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 شكر و عرفان

 

 

 

 الحمد لله الذي منحني القدرة لاتمام هذه المذكرة 

 بنجاح، أ شكر الله عز و جل على النعم العديدة التي منحني 

ياها   ا لي خلال هذه الرحلة التعليمية و على القوة و الصبر التي وهب  ا 

البروفيسور أ ود أ ن أ عبر عن شكري و امتناني ل س تاذي المشرف،    

عداد   الفاضل "زراولية الحاج" الذي وفر لي الدعم و الا رشاد طوال فترة ا 

 المذكرة و قبلها. 

لهام  شكرًا لكم على العطاء الذي لا ينضب وعلى التفاني ل عضاء هيئة التدريس الكرام    والا 

ليها،     الذي قدمتموه لي ولزملائي في الدراسة. أ نتم تمثلون القامة العلمية التي نسعى للوصول ا 

 بأ نني كنت جزءًا من هذه ال سرة التعليمية الرائعة.   ة وأ نا فخور   

ي  ـائي الذين وقفوا بجانب ـتي و أ حب ـر لعائل ـر و التقديـص الشك ـدم بخال  ـأ تق  

 رحلتي التعليمية.  كل مرحلة من مراحل   و دعموني في 

 ولا و أ ن يكون مساهمة صغيرة  أ سأ ل الله أ ن يجعل هذا العمل مقب

 و يثمر عبير المعرفة و الفهم. العلمي    ال في الم 



 

 

 

 إهداء 
 

ن أ بت رغما عنها أ  "   "  تيت بهامن قال أ نا لها نالها و أ نا لها و ا 

 

لى نفسي   القوية والمثابرة، أ نت المحرك والشجاعة وراء هذا الا نجاز. اس تطعت تجاوز ا 

 الصعوبات، واس تمريت في العمل بجد لتحقيق أ