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Abstract 

The objective of this final year project is to analyze, in a general manner, the thermal phenomena 

occurring during the rolling process and to create a numerical model using the well-known finite 

difference method in the Matlab software to simulate these thermal phenomena accurately. 

The choice of the modeling method for the rolling process depends on the nature of the problem 

being addressed (hot rolling, cold rolling). 

The results of the thermal field obtained from the thermal model were compared to the results 

obtained from finite volume calculations using the Gambit and Fluent software. 



 صخلم
 مادختساب يددع ذجومنء اشنإو جرحدتلا ةيلمع للاخ ثدحت يتلا ةرارحلا رهاوظ ليلحتو ه ةريخلأا ةنسلا يف عورشملا اذه فهد

 .ةقدب ةيرارحلا رهاوظلا ذهه ةاكاحمل Matlab جمانرب يف ةفورعملا دةودحملق اورفلا ةقيرط
 تمت .درابلا جرحتدلا ،نخاسلا جرحتدلا( اهعم لماعتلا يتم يتلا ةلكشملا ةعيبط ىلع دمتعي جرحتدلا ةيلمعل ةجذمنلا ةقيرط رايتخا)

 مادختساب دةودحم موجح تاباسح نم ةجرختسملا جئاتنلا عم ياررحلا ذجومنلا نم ةلصاحلا يرارحلا لقحلا جئاتن ةنراقم

.Fluent و Gambit جمارب  



Résumé 

 

L'objectif de ce projet de dernière année est d'analyser de manière générale les phénomènes 

thermiques se produisant pendant le processus de laminage et de créer un modèle numérique en 

utilisant la méthode bien connue des différences finies dans le logiciel Matlab pour simuler avec 

précision ces phénomènes thermiques. 

Le choix de la méthode de modélisation pour le laminage dépend de la nature du problème abordé 

(laminage à chaud, laminage à froid). 

Les résultats du champ thermique obtenus à partir du modèle thermique ont été comparés aux 

résultats obtenus à partir de calculs en volumes finis à l'aide des logiciels Gambit et Fluent. 
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General Introduction 

 

 
 

In various industries, the concept of material forming plays a crucial role, whether in 

upstream, downstream, or in-production processes. The primary objective is to impart precise 

dimensions and mechanical characteristics to a metal component, within specified tolerance 

ranges. Among the most common forming techniques in the industry is rolling. This plastic 

deformation process, aimed at reducing the cross-section of a long product, involves passing it 

between two or more cylinders rotating around their axis. It is the rotation of the tools that drives 

the product through friction. 

 

 
Rolling creates a deformation gradient along the thickness of the sheet. Shear deformation 

is more or less intense on the surface but absent at the mid-thickness of the sheet. The heterogeneity 

of mechanical properties leads to heterogeneity in the texture and microstructure of rolled 

products. These issues of heterogeneity and anisotropy in the mechanical properties of materials 

subjected to significant plastic deformation, as well as various heat treatments, are of crucial 

importance at the industrial level. 

 

 
The main objective is to be able to predict, and even control, the mechanical characteristics 

and their variations across the thickness of the sheet. Commercially, it is the lower limit of the 

mechanical properties of the components that determines the accepted value for sale and serves as 

a reference for structural design. Above all, it is essential to identify the steps in the entire process, 

from cast material to the final product, that are decisive in the occurrence and/or control of 

heterogeneities. Therefore, understanding the conditions for the development of heterogeneities in 

mechanical properties and texture is paramount, as well as the development of a numerical 

procedure to predict them. 

 

 
The forming process studied in this work is asymmetric rolling, which allows for reducing 

the thickness of a sheet (or product) by passing it between two cylinders with different diameters 



(geometrical asymmetry) and/or rotating at different speeds (kinematic asymmetry) and/or having 

different surface states or temperatures. Asymmetry can also be caused by asymmetry in the 

properties of the incoming sheet, such as a temperature gradient between the top and bottom or 

differences in its rheological parameters. 

Our contribution focuses on the thermal modeling of the rolling process, utilizing two methods: 

finite differences and finite volumes. Our work is structured into four chapters: 

 The first chapter examines the theory of rolling. 

 Chapter II presents a metallurgical study of rolling. 

 In Chapter III, we present the thermal modeling of the asymmetric rolling process using 

finite differences and finite volumes, with a comparison of the obtained results. 

 Finally, in Chapter IV, the thermal field results obtained using finite differences and finite 

volumes are compared. 
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I.1. Definition 

 
Rolling, as a highly diverse operation, can be summarized by the following definition: 

A plastic deformation forming operation aimed at reducing the cross-section of a long 

product by passing it between two or more axisymmetric tools rotating around their axis; it is 

the rotation of the tools that drives the product into the grip through friction. 

 
As a fundamental operation in metallurgy, rolling accounts for approximately 90% of all 

metal production, encompassing all metals and alloys. Figure 1 provides some examples of 

rolling installations. 

 
Rolling occurs after metal preparation, typically through continuous casting. Excluding 

a few "exotic" rolling processes (such as ring and wheel rolling, and return rolling of forged 

bars), rolling can be divided into: 

 

 Rolling of long products (bars, wires, tubes, beams, rails), where both dimensions of 

the cross-section, usually of similar magnitude, are small compared to the length. The 

tools used are typically grooved cylinders (Figure 1a, b). 

 Rolling of flat products (sheets, strips, and foils), where the thickness is small 

compared to the width, which itself is much smaller than the length. The tools used 

are almost cylindrical axisymmetric[2] objects (except for grinding curvature) 

(Figure 1c, d). 

 
Rolling primarily provides semi-finished[1] products, with notable exceptions such as 

thick sheets, beams, and rails, as well as certain tubes. Other long products are intended for 

machining (bars), wire drawing (wire rod), and forging. As for flat products, they undergo 

metal shaping operations into sheets (such as stamping, fine cutting, spinning, and flow 

turning). 
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Figure I.1. Some rolling plants 
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I.2. The terms "cold rolling" and "hot rolling" 

are used in the context of material forming, specifically in controlled and repeatable 

shaping of materials. The process involves three types of controlled and repeatable properties: 

1. Geometric shape with specific tolerances, which becomes more stringent. 
 

2. Mechanical properties that require a suitable structural pattern. 
 

3. Surface properties, primarily related to appearance and roughness. 

 

 

Hot rolling starts when there is a need to work on a large section product, which 

enhances the economy in melting processes.[7] This requires significant deformation forces. 

Heating and softening the metal reduce these forces and the required equipment size, while 

providing the necessary ductility for extensive deformation. Many products, such as long 

products, thick sheets, and hot strips, undergo only hot rolling, followed by finishing 

operations such as heat treatments, tempering, pickling, coating, and machining.[5] Cold 

processes are generally necessary to achieve tight tolerances (around a few micrometers), high 

mechanical properties through increased stress, and good surface condition. Thin strips are 

almost exclusively cold-rolled. 

For widely used alloys like steel and aluminum, it is noted that the hot rolling stage 

can be bypassed by casting thin slabs or melting thin strips. The cold rolling or hot rolling 

process generates differences for sure: we don't have the same temperature fields, and deep 

structural transformations (recovery, recrystallization, phase changes) occur at elevated 

temperatures but not in the cold. However, from a mechanical perspective, temperature only 

determines the stress levels. It does not significantly affect the deformation fields or stress 

rates, which are primarily governed by the plasticity of the material, precisely the ratio of 

deformed area dimensions (length L, width w, height h), contact locations, and free surfaces. 

Mechanically, the difference between hot and cold processes lies primarily in the product 

geometries they handle, more massive and "thicker" for the former and thinner for the latter. 

This is what drives the choice of one mathematical model over another, as we will see. 

It should be distinguished between two directions for the terms "cold" and "hot." For 

the technical field, they simply refer to [3] whether we heat the product before rolling or not, 

to a temperature sufficient to reduce flow forces and increase ductility. In the field of 

metallurgy, the "hot" domain requires thermal activation of slip systems, which occurs when 

T > 0.5 Tfusion (in Kelvin). Therefore, lead, tin, and zinc are actually cold-rolled in their hot 

domains. The practical result is that they recrystallize upon cold rolling. Even aluminum, 

under excessive heating due to plastic deformation and friction, can reach this hot domain 

(around 200 degrees Celsius). Consequently, it can locally or completely recrystallize, with 

serious effects on process flow, microstructure, and mechanical properties, which becomes 

more painful as we approach the final product. 
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Therefore, cold rolling does not mean that we can get rid of thermal analysis. If 

thermal analysis is closely related to mechanics through metallurgy in the hot domain, it 

significantly affects corrosion reactions (through oil viscosity) in cold rolling. From a 

metallurgical perspective, some alloys are also heat-sensitive in the cold domain. Austenitic 

stainless steel exhibits a transition from austenite to martensite through cold deformation, 

which disappears if the temperature exceeds 100 degrees Celsius. Heating by plastic 

deformation is sufficient to prevent the transformation into martensite after the rolling process 

two or three times.[5] 

I.2.1.Hot and cold rolling: differences and advantages 

 
Steel, which is a variant of iron alloyed with carbon, often has other elements added to 

prepare it for industrial transformation and use. One of these elements is cold or hot rolling, 

which is a highly popular process that prepares steel for use. It is widely used in the tube 

industry.[2] 

 
Rolling is an industrial metal forming process in which a metallic material is introduced 

between one or more pairs of rolls to reduce its thickness and make it more uniform. It is a 

process similar to rolling a rolling pin over pizza dough, and its objective is to enhance the 

mechanical properties (tensile strength, yield strength, elongation, etc.) of the material. 

