z) f(dg) +pyc(w) h(y)] qdz,

M(Ty (6,)) / V6,92V, Vqda

L Q

M@ [Agb (1) g (¢1) +pod (2) T (¢)] gd

D\{O

and

M(Iy (1)) / IV P92V 2, Vda > / N \a (@) £ (2) +e (2) b (1)) qda,

Q
M (Io (22)) / V2PV 2. Vgdar > / AP [Agb (@) g (21) +p0d (2) T (22)] qda,
L Q Q

for all g € W, @) (Q) with ¢ > 0.According to the sub-super solution method for p (z)-Kirchhoff
type equations (see [33]),then problem (3.1]) has a positive solution.
Step 1.We will construct a subsolution of ( 3.1).Let o € (0,0) is small enough.Denote

ekd(@) 1 A (z) <o

2

6 (x) = 1+f @) ek (28=t t)pil(xlalwlcl) Tt o <d(x)<28

2

—1+ f261{? Iw(25 t)p _1 (>\1G1+M101) ﬁdt ,25 S d(l’)
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ekd@) 1 d(z) <o
L
¢y (1) = ehr—14 [0 peho (2L ;)p (bt T dt o < d(2)< 20
L
Lt [P heke (B) T T (b)) 26 < d(2)
It is easy to see that ¢, ¢, € C* (ﬁ) ,Denote
. infp(z)—1
o= min { gy 1
¢=min {A1f (0) +,2(0) , Aag (0) 4157 (0) , =1}
By some simple computations we can obtain
—k (k@) [ p () —1) + (d (z) +2%) VpVd+44] Jd(r) <o
| 2 (224) [(ingelo) (24) 7 T VpVd+Ad] |
—Apa)P1 0 p p(i 2;5; 20y w 0 < d(x) <26
x(Kekr)"™ T (B2d) T (nanten)
w ,20 < d(x)
kz(ekd NV (p () =1) + (d (2) +122) VpVd+24] d(z) <o
1 20—d [lnkeka 20—d\ = *1vde—|—Ad:|:|
_Ap(m)ng 26—0 p —(i (25 O’)(p(() )(25 0) ,O'<d($><2(5
X (K ek )P (2= 5 by pagch)
w ,20 < d(x)
from (H,) there exists a positive constant L> 1 such that
f(L-1)>19(L-1)>1h(L-1)>17(L-1)>1.
Let azilnL,then
ok=1InL (3.20)
If k is sufficiently large,from (3.20]),we have
Apyr < —kPPayd () <o (3.21)

Let %—%:k‘a,then

— |P(@) > _\P@) >
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From(3.21)),we have

—M (Iy (¢1)) Dpy® < M (o (¢y)) )‘p(w)m%
< NOC <N (Aarf (0) +pyerh (0) d(7) <o (3.22)

< AP@) (Mra () f(d2) +pgc(z) h(¢r))

Since d (z) € C? (8935),there exists a positive constant C5 such that
Ko\ P@)—1 [ 25—qy 2EE=N 1
—M (Io (¢1)) Dpy 1 < mo(Ke) (322) » (M)
x (55 2 (QH) [ (nketo) (2=4)7 = *1Vde+AdD jo <d(x)<20

20—0 p——1 20—0o 20—0o

< Cymy (Kek") (A1a1+u101) Ink

If k is sufficiently large,let fr‘L—i:ka,then we have

Csmyg (Kek") (>\1a1+u161) Ink  =Csmo(K L™ (A\ray+p,c1) Ink
< \@ (Mai+p )

Then
—M (Ip (¢1)) Dpy 1 < W (Magtper) o <d(x) <26 (3.23)

Since ¢, (z), ¢, (x) and f, h are monotone,when \ is large enough we have
1 p(z) p(z)
M (o 551 Vul"de ) gy < X9 (a(2) £ (60) +ine (2) b (60)) o < d () < 28

—M (Ig (1)) Dpwyd1=0 < NP (Aar+py01)
< AP) (Aa () f (dg) +agc(z) h(hy))

Combining (3.22),(3.23) and -,We can conclude that

,20 < d(x) (3.24)

—M (I (6,)) Dpyd1 < N (Nya () f () +pic(2) h(¢y)) a.e.on (3.25)

Similarly

=M (I (¢2)) Ap) Py < N ®) (A2b (2) g (¢1) +12d () 7 () , ae.0n € (3.26)

From (3.25) and (3.26]),we can see that (¢, ¢,) is a subsolution of problem (3.1

43



Chapter 3. Existence of positive solutions for nonlocal elliptic
systems.

Step 2.We will construct a supersolution of problem ({3.1).We consider

—M (Iy (21)) Dpay 1= (/\1a2+M102)M in €2
—M (Iy (%)) Apayz2=" (/\252+M2d2) (ﬁ (AM (>\1a2+ﬂ102)ﬂ)) in
z21=29= 10 on 0f)

where

p=p (AN (Arag+pc2) M) =max z; () .