 
Rolling is classified based on the temperature of the rolled material. It can be either hot 

or cold rolling. 

 
Therefore, there will be many cases where a coupled thermo-mechanical model will be 

necessary. 

 
I.3. Steady State and Transient Phases 

 
Most rolling operations exhibit a dominant or even exclusive steady-state regime. 

However, transient phases still exist, such as the head and tail of a plate, sheet, slab, or strip,  

and the weld between coils in continuous cold steel rolling. Additionally, considering the 

thermal regime as steady-state, especially for cylinders, is very difficult. Models, for the sake 

of computational time efficiency, often focus on the steady-state regime unless the problem 

under study is precisely related to transients, which unfortunately is often the case. 

 
Rolling mill vibrations are one of the most concerning issues today, exacerbated by 

the increase in rolling speed. In particular, the phenomenon known as "chatter" is a vibration 

with a frequency of 100 to 200 Hz that forces the operator to reduce the speed. Excited by any 

fluctuation in input parameters, as long as the rolling speed gives it a frequency in that range, 

chatter is self-sustaining due to the phase quadrature between the vertical vibrations of the 

working rolls and the consequent fluctuation of strip tensions [1] (Figure 2). Anything that 

increases the effect of strip tensions on the rolling force contributes to destabilization (such as 

rolling with reduced thickness due to roll deformation [see M 3 066]; low friction, 

approaching the slip limit, negative or quasi-zero forward slip). 
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Figure I.2. Source of browsing 

 

 
 

I.4. Rolling Defects 
 

Just as we have distinguished three levels of imperatives (geometric, microstructural, 

and surface), we will have three families of problems or defects. 

■ Geometric defects (Figure 3) (products out of tolerance): Metal flow is never completely 

confined, as the tools would suffer too much. This leads to "competitions" between different  

types of flow, such as spreading, which competes with elongation of the product (Figure 3a, 

b). Therefore, the ends of long products, as well as the ends and edges of flat products, are 

always deformed (Figure 3c, d) and require cropping (their sum constitutes the trim). 

Furthermore, the machines (rolls) and tools (cylinders, rollers), which are not infinitely rigid, 

yield elastically under the applied hundreds of tons. This also disrupts the geometry of the 

products, creating profile issues (Figure 3e) and flatness problems (Figure 3f) for flat 

products (transverse thickness variations and deviation from the average surface flatness of 

the sheet or strip). Finally, problems with the adjustment of production tools can have similar 

consequences (a misalignment of rolls causes a "sword" defect: Figure 3g, while asymmetry 

in diameter, speed, or friction between top and bottom results in a "ski" defect: Figure 3h...). 

■ Microstructural defects: These defects are numerous and highly dependent on the alloy 

considered but not specific to rolling. They include inappropriate or heterogeneous grain 

sizes, misoriented or excessive textures (crystallographic, morphological, or topological),  

excessive or insufficient non-metallic inclusions, porosity, cracks, or fissures. Some of these 

defects are inherited from casting structures [17], and the challenge is to design a tolerant 

rolling process or, better yet, capable of resolving them. Others are created during rolling 

due to critical temperatures, deformation states, and dangerous stresses (cracks): the process 

must be designed to avoid them. 

■ Surface defects: This category encompasses defects that impair the product's subsequent  

use, along with others that only cause aesthetic inconvenience (the human eye is highly 

sensitive to visual inconsistencies, and the surface is the visible part of a product!). We can 
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distinguish defects of a chemical nature (segregation, and more often pollution: carbon stains 

resulting from annealing of sheets due to lubricant cracking, etc.), as well as inadequate 

roughness. Note that for stamping sheets, in particular, but also for chemical etching, 

specific morphology of peaks and valleys is required, not just a certain level of roughness as 

in the past ("Ra"). The risks of defects and non-conformity increase accordingly. 
 

 

Figure I .3.Some rolling problems or defects 
 

I.5. Thermal Models 

 

Rolling presents a wide range of thermal problems. It starts with the reheating furnaces for hot 

rolling, where the temperature homogeneity must be ensured while minimizing energy usage. The goal 

is to achieve a homogeneous temperature for the product to be rolled, which should be as consistent as 

possible from one slab to another. Prolonged contact of the hot metal with the roller tables can create 

detrimental cold spots during rolling and affect [10]the properties of the final product. The thermal 

behavior at the interface between the product and the tool is particularly delicate, as it involves high- 
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pressure contacts with strong heat exchange. Consequently, the product's surface undergoes significant 

thermal cycles that impact its microstructure (including the behavior of the oxide layer, such as mill 

scale in the case of steel). The cylinder also experiences thermoelastic stress cycles, which contribute to 

cracking (known as "faïençage") and oxidation, damaging the product's surface, especially for high- 

temperature alloys like steel. Therefore, thermal considerations involve a coupled analysis of the 

product and the tool. Additionally, there[9] is the unique thermomechanics involved in scale removal 

from steel (using high-pressure water jets following slight rolling passes), as well as controlled cooling 

after hot rolling, which can induce deformations and residual stresses due to phase transitions (in rails, 

beams, thick sheets), requiring straightening or leveling. In the cold rolling mill, thermal effects at the 

interface are influential in terms of lubrication and friction, and in continuous annealing furnaces, 

precise thermal histories are essential to achieve the desired microstructure and mechanical properties. 

 
While leaving the discussion of furnace models to others, [11]we will focus on the rolling and 

cooling phases. For these, the finite difference method is often used if gradients in two or three 

directions need to be considered. Otherwise, if only the average temperature in the section is of interest, 

the slice method has its thermal counterpart. [7]The resulting equation will take into account the heat 

losses through radiation, natural or forced convection, contact with the tables, as well as any internal 

heat sources (latent heat of phase transition). For the interface, the internal source of plastic 

deformation and the surface source of frictional dissipation are explicitly considered. 

 
I 2.The Rolling Mill 

 
A rolling mill is a machine used in the metallurgical industry to reduce the thickness and modify 

the shape of metal materials such as ingots, slabs, or plates. It is primarily used in the production of 

sheets, plates, bars, wires, and other rolled metal products. 

Figure I.4.pricipal of operation of rolling mill cylinder.[10] 

 
The rolling process in a rolling mill typically takes place in several stages. Firstly, the 

metal material [4]is heated to an appropriate temperature to make it more malleable. Then, the 

material is introduced between two rotating rolls (or cylinders) that apply pressure to the 

aterial and gradually compress it. 

 
The rolling mill can have different configurations depending on the desired end products. 

For example, it can be a hot rolling mill used for high-temperature rolling, or a cold rolling 

mill used for rolling at room temperature. There are also reversible mills where the rolls can 

rotate in both directions, and multi-roll mills to achieve specific shapes and thicknesses.[5] 
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The rolling mill is usually equipped with cooling systems to prevent overheating of the 

rolls, as well as adjustment mechanisms to control the thickness of the rolled material. It may 

also be accompanied by other equipment such as shears for cutting the material into sheets or 

strips, and coilers for winding the finished products. 

 
The rolling process in a rolling mill allows for the production of metal products with 

specific dimensions and mechanical properties. It is an essential step in the manufacturing of 

many metal products used in various industrial sectors such as automotive, construction, 

aerospace, etc.[14] 

 

Figure I.5.Rolling Train [9] 

 

 
FigureI.6.differnts types of rolling mills [14] 

 

 
I.6.1.Quarto rolling 

 
In a quarto rolling mill, the slab is rolled through two quarto stands (consisting of four 

cylinders), a roughing stand and a finishing stand, until the desired thickness is achieved. The 

resulting plate is then cooled and leveled. This technique allows for the rolling of wider 

and/or thicker plates compared to a hot strip mill, and depending on the required quality, the 

mechanical properties of the quarto plate are often improved through heat treatments such as 

normalization. The EN 10029 standard specifies tolerances on the dimensions and shape of 

the quarto plate. 
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The mill stands in quarto rolling mills are typically composed of two small-diameter 

work rolls (around 10 cm) for rolling and two larger-diameter backup rolls, as schematically 

shown in Figure I.8. Various actuators in the mill stand, such as clamping screws, hydraulic 

cylinders, etc., are used to adjust the correct thickness at the exit of the mill stand. 
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Figure I.7.Diagram of a quarto rolling cage[3]. 
 

 

I.3.Rolled products 
 

 

Figure 1.8.Rolling product [12] 
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II.1. Some reminders about steels 

As a preliminary note, it is important to recall the main specificity of steel compared to 

many other metallic materials, which is that its crystallographic structure changes with 

temperature as shown in the Fe-C phase diagram in Figure 1. 

Figure II.1: iron-carbon equilibrium diagram 

 
 

In the case of conventional steels, we can schematize these solid-solid phase transitions as 

follows: 

 At high temperatures (T > Ae3), the crystallographic structure is of the face-centered cubic 

type, and as it is a single phase called austenite, we refer to it as the austenitic structure, 

phase, or austenitic domain (or γ). 

 At low temperatures (T < Ae1), the structure is of the body-centered cubic type. In this case, 

several phases with this crystallography can coexist: ferrite, cementite, and perlite (ferrite + 

cementite eutectoid) for equilibrium phases, and bainite, martensite, and residual austenite 

le 
fer liquide 

1 495 C 

(Fe 6) 

738 C (Fe C) 

(Fe α) 
ferrite Ferrite + cémentite 
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for non-equilibrium phases. 

 
 

We will then refer to the α phase and, colloquially, to the ferritic phase. 

- At intermediate temperatures, the structure is a mixture of austenitic phase and α phase (usually 

ferrite), with the respective proportions of the phases determined by the temperature and the steel's 

chemistry. This is in the intercritical domain. 

Note 

 Ae1 is the equilibrium temperature defining the lower limit of the austenite existence domain. 

 Ae3 is the equilibrium temperature defining the upper limit of the ferrite existence domain. 

In practice, for most steel products, the hot forming phase is carried out in the austenitic domain 

(although in specific cases, there may be an intention to finish rolling in the intercritical or even fully 

ferritic domain). During cooling after exiting the rolling mill, the steel will gradually transition from the 

γ phase to the α phase. 

We will subsequently see how cooling conditions, the chemical composition of the steel, and the 

structural state of the austenite prior to the γ/α transformation influence the α structure in terms of the 

nature, fraction, and size of the phases, and consequently, the final mechanical characteristics. It should 

be kept in mind that the existence of this allotropic transformation represents a significant means of 

control over the final product, provided that the metallurgical tools are appropriately adapted. 

 
The second important metallurgical point concerns the ability of certain metallic elements present in 

steels (such as Nb, Ti, V, Al...) to precipitate by associating with non-metallic elements (N, C, S...). 

Indeed, the solubility of the alloying elements in pure iron matrix depends on the content of these 

elements, temperature, and crystallographic structure. Once the solubility limit is reached, and if the 

diffusion kinetics is sufficiently fast, precipitation will occur. 

Example 

We can cite the precipitation of titanium nitrides (TiN), aluminum nitrides (AIN), niobium 

carbonitrides (Nb(C, N)), titanium carbides (TiC)... These precipitates can harden steel at room 

temperature when they are numerous and/or fine enough (< 1 mm). This is one of the reasons why 

niobium, titanium, and vanadium are added to steels that need to have fairly high mechanical 

characteristics. 

The second objective, which is rather a beneficial consequence of the first, is to position oneself in 

the austenitic domain, resulting in partially erasing the coarse structure resulting from solidification and 

reducing the composition gradients caused by the segregation phenomenon. 
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Finally, the main objective of this heating phase is to put back into solution the precipitates that 

appeared during solidification. Firstly, because they are too large and therefore not numerous enough to 

contribute to the hardening of steel at room temperature. Secondly, considering that elements such as 

niobium, titanium, or vanadium play a crucial role in the evolution of the structure during rolling and 

allotrope transformation when they are in a solid solution. We will also see that the dissolution of the 

precipitates has an important effect on the size of the austenitic reheating grain. 

II.1.1. Hot rolling involves several phases 

In this paragraph, we will describe the different phases of hot rolling and the physical 

mechanisms involved after presenting the characteristics of the initial product, whether it is a slab or 

a billet. 

II.1.2. Characteristics of the initial product 

 

We deliberately consider the case of cold or warm charging (T < Ae3). In accordance with 

metallurgical reminders. 

The second objective, which is rather a favorable consequence of the first one, is to place 

oneself in the austenitic domain, with as consequences, partially erasing the very coarse 

structure resulting from solidification and reducing the composition gradients due to the 

segregation phenomenon. 

Finally, the essential objective of this heating phase is to put back into solution the 

precipitates that appeared during solidification, first because they are too large and therefore not 

numerous enough to contribute to the hardening of the steel at room temperature, and because 

elements such as niobium, titanium or vanadium play a very important role in the evolution of 

the structure during rolling and allotropical transformation when they are in solid solution. 

We will also see that the dissolution of the precipitates has a significant effect on the size of 

the austenitic reheating grain. 

II.2. Reheating 

Reheating carbon steels and microalloyed steels has three main objectives. 

The first, of a mechanical nature, is simply to raise the metal to a sufficient temperature to reduce 

forming stresses, increase the ductility of the steel in order to apply significant deformations  to it, 

and to finish rolling in the austenitic domain.From these equations and the content of the elements, it 

is easy to calculate the solubility temperature of the considered precipitate. Conversely, it is possible 

to calculate, at a given temperature, the quantity of respective elements in solid solution. 
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II.2.1. Putting precipitates back into solution 

 
 

The redissolution of precipitates is such an important objective that reheating temperatures are often set 

to achieve near-complete or complete redissolution of the metallic elements. 

 
For example, in the case of flat products, the reheating temperature is typically around 1150 to 1180°C 

for a C-Mn steel as it is sufficient to redissolve the aluminum nitrides (AIN), which are the only precipitates, 

present in these steels. On the other hand, reheating of niobium microalloyed steels is conventionally carried 

out above 1220°C to dissolve the niobium carbonitrides (Nb(C,N)). 

 
Numerous authors [1] [2] [3] have determined the redissolution laws for the main precipitates present 

in steels, at least when only one analytical population of precipitates is present. These laws are expressed by 

an equation of the following form: 

 
Where [M] and [X] represent the mass fractions (%) of the metallic element and the non-metallic 

element, respectively. 

 
 

A et B constantes, 

T : température °(K). 

𝐴 
𝑙𝑔[𝑀][𝑋] = −     + 𝐵 

𝑇 

Among the most well-known ones, we can mention Gladman's redissolution law for aluminum 

nitrides [1]. 

 

 
with T temperature (K). 

𝑙𝑔[𝐴𝑙][𝑁] = − 
6770 

 
 

𝑇 
+ 1,03 

 

Using these equations and the content of the elements, it is straightforward to calculate the 

temperature at which the considered precipitate is completely redissolved. Conversely, it is possible to 

calculate, at a given temperature, the quantity of respective elements in solid solution. 

Example 
 

For a steel with 0.04% aluminum and 0.007% nitrogen, the temperature for complete redissolution 

of aluminum nitride (AlN) is 1204°C. 

II.2.2 Grain Growth at Reheating 

One of the metallurgical consequences of precipitate dissolution is grain growth during 

reheating. During austenitization (T > Ac3), austenitic grains that form at the former ferritic grain 

boundaries tend to grow due to the elevated temperature. However, the driving force for this growth is 



CHAPTER II: HOT ROLLING METALLURGY 

15 

 

 

relatively low, and the precipitates resulting from solidification, even if coarse and therefore few in 

number, impede the movement of new grain boundaries. As the precipitates dissolve, the boundaries 

regain their mobility, allowing the grains to grow. These phenomena can be observed in Figure 4 for 

steels 1 and 2 containing dispersoid elements, where regions of rapid grain size growth are visible. 

 

Figure II.2: Change in austenitic grain size as a function of reheating temperature [36] 

 
 

They occur in temperature ranges corresponding to partial precipitate dissolution, where fine grains 

that are still blocked by precipitates coexist with larger grains that have grown freely. It is desirable to 

operate outside of these temperature ranges characterized by heterogeneous structures while maintaining 

moderate temperatures to limit grain coarsening. Note: Ac3 is the temperature at which ferrite completes its 

transformation into austenite during slow heating. 

II.3. Rolling 

From the metallurgist's perspective, rolling itself is merely a sequence of deformations (passes) 

that result in work hardening of the metal, with intermittent waiting periods (inter-passes) during 

which the steel's structure can evolve. First, we will describe the phenomenon of work hardening and 

the different mechanisms involved in "combating" this non-equilibrium state. 