€
We shall prove that (z1, z3) is a supersolution of problem ({3.1)).
For ¢ € Wol’p(x) (Q) with ¢ > 0,it is easy to see that

M(Io(22))Q\Vzg]p(w)_QVzg.quw = L M(Iy(2))

mo

A” (Agba+1igds)

D\

g (5 ()\ﬁ (Maztpic2) M))

) (o) ads (3.27)

!
+/AP (B 7 (M) p)gde

By (Hg),for u large enough,using Lemma 3.4,we have

! (ﬁ ()\’ﬁ (Araztync,) M)) z7 (02 [Aﬁ (Aaba+1ada) g (5 (Ap+ (Aras+pyco) M))] pl_l)

> 7 (22)
(3.28)

Hence

M (I (zz))/|V22|p(x)QVZQ.quxZ//\p+ Aob () g (21) qd:zc—l—/)\ﬁ,uzd(x)T (22) qdz  (3.29)
Q Q

Also

p(z)—2
M(Io(zl))/]Vzll V2z1.Vqdx :m—o (Ip (21) /)\p (Arag+pyco) pgdz
Q

2/)\17 (Arag+pyc2) pgda.
Q
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By (H4), (Hs) and Lemma 3.4,when p is sufficiently large,we have

p p—1
(Magtpgc) o > Ap+ [%5 (>\ (Arag+pc2) M)]
> uih (5 (X’ (Aag-+pcz) 1

\_/
N——

Then

M(Io (1)) / V1 P92V 2, Vada> / N Na(a) f (z2) g / N e (@) h(2) gde (3.30)
Q Q

According to (3.29) and (3.30)),we can conclude that (21, 22) is a supersolution of problem (3.1

It only remains to prove that ¢; < z; and ¢, < 2.

In the definition of v (z),let

=3 (e o)+ max Vs 0)).
Q Q

We claim that
&, (x) < vy (z) Vo e Q. (3.31)

From the definition of vy,it is easy to see that
¢, () < 2max ¢ () < vy (z),when d(x) =0
Q

and
¢, () < 2max ¢, () < vy (z),when d(z) > 0.
Q

¢, () < vy (z),when d(z) <9.

Since v;—¢, € C* (895) sthere exists a point zy € €25 such that

v1 (z9) =y (z0) = min_(vy (7o) =y (w0)) -

o€

If vy (z9) —¢ (z0) < 0,it is easy to see that 0 < d (z) < and then

VUl (1’0) —V¢1 ({Eg) = 0.
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From the definition of v;,we have

Vo (o) == (s (o) + max [V 20) ) > [964] ().

It is a contradiction to

Vvl (JJO) —V¢1 (SL’U) = 0.

Thus (3.31)) is valid.

Obviously,there exists a positive constant C5 such that

Since d (z) € C? (8935),according to the proof of Lemma 3.4,there exists a positive constant

(4 such that
M (Iy (01)) = Apyvr (7) < CAPW =10 < CAP@=1H g e in O, where 0 € (0,1).
When n > N\ s large enough,we have
—Apyv1 (x) <.
According to the comparison principle,we have
vy () <w(z) Vo e . (3.32)

From (3.31)) and when n > N Tand A > 1is sufficiently large,we have

o1 () < v () Sw(x) Vo e Q. (3.33)
According to the comparison principle,when p is large enough,we have

vy (z) w (x) < 21 (z) Vo € Q.
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Combining the definition of v; (z) and (3.33)),it is easy to see that
¢1(z) Sv(zr) Swlz) <z (2) Vo €Q,

when p > 1 and A is large enough.

from Lemma 3.4 we can see that 5 (X »* (Ajags+p o) i) is large enough,then

pt

(Agbatpiadz) g (B (A" (Arag+pyca) 1))
mo

is large enough.Similarly,we have ¢, < 25.This completes the proof of Theorem 3.1 m

47



Conclusion

The sub-supersolution method has allowed us to prove that there is at least one weak solu-

tion,but the uniqueness of the solution remains an open problem
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Prospect

Fractional Sobolev spaces are well known since the beginning of the last century,especially in
the framework of harmonic analysis.More recently,a large amount of papers were written on
problems involving the fractional diffusion (— A)*,0 < s <1

the authors tried to see which results ”survive” when the Laplacian is replaced by the
fractional Laplacian.Then,they introduced a suitable functional space to study an equation in
which a fractional variable exponent operator is present

In the future,we will,in our turn,generalize the results obtained in our research into Sobolev
Fractional Spaces,especially depending on the reference

[1] A.Bahrouni, “Comparison and sub-supersolution principles for the fractional p(x)-Laplacian,”

J.Math. Anal. Appl.,vol.458 no.2,pp.1363-1372,2018.
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