 

 
 

II.3.1. Work Hardening and Metal Restoration during Deformation 

The elastic deformation of any crystalline material occurs through reversible distortion of its 

lattice. This phenomenon has a limited range, and when the imposed deformation exceeds a critical 

deformation - the yield point - the mechanisms involved at the microscopic scale to accommodate the 

applied macroscopic deformation differ. Deformation then occurs through breaking and 

 

 

 

 
 

 

 

 
 

 
 

0,1 
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rearrangement of the metallic bonds that maintain the continuity of the crystalline lattice, phenomena 

that theoretically require considerable energy. Fortunately, crystalline lattices are "imperfect," 

meaning they contain defects in atomic arrangement known as dislocations. The presence of these 

linear defects and their displacement along preferred planes allows for discrete breaking and 

rearrangement of the bonds, reducing the required energy significantly. 

 
In a non-deformed metallic material (at equilibrium), the density of these defects is already 

significant (approximately 10^10 to 10^11 dislocations/m^2 at room temperature). However, their 

number rapidly increases with plastic deformation, leading to the hardening of the steel; this is the 

phenomenon of work hardening. It is evident that this mechanism has limits, particularly in ensuring 

the integrity of the crystalline network. Various mechanisms are employed to counteract the creation 

of new dislocations, leading to their elimination and thus the softening of the material. These 

mechanisms are known as restoration and recrystallization. 

 
The objective of this text is not to provide a detailed microscopic description of these 

phenomena, for which references [4] [5] should be consulted. However, to differentiate  between 

these two softening mechanisms, we use the term restoration when the elimination of dislocations 

occurs discretely without significant alteration of the metallurgical structure, and recrystallization 

when the creation of new grains and the movement of grain boundaries are involved, leading to 

simultaneous elimination of a large number of dislocations. It is also necessary to  distinguish 

between softening that occurs concurrently with deformation and that which occurs after deformation 

during inter-pass times. In the former case, we refer to it as dynamic restoration or recrystallization, 

while in the latter case, it is static restoration and recrystallization (Figure 5). The microscopic 

mechanisms involved in both situations are similar, but the resulting consequences on the 

metallurgical structure can differ, particularly with regard to recrystallization. 
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Figure II.3: Dynamic and Static Recrystallization 

 

 
To accommodate the applied macroscopic deformation, dislocations move along preferred slip planes. 

Since the number of these planes is limited (typically 4 to 5 at most), there is a significant probability for 

two dislocations of opposite signs to move on the same slip plane, resulting in their respective elimination. 

The second mechanism involved in restoration is recrystallization, which involves the rearrangement of 

dislocations into boundaries that define subgrains. The higher the temperature, the more favorable diffusion 

phenomena become, leading to faster softening through these mechanisms. 

 

 
In contrast to recrystallization, it is important to note that dynamic restoration occurs as soon as 

deformation is applied. This explains why a metal is softer at high temperatures than at room temperature, as 

the dislocations generated by deformation are partially eliminated at high temperatures through restoration. 

 
 

 

 

 
 

 

 

 
 

 

 

 
 

 

 

 
 

 

 

 
 

 

 

 
 

a recristallisation dynamique 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
b recristallisation statique 



CHAPTER II: HOT ROLLING METALLURGY 

18 

 

 

II.3.2. Recrystallization 

For certain materials , restoration is not sufficiently effective in terms of reducing work hardening. 

Softening then occurs through the nucleation and growth of new grains, leading to a much faster elimination 

of dislocations. The heavily elongated, work-hardened grains are gradually replaced by new equiaxed grains. 

Whether it is recrystallization or allotropic transformation, the preferential sites for nucleation of new 

metallurgical grains are grain boundaries. They provide efficient diffusion paths and, in the case of 

recrystallization, act as areas of work hardening accumulation. Although work hardening may appear 

homogeneous on a macroscopic scale, it is actually highly heterogeneous on a microscopic scale. In the case 

of static recrystallization, when a high applied deformation rate is present, nucleation can also occur within 

the grain (intragranular). 

Of these two phenomena, only recrystallization generates a significant modification of the 

metallurgical structure. Therefore, the thermomechanical treatment of steels largely focuses on exploiting 

this mechanism during rolling. That's why we will exclusively discuss the consequences of this mechanism 

on the structural evolution of steel. We will examine the parameters that determine the prevalence of one 

mechanism over the others. 

II.3.3. Static Recrystallization 

Static recrystallization is the preferred mode of structural evolution in steels during shaping at high 

temperatures. Consequently, it has been fairly comprehensively studied in terms of mechanisms, kinetics, 

and structural consequences [6] [7] [8] [9]. The effect of thermomechanical parameters and the chemical 

composition of the steel are described in the following paragraphs. 

 

 
II.3.3.1. Specifics of Static Recrystallization Phenomenon 

As mentioned earlier, recrystallization occurs through the nucleation and growth of new grains. 

Complete recrystallization is achieved when the work-hardened grains have been entirely eliminated and 

replaced by equiaxed grains. Except in exceptional cases, the grain size at the end of recrystallization is finer 

than the initial grain size. 

Since static recrystallization occurs after the cessation of deformation, its kinetics are expressed in 

terms of time. It exhibits a specific behavior (Figure 6) that can be well described by an Avrami-type law: 

𝑭𝑹(𝒕) = 𝟏 − 𝐞𝐱𝐩(𝒌𝒕ⁿ) 
 

with FR :static recrystallization rate, 

 

t : time, 

 

k and n : two constants characterizing the kinetics.(n=2 ά 5)
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Figure II.3 : Static recrystallization kinetics 

 

 
 

In this figure, we observe the existence of an incubation time, which can be associated with the 

germination phase, and strongly depends on the thermo-mechanical parameters and chemical composition of 

the steel. These same parameters also have a considerable influence on the growth phase of recrystallized 

grains, as visualized by the slope of the kinetic law curve. 

 

 
II.4. Effect of Thermo-mechanical Parameters on Static Recrystallization Kinetics and the Structure at 

the End of Recrystallization 

The two predominant thermo-mechanical parameters in terms of static recrystallization are the 

deformation rate and the temperature. We will also discuss the effect of the deformation rate. 

■ Effect of the deformation rate 

The higher the applied deformation, the greater the stored energy in the structure, and the higher the 

driving force for recrystallization. This results in an acceleration of kinetics (Figure 7a) in terms of 

germination (shorter incubation time) and grain growth (steeper slope of the curve). However, it should be 

noted that there is a critical deformation rate below which no recrystallization occurs. Studies published by 

different research teams indicate that this critical deformation is around 5 to 7%. 

d

t1 t2 lg t 
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Regarding the grain size at the end of recrystallization, the higher the applied deformation rate, the 

greater the number of germination sites. Consequently, the size of recrystallized grain decreases as 

deformation increases (Figure 8). 

■ Effect of temperature 

Two antagonistic phenomena are associated with the effect of temperature. On one hand, at a 

constant deformation rate, the higher the temperature, the lower the work hardening of the structure upon 

deformation cessation due to more extensive restoration. 

 

 
Figure II.4 : Static recrystallization kinetics 
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Figure II.5: Effect of deformation and temperature on recrystallized grain size 

with, as a consequence, a presumably lower driving force (cf. previous paragraph). However, the 

considerable effect of temperature on diffusion phenomena accelerates the growth of newly recrystallized 

grains and, therefore, the kinetics. Figure 7b demonstrates that the second effect is largely predominant. 

The higher the temperature, the larger the recrystallized grain (Figure 8). This is the consequence of 

the two phenomena described above: the higher the temperature, the lower the work hardening at the end of 

deformation, resulting in fewer nucleation sites for new grains. Additionally, the higher the temperature, the 

faster the growth of new grains. 

 

 
■ Effect of the deformation rate 

This parameter has a limited effect on static recrystallization. A higher deformation rate slightly 

accelerates the kinetics. This is due to increased work hardening at a given deformation rate. For the same 

reason, the size of the recrystallized grain is slightly finer. 

We have just reviewed the effect of thermo-mechanical parameters on static recrystallization. Now 

we will study the influence of the steel's chemical composition. 

 

 
II.4.1.Effect of Chemical Composition on Static Recrystallization Kinetics and Grain Size at the End 

of Recrystallization 

The effect of the chemical composition of steels on recrystallization has been studied quite 

extensively [7] [9]. In this paragraph, we will "focus" on the effect of microalloying elements, particularly 

niobium, which will help us understand its essential role. 

Most solid solution elements have an influence on recrystallization kinetics, which is often associated 

with the modification of diffusion conditions and the slowing down or inhibition of dislocation or grain 
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boundary movement. This effect is particularly significant when microalloying elements precipitate 

concomitantly with recrystallization. 

Figure 9 a (adapted from [7]) shows the relative influence of chromium, nickel, manganese, and 

molybdenum. The apparent effects are relatively small even for contents ranging from 1 to 2%, except for 

molybdenum, which induces a significant increase in the incubation time. The influence of microalloying 

elements (titanium, vanadium, and niobium) is visualized in Figure 9b (adapted from [7]). Their effect is 

considerable considering the quantities involved (approximately 0.1%), as recrystallization times are 

multiplied by 10 or even 1,000 compared to carbon steel (i.e., without microalloying elements), especially in 

the case of niobium. It is evident that, given the short inter-pass times typical of rolling processes (cf. § 2), 

the presence of this element can even inhibit static recrystallization. A judicious use of niobium will thus 

allow for control of the structural evolution of steel during rolling and, consequently, control of the structure 

and final properties of the product (it should also be noted that this element contributes to final hardening by 

precipitating as carbides and carbonitrides during coiling). Figure 9 c further shows that the niobium content 

accentuates its action on recrystallization. 
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Figure II.6: Influence of micro alloy elements on static recrystallization kinetics 
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III .1.Consideration of thermal aspects 

In general, all thermal modeling work relies on the classical equation of energy 

conservation, known as the "heat equation," which is written in its most general form as follows: 

𝜌𝑐ᵖ 
𝜕𝑇 

+ 𝜌𝑐ᵖ𝑢⃗ . 𝑔𝑟𝑎𝑑⃗ 𝑇 = 𝑑⃗𝑖𝑣(𝜆𝑔𝑟𝑎𝑑⃗ 𝑇)𝓌˙𝖵ᵒᴸ (III.1) 
𝜕𝑡 

T represents the temperature field. 

ρ is the density expressed in kg.m^(-3). 

Cᴾ is the specific heat capacity expressed in J.kg.kˉ¹. 

𝑢⃗  is the velocity field. 

𝓌 ˙ᵛᵒᴸ represents any volumetric heat sources. 

The convective term 𝑢⃗ .grad  T must be taken into account in Eulerian calculations, which 

can be useful for rolling processes where the material flows through the rollers while the center 

remains at a fixed position. Generally, ρ, Cᴾ, and λ are considered as constants, although they may 

depend on temperature.[1] 

III.1.2.a Surface heat sources 

Heat sources are specifically considered as imposed heat fluxes of the Fourier type. They 

are often located at [11]the tool/material interface and are formalized as follows: 

-λ grad T.n  =Փ ͩ (III.2) 

Where Փ ͩ is the imposed surface heat flux and n  is the outward normal to the material at 

the contact surface. Փ ͩ can represent various phenomena depending on the authors. 

 
Surface heat flux: It can represent the surface heat flux as a part of the frictional energy. 

The heat generated by friction between the cylinders and the sheet is shared both in the material 

and in the tools. Therefore, even if the model does not consider the cylinders, a partition coefficient 

must be introduced to quantify the amount of heat propagating only in the sheet. For this purpose, 

[Baque et al., 1973] introduce the effusivity, e = √(ρ Cᴾ λ), and thus the boundary condition 

becomes: 

Փ ͩ =
𝑒ᵐᵃᵗⁱᵉ ͬᵉ 

𝑒ᵐᵃᵗⁱᵉ 

+

ᵉ  

𝑒ᵐᵃᵗⁱᵉ ͬᵉ 
(III.3)

 

This expression of the partition coefficient was established within the framework of a one- 

dimensional thermal problem for two semi-infinite bodies with constant thermal properties. This 
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expression can then provide an indicative value of the heat transfer coefficient between the tool 

and the plates. [9] 

III.1.3.b Heat dissipated by plastic deformation 

Assuming that the flow stress σ₀ is constant during deformation and εˉ is the deformation 

experienced by a material element of volume V. 

The plastic deformation energy dissipated in the material is σ₀ εˉ V. This dissipation corresponds 

to an increase in internal energy. 

Let ρ be its volumetric mass and c be the specific heat. It is observed that only a fraction 

of the deformation power is used for heating the material. The rest is used as work hardening 

energy. The expression for the plastic energy transformed into heat is given by the equation: 

Ẇᵥₒ𝖫 = 𝛤 ͩ𝜎₀ 
.
 
𝗌 

(III.4) 

Where    ͩ can be approximated as the Taylor-Quinney coefficient. It is typically close to 0.9 (see 

Table I.1). Moreover, for the majority of metals, its exact value is not known.[10] 

 

 

Table III.1 Taylor Quinney coefficient for different materials [1] 

Establishing this heat source also requires coupling the thermal model with the mechanical 

model in order to obtain the fields of deformation and stress velocities. 

 
III.2. Heat equation 

Establishing the heat equation is based on the first principle of thermodynamics, which can 

be stated as follows: the total energy of an isolated system remains constant during its 

transformations. This can be mathematically expressed by the following laws: 

Let M be a point in the flow and U be the specific internal energy at that point.[7] 

ρ 𝑑⃗𝑢⃗=-div q+𝜎 . (III.5) 
𝑑⃗𝑡 𝗌 
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Where σ₀ ( . )represents the plastic power transformed into heat according to the Hollomon law, 
𝗌 

and q is the heat flux vector. Using Einstein's notation convention, we can write: 
 

 

 

 
with i⟦1 ; 3⟧ , Fourier’s law gives: 

Div q=𝜕𝑞ᵢ 
𝜕𝑥ᵢ 

(III.6) 

 

qᵢ=-λ𝜕𝑇 soit qᵢ=-λgrad 𝑇 (III.7) 
𝜕𝑥ᵢ 

It is assumed that U depends primarily on temperature and the equivalent Von Mises strain. 

Since U = U(T, ε̅), we have: 

𝑑⃗𝑢⃗ = 𝜕𝑢⃗ 𝑑⃗𝑇 + 𝜕𝑈  𝑑⃗𝗌 (III.8) 
𝑑⃗𝑡 𝜕𝑇  𝑑⃗𝑡 𝜕𝗌  𝑑⃗𝑡 

we have c=𝑑⃗𝑢⃗ ; where c is the thermal conductivity of the material and . = 
𝑑⃗𝗌 

; 
𝑑⃗𝑇 

Then the equation (III.5) is written: 
 

𝜌 [𝑐 
𝑑⃗𝑇 

+ 
𝛿𝑢⃗

] = 𝑑⃗𝑖𝑣 𝑞 + 𝜎 
.
 

𝑑⃗𝑡 𝗌 𝗌 

𝗌 𝑑⃗𝑡  

 
(III.9) 

 

𝜌𝑐 𝑑⃗𝑇 = (𝑑⃗𝑖𝑣 𝜆 𝑔𝑟𝑎𝑑⃗ 𝑇) + 
.
 

 
𝜎 (1 − 

𝜌
 

 
𝜕𝑢⃗ ) (III.10) 

𝑑⃗𝑡 𝗌 𝜎   𝜕𝗌 

By making the approximation (1-𝜌 𝜕𝑢⃗)=Гᵈ=cte. 
𝜎     𝜕𝗌 ̅ 

The constant corresponds to the Taylor-Quinney coefficient. It is introduced because it is 

experimentally observed that only a fraction of the deformation work is used to heat the material. 

The remaining fraction (1-Гᵈ) is stored as defects in the crystal lattice.[1] 

Гᵈ is typically close to 0.9 (see Table I.1). Moreover, for the majority of metals, its exact value is 

not known. 

We then obtain the heat equation during plastic deformation of the material considered: 

𝜌𝑐 
𝑑⃗𝑇 

= 𝜆∆(𝑇) + Гᵈσ .̥ 
𝑑⃗𝑡 𝗌 

(III.11) 

This equation is valid for all material elements undergoing plastic deformation; however, 

it is written in Lagrangian formulation. 

To express this equation in Eulerian formulation, it is necessary to consider the partial derivative 

of temperature, whose decomposition is recalled below: 

Let's consider a function F.[7] 
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dF=𝜕𝐹 𝑑⃗𝑡 + 
𝜕𝐹 

𝑑⃗𝑥 + 
𝜕𝐹 

𝑑⃗𝑦 + 
𝜕𝐹 

𝑑⃗𝑧 (III.12) 
𝜕𝑡 𝜕𝑥 𝜕𝑦 𝜕𝑧 

Hence the total derivative 

𝑑⃗𝐹 = 𝜕𝐹 + 𝜕𝐹 𝑑⃗𝑥 + 𝜕𝐹 𝑑⃗𝑦 + 𝜕𝐹 𝑑⃗𝑧 (III.13) 
𝑑⃗𝑡 𝜕𝑡 𝜕𝑥 𝑑⃗𝑡 𝜕𝑦 𝑑⃗𝑡 𝜕𝑧 𝑑⃗𝑡 

= 𝑢⃗ . 𝑔𝑟𝑎𝑑⃗ (𝐹) + 
𝜕𝐹

 

𝜕𝑡 

When the steady-state regime is established, i.e., when 𝜕𝐹 = 0, the Eulerian equation of 
𝜕𝑡 

heat becomes:  
𝜌𝑐 𝑢⃗  𝑔𝑟𝑎𝑑⃗  (𝑇) = 𝜆∆(𝑇) + Гᵈ𝜎 

.
 

𝗌 

 
 

(III.13) 

It is this second equation, the Eulerian equation of heat in steady-state regime, that is used 

for solving our thermal problem. In fact, we choose a fixed reference frame of the rolling cylinders 

that "observes" the material flowing with a velocity field 𝑢⃗ . It should be noted that this velocity 

field originates from the power minimization performed in [8]the method of streamline flow. 

 
The thermal solution of the problem requires an iteration between this optimization of the 

velocity field and the calculation of the temperature field until they are compatible with each other, 

namely, thermal equilibrium is reached and minimal mechanical power is dissipated. 

III.3. Finite Difference Method 

If we are solely interested in thermal modeling, we can use the finite difference method, 

taking into account, if necessary, the velocity field experienced by the material in the particle 

derivative term of the temperature.[6] 

The general equation of heat is expressed as follows: 

 

 
That it can be written in this form: 

𝜌𝑐 𝑢⃗  𝑔𝑟𝑎𝑑⃗ (𝑇) = 𝜆𝛥(𝑇) + �ͩ� 𝜎₀ 
.
 

𝗌 
(III.14) 

 

𝜕𝑇 

𝜌𝜕²𝑐𝑇. (   𝑢⃗ ͯᵢ;ⱼ    ) . (𝜕𝑥ᵢ;ⱼ  ) = 𝜆 [ + 
𝜕²𝑇 

] + 𝛤 ͩ𝜎₀ . 
 

(III.15) 

𝑢⃗ ʸ ᵢ;ⱼ 𝜕𝑇   
𝜕𝑦ᵢ; 
ⱼ 

𝜕2𝑥ᵢ; 
ⱼ 

𝜕2𝑇ᵢ;ⱼ 𝗌 
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The principle of this method for solving this partial differential equation (PDE) is presented 

below. 

∆T + 𝑓 = 0 𝑠𝑢⃗𝑟 𝛺 

{ 𝑇 = 𝑇0𝑠𝑢⃗𝑟 𝛤𝖫 
𝜕𝑇 = 𝑔 𝛤₂ 
𝜕𝑛 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

III.4. Finite Difference Modeling 

III.4.1 Introduction 

 

 

Figure III.1. Principle of finite differences [2] 

The thermal problem is highly nonlinear and too complex to be treated and solved purely 

analytically. In practice, most of the equations to be solved are first or second-order equations with 

two independent variables. If T is a function of x and y, then the PDEs involve 

𝜕𝑇 
; 
𝜕𝑇 

; 
𝜕²𝑇 

; 
𝜕²𝑇 

; 
𝜕²𝑇      III.1 Finite Difference Modeling. 

𝜕𝑥   𝜕𝑦    𝜕𝑥    𝜕𝑦    𝜕𝑥𝜕𝑦 

The thermal problem is highly nonlinear and too complex to be treated and solved purely 

analytically. In practice, most of the equations to be solved are first or second-order equations with 

two independent variables. If T is a function of x and y, then the partial differential equations 

involve... 

 
Therefore, to solve partial differential equations, a commonly applied method is the finite 

difference method. This method is used to approximate spatial derivatives in steady-state regime. 

The problem is considered two-dimensional (2D), in a plane containing the rolling direction (RD) 

and the normal direction (ND).[3] 
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III.5. Meshing 

A mesh is applied to the domain under study. In order to simplify the expression of the 

temperature gradient, the angle formed by the lines with respect to the horizontal is neglected 

(assuming it is close to 0, see Figure III.2.2). This assumption becomes stronger as the reduction 

ratio increases. Calculations are detailed to account for the inclination of the trajectories. 

 
The velocity fields of the material elements during their passage between the cylinders are 

known. The aim is to estimate the temperature field at any point in the rolling mill during steady- 

state operation. The only unknown quantity is the temperature at each point.[7] 

 
III.6. Boundary Conditions 

Boundary conditions are the values of the solutions of ordinary differential equations and 

partial differential equations on a boundary. There are many possible boundary conditions 

depending on the problem formulation and the number of variables involved. For volume nodes, 

the heat equation (III.10) is applied, but for surface nodes, different boundary conditions are 

applied, which are represented in Figure III.2.3 and detailed in the following paragraph: 

The surface Σₗ represents the nodes at the entry of the rolling mill. It is assumed that the material 

velocity is sufficiently high for the node temperature to be equal to the initial plate temperature. 

This surface is delimited by 1 ≤ i ≤ Imax and j = 1.[5] 

The surface Σ₂ represents the nodes in contact with the upper cylinder. On this surface, 

there is a heat exchange due to plastic deformation. There is also heat generated by the friction 

between the cylinder and the plate, which is shared between them (details of this sharing are 

provided in the following paragraph). This surface is delimited by 2 ≤ j ≤ Jmax and i = 1. 

The surfaces Σ₃, Σ₄, Σ₅ represent the nodes in contact with the air after the plate exits the 

rolling mill. Generally, this is the cooling phase of the plate. It is assumed that the air is at ambient 

temperature. These surfaces are delimited by Σ₃ ⇒ Imax+1 ≤ j ≤ Imax+Mmax and i = 1, Σ₄ ⇒ 2 ≤ 

i ≤ Imax-1 and j = Imax+Jmax, and Σ₅ ⇒ Imax+1 ≤ j ≤ Imax+Mmax and i = Imax. 
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The surface Σ₆ is similar to surface Σ₂, but it represents the nodes in contact with the lower 

cylinder. The exchanges on this surface are of the same type as those on Σ₂. This surface is 

delimited by 2 ≤ j ≤ Jmax and i = Imax. 

 

Figure III.2.Mapping of boundary conditions [11] 

As mentioned in the above paragraph,[10] the heat generated by friction between the 

cylinder and the plate is shared between these two bodies. To evaluate this heat flux quantity, a 

local balance is performed using the boundary layer formulation. The heat flux, denoted as , is 

equal to the surface power dissipated by friction. 

Ф = 𝑤    = ∫
𝐿 
�̅�  

𝜎
  |∆𝑉|𝑑⃗𝑙 (III.16) 

 

𝐹 0 √3 

The plate and the cylinders have a given temperature. During rolling, the heat generated by 

friction will be diffused into both contacting bodies. Therefore, it is necessary to determine the 

heat flux Фₜₒₗₑ and Фcyl that is diffused into each body, knowing that Ф=Фₜₒₗₑ+Фcyl. In general, the 

heat diffusion in a semi-infinite solid body from the surface can be represented as shown in Figure 

III.2.1.[4] 
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ₛ 

 
 

 
 

Figure III.2.1 Heat diffusion in a semi-infinite massive body from the surface [4] 

The heat flow that passes through the surface is thus written: 

𝑑⃗𝜃 
Ф = −𝜆 ( 

𝑑⃗𝑥 ) = 2𝜆 ( 

𝜃ₛ − 
𝜃ᵢ 

𝑒 

)=2𝜆 
∆𝜃
 

𝑒 

(III.17) 

For the plate, by calculating the change in internal energy of a strip of width dx and 

thickness eₜₒₗₑ, we obtain: 

1 𝜌ₜ  ₒ𝖫𝖾𝑐ₜ  ₒ𝖫𝖾∆𝜃ₛ  𝑒ₜ  ₒ𝖫𝖾 = ∫
𝑡 

Фₜ  ₒ𝖫𝖾𝑑⃗𝑡 
3 0 

By multiplying both sides by... 2𝜆 ₜₒₗₑ∆𝜃ₛ , we obtain: 
𝑒ₜ ₒ𝖫𝖾 

(III.18) 

2 𝜌 𝑐 ( )2 2𝜆𝑡𝑜𝑙𝑒 (∆𝜃𝑠) ∫𝑡
ₜ Фₜ  ₒ𝖫𝖾𝑑⃗𝑡 = Фₜ  ₒ𝖫𝖾𝑡∫ (III.19) 

𝜆 ∆𝜃 = Ф   ₒ𝖫𝖾𝑑⃗𝑡 
3   𝑡𝑜𝑙𝑒   𝑡𝑜𝑙𝑒   𝑡𝑜𝑙𝑒 𝑠 𝑒𝑡𝑜𝑙𝑒∞ 

0 0 

With bₜₒₗₑ being the thermal effusivity of the material, which characterizes its ability to 

exchange thermal energy with its surroundings. 

 
III.2.4 Discretization 

III.2.4.a Discretization of the heat equation in the volume[6] 

Recalling the heat equation (III.22), it is discretized as follows for the volume elements: 

2 ≤ 𝑖 ≤ 𝐼𝑚𝑎𝑥 − 1; 2 ≤ 𝑗 ≤ 𝐽𝑚𝑎𝑥 + 𝑀𝑚𝑎𝑥 − 1 

𝜌𝑐𝑢⃗  𝑔𝑟𝑎𝑑⃗ (𝑇) = 𝜆∆(𝑇) + Г𝑑⃗𝜎0𝖼˙ (III.20) 

Which we can write in this form: 
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2 𝜕 2𝑇 

+ 

 

𝑥 
𝜕𝑇 

 𝜌𝑐. ( 𝖯𝑖,𝑗 ) .(
𝜕𝑥

𝑖,𝑗 

 
𝜕   𝑇    + ] + Г 𝜎 𝖼˙ (III.21) 

 
  

𝑦 
𝑖,𝑗 

) =  𝜆 [ 
𝜕𝑇 𝜕2𝑥 

 

𝜕𝑦𝑖,𝑗 

𝑖,𝑗 𝜕2𝑦 𝑖,𝑗 
𝑑⃗   0 

 𝑇 (ᵢ; ⱼ +1)−𝑇(ᵢ;ⱼ −1) 𝖯𝑥 (𝑇 ᵢ; ⱼ 
+1 

𝜌+𝑐 [𝖯𝑥 

𝑖,𝑗 

 
ᵢ ; 

 
 
 

2∆𝑥 

 
ᵢ 

𝑖,𝑗 
ᵢ;ⱼ −1 

−𝑇 
 
 

2∆𝑦 

 
ᵢ ; 

] (III.22) 

 

 
ᵢ 

=𝜆 [
𝑇( 

ⱼ +1) −2𝑇(ᵢ 

;ⱼ )+𝑇( 

∆𝑥2 

;ⱼ −1) 𝑇( 
ⱼ +1

) −2𝑇 ᵢ ;ⱼ 

+𝑇( 

∆𝑦2 

;ⱼ −1
) 

]+Г 𝜎0𝖼 

 

After factoring, we have: 

𝜌𝑐𝖯𝑥 
𝜆 𝜌 𝑐𝖯ʸ 

𝜆 𝜌 𝑐 𝑥 
𝜆 

 
 

( 𝑖,𝑗 − ) 𝑇ᵢ; j  ₋₁(𝐴)+ ( 𝑖,𝑗 − ) 𝑇ᵢ+1ⱼ (𝐵) ( 𝑖,𝑗 − ) 𝑇ᵢ ; 
2∆𝑦 ∆𝑦2 2∆𝑦 ∆𝑦2 2∆𝑥 ∆𝑥2 

ⱼ −1(𝐶)  
(III.23) 

+(𝜌𝑐𝖯𝑥
 − 𝜆 ) 𝑇ᵢ ; ⱼ +1(𝐷) + 2𝜆 2𝜆 ) 𝑇ᵢⱼ (𝐸) = Г 𝜎 𝖼 
𝑖,𝑗 

  (     +    
2∆𝑥 ∆𝑥2 ∆𝑥2 ∆𝑦2 𝑑⃗  0 

Now, we need to discretize the second term Г_d σ_0ɛ. But first, we need to define the flow 

law used in our model. In order to accurately describe the physical phenomena that occur in the 

sheet during hot or cold rolling, it is necessary to have a law that can take into account: 

- Viscoplastic behavior when modeling hot rolling.[6] 

- Work hardening in the case of cold rolling. 

- or an elastoplastic behavior if we want to simplify the problem. 

In our case, we choose a power law (Hollomon's law): 

𝜎0 = 𝜎1  + 𝑘휀ⁿ  .   ᵐexp(  𝑚𝑄) (III.24) 
𝗌 𝑅𝑇 

With σ₁, s, and k being two constants, n is the work hardening coefficient which is 

approximately 0.2-0.5, analogous to the case of cold deformation, m is the sensitivity coefficient 

to strain rate and is approximately 0.1-0.3-0.5 for superplastic alloys, Q is the apparent activation 

energy (see Table III.1). n, m, and Q are intrinsic material parameters determined through 

rheological tests. R is the gas constant, and T is the absolute temperature.[1] 

𝖯 

) 

𝑑⃗ 
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= ( + )+ 

 
 

 
 

Tableau III.2 Energie d’activation apparente en (kJ /mole )[8] 

 
 

This law is widely used for the hot behavior of aluminum alloys. It has the advantage of 

relating the main thermomechanical quantities to each other. Furthermore, the rheological 

parameters of this law can be easily identified through standard mechanical tests. 

Discretization of the constitutive law.[9] 

Ф = Г . = Г 1 
. 𝑚𝑄

) (III.25) 

𝑑⃗𝜎0 𝗌 𝑑⃗   𝜎0 = 𝜎   + 𝑘휀 휀ⁿ 
ᵐ exp ( 

𝗌 𝑅𝑇 

 
. .+Г𝑑⃗𝑘𝗌 −ⁿ . .ᵐ+1 𝑚𝑄 𝑚𝑄 

Г 
𝑑⃗𝜎0 

 
 

. 
휀
 

𝗌 

= Г𝑑⃗𝜎 

exp( 
𝗌 𝑅𝑇0)  exp(1+ 

𝑅𝑇0) −  

(III.26) 

Г𝑑⃗𝑘휀−ⁿ . ᵐ+1 exp (  𝑚𝑄 ) exp (1 + 
mQ 

) 𝑇ᵢⱼ 
 

𝗌 𝑅𝑇0 RT20
 

For any node of the index volume (ᵢ , ⱼ)2≤ 𝑖 ≤ 𝐼𝑚𝑎𝑥 𝑒𝑡 2 ≤ 𝑗 ≤ 𝐽𝑚𝑎𝑥 + 𝑀𝑚𝑎𝑥1 

Aᵢⱼ  𝑇(ᵢ − 𝖫ⱼ  ) + 𝐵ᵢⱼ  𝑇(ᵢ+𝖫ⱼ  ) + 𝐶ᵢⱼ  𝑇(ᵢⱼ  −𝖫) + 𝐷ᵢⱼ  𝑇(ᵢⱼ  +𝖫) + (𝐸′ᵢⱼ   + 𝐸")𝑇ᵢⱼ (III.26) 
 

 

Avec: 

𝜌𝑐𝖯𝑥 
𝜆 𝜌𝑐𝖯ʸ 

𝜆 

Aᵢⱼ= − ( 𝑖,𝑗 − 
2∆𝑦 ∆𝑦2 

) ;Bᵢⱼ= ( 𝑖,𝑗 − 
2∆𝑦 ∆𝑦2 

𝜌𝑐𝖯𝑥 
𝜆 𝜌𝑐𝖯𝑥 

𝜆 

C ⱼi=− ( 𝑖,𝑗 − 
2∆𝑥 

 
 

∆𝑥2 
) ; Dᵢⱼ=( 𝑖,𝑗 − 

2∆𝑥 ∆𝑥2
) 

2𝜆 2𝜆 
− . +1 ( 

𝑚𝑄 
) exp (

𝑚𝑄 
) 

Eᵢⱼ 
∆𝑥2 ∆𝑦2 Г𝑑⃗𝑘휀  ⁿ 

𝗌 
ᵐ 𝑅𝑇20 

 
 

𝑅𝑇0 

Q(T₀)=Г 𝑘휀 −ⁿ   
.  
ᵐ+1 exp (

𝑚𝑄 
) (1 + 

𝑚𝑄 
) 

𝑑⃗ 𝗌 𝑅𝑇0 𝑅𝑇20
 

) 
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III.2.4.b Discretization of boundary conditions 

To better understand the[3] boundary conditions, let's refer back to Figure III.2.3. Boundary 

condition on Σₗ: 

For 1 ≤ i ≤ Imax and j = 1, the discretized boundary condition on Σₗ is: 

T(ᵢ,₁)=Tᵢₙ ( III.27) 

Boundary condition on Σ₂: 

For 2 ≤ j ≤ jmax and i = 1, the boundary condition on Σ₂ is: 

 
𝑇(1ⱼ )−𝑇(2,ⱼ ) 1 1   ) 𝑤 ₁) ( III.28 ) 
𝑏ₜ ₒ𝖫𝖾  =     (−ℎ(𝑇( ⱼ ) − 𝑇) + 

∆𝑦 𝜆 𝑏ₜ ₒ𝖫𝖾+𝑏𝑐𝑠 𝐹 

 
For Imax+1 ≤ j ≤ Imax + Mmax and i = 1, the boundary condition on Σ₃ is: 

 
(𝑇(1ⱼ )−𝑇(2,ⱼ   

= − 
ℎₐᵢᵣ 

(𝑇(1, j  )-Tair (III.29) 
∆𝑦 𝜆 

Condition aux limites sur la Σ₄ : 

 
For 2 ≤ i ≤ imax-1 and j= Imax+Jmax, the boundary condition on Σ₄ is: 

 
𝑇(𝑖,𝑀𝑚𝑎𝑥+𝑗𝑚𝑎𝑥)−𝑇(𝑖,𝑀𝑚𝑎𝑥+𝑗𝑚𝑎𝑥−1) 

= ℎₐᵢᵣ (𝑇(𝑖𝑚𝑎𝑥, 𝑗) − 𝑇ₐᵢᵣ ) (III.30)
 

∆𝑦 𝜆 
 
 

To refine the finite difference calculation result, the boundary conditions can be 

approximated by local quadratic functions. The temperature field is approximated by a parabola 

(ax²bx c) at the nodes (1,j ),(2, j) (3,j )∀ j𝜖2, jmax and in contact with the upper cylinder, and the 

nodes (Imax-2,j),(Imax-1,j ) (Imax, j) , max and in contact with the lower roll. At the nodes 

(1,j),(2,j) (3,j)∀𝑗𝜖 2,j max and [7] , the parabola is centered at(1, j) and the term b of the parabola 

is not zero because the temperature derivative does not vanish at the boundary condition at(1,j ) 

leading to a more general expression. 

a∆𝑦²+b∆𝑦 + 𝑇(3, 𝑗) = 𝑇(2, 𝑗) (III.31) 

 

 

 

 
: 
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- 
 
 

 

Figure III.2.2 calculation nodes; (a) calculation closer to reality (b) approximate calculation 

 
 

[5]Figure III.2.3 (a) represents all the nodes involved in the calculation for a single equation, 

while Figure III.2.6 (b) represents the nodes of the first calculation. The second calculation is 

very complex as it requires a lot of solving time and does not necessarily yield more significant 

results than the first calculation. That is why it is not implemented in the modeling of rolling for 

a viscoplastic material. 
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IV .1.Rolling Mill Data 

 

For different parameters in each case, an asymmetric rolling pass was simulated (including the 

symmetric case). Only the working rolls and the sheet were considered in this modeling. The sheet 

has an input thickness of 20 mm. In a rolling pass, it undergoes a 20% reduction in thickness, 

resulting in an output thickness of 16 mm from the rolling mill. The rolls have the same radius of 

100 mm. The upper roll has an angular velocity of 1.57 rad/s to achieve a tangential velocity of 157 

mm/s. The lower roll has the same diameter but its velocity is variable with a maximum speed of 

1.57 rad/s. The rolls are considered undeformable. 

 
 

We neglected transverse deformations (2D modeling), which allowed us to simplify the model 

by assuming plane strain. 

 
IV .2.Thermal Data 

 
 

Thermal effects occur at various levels during the rolling simulation, and the following 

temperatures are considered: 

Temperature of the upper roll: T_cylsup (constant in steady state) 

Temperature of the lower roll: T_cylinf (constant in steady state) 

Air temperature : T_air (constant) 

Sheet temperature: T_tole (constant) 

 
 

Additionally, during plastic deformation, the material locally heats up. In addition to that, there 

is energy dissipated by friction in the friction zone. Therefore, it is necessary to manage the heat 

exchange between all these different parts. We introduce the following heat exchange parameters: 

- Band-air heat exchange: h_air = 25 W/(m^2·K) 

- Band-upper roll heat exchange: h_cs = 10 kW/(m^2·K) 

- Band-lower roll heat exchange: h_ci = 25 W/(m^2·K) 

- Friction energy partition coefficient: b = b_total/(b_cyl + b_tole) = 0.5 (i.e., a portion of the 

energy dissipates in the band, the other portion in the roll in contact with the same proportion). 

b_tole and b_cyl are the thermal effusivities of the sheet material and roll material, respectively.  

They are characterized by their capacity to exchange thermal energy with their surroundings. 
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It should be noted that finely adjusting these parameters to reproduce real-world conditions is 

very challenging. These parameters vary depending on the rolling time, number of passes, and other 

factors. The assumed temperatures at the beginning of each pass are kept constant throughout the 

pass. 

 
IV .3.Thermal parameters: 

Density (ρ): 2700 kg/m^3 

Specific heat capacity (C_P): 897 J/(kg·K) 

Thermal conductivity (λ): 237 W/(m·K) 

T_cylsup = T_cylinf = T_tole = T_air = 293 K 

 
The thermal aspect of asymmetric rolling has been studied. For the process modeling, we 

adopted two numerical methods, finite differences and finite volumes, due to its complexity. The 

thermal model developed using finite differences was compared to the results obtained using finite 

volume calculations with the Gambit and Fluent software. 

 
IV .4.Solution 

Methods a- Finite 

Differences 

 
The thermal problem is highly nonlinear and too complex to be treated and solved purely 

analytically. In practice, most of the equations to be solved are first or second-order partial 

differential equations with two independent variables. To solve partial differential equations, a 

commonly applied method is the finite difference method. This method is used to approximate 

spatial derivatives in steady-state conditions. The problem is considered two-dimensional (2D), in a 

plane containing the rolling direction (RD) and the normal direction (ND). 

 
We have developed a program in Matlab that allows us to determine the thermal field at any 

point on the strip (sheet), given the thermal parameters. 
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Figure IV.1 Temperature field with friction consideration 

 

 
 

b- Finite Volume Methods 

 

The finite volume method is a numerical approach used to solve partial differential equations. 

This approach is characterized by representing the field in specific volume units rather than 

sporadic points, similar to the finite difference method. 

In the finite volume method, the field is divided into a set of limited sizes, also known as cells 

or elements. Partial differential equations are integrated over each limited size using an appropriate 

approximation of the solution. Mass fluxes, mobility, and energy between cell interfaces are also 

considered to ensure the preservation of physical quantities. 

This method offers several advantages, including: 

 
Conservation: The finite volume method ensures the conservation of physical quantities such as 

mass, momentum, and energy across cell interfaces. 

Engineering Flexibility: It can be applied to complex and unstructured engineering using 

irregular grids. 
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Numerical Stability: The finite volume method is naturally stable and effectively handles 

changing phenomena and numerical instability. 

By using software such as Gambit and Fluent, volumetric grids can be set up and problems can 

be analyzed using the finite volume method, providing accurate results for thermal fluxes and 

distribution within the panel. 

 

 
Figure IV.2 Plate mesh 

 

 

 

 

 

 
 

 

Figure IV.3 Temperature field with friction consideration 
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IV .5.Interpretations of results 

 

(i) The thermal modeling conducted using both methods in this chapter appears to be generally 

valid. It is observed that the finite difference method yielded results, while the finite volume method 

produced less accurate results due to neglecting the curvature of trajectories. 

 
(ii) The finite difference method is more valid when the reduction ratios are low, the sheets are 

thin, and the cylinders are larger. 

 
(iii) With the finite difference method, we were able to study viscoplastic materials by 

incorporating them into our trajectory model. 

 
(iv) For the thermal aspect, the finite volume method is a relevant tool for validating the finite 

difference method. 

 
(v) The obtained results are consistent with expectations, indicating that friction has a 

dominant effect and that the temperature is higher on the side of the faster cylinder. 



 

General Conclusion 

 

 
Rolling presents a wide range of thermal problems. It starts with the reheating furnaces for hot 

rolling, where we must ensure, while using the least amount of energy possible, the temperature 

homogeneity so that the product can be rolled at the most uniform temperature. 

The objective of this work was the thermal modeling of asymmetric rolling, focusing on its thermal 

aspect. For the process modeling, we adopted two numerical methods, finite differences and finite 

volumes. The temperature field predictions were compared to the results obtained through finite 

volume calculations using Gambit and Fluent software. 

From this study, the following conclusions can be drawn: 
 

(i) It is observed that the finite volume method provided more accurate results compared to the 

finite difference method, where we neglected the curvature of the trajectories. 

(ii) The finite difference method is more valid when the reduction ratios are low, and when dealing 

with thin sheets and large cylinders. 

(iii) Using the finite difference method, we were able to study viscoplastic materials by introducing 

them into our trajectory model. 

(iv) For the thermal aspect, the finite volume method is a relevant tool for validating the finite 

difference method. 

(v) The obtained results are consistent with expectations, showing that friction effects are 

predominant and that the temperature is higher on the side of the faster cylinder. 

Finally, the application of the model was presented in Chapter IV.. 
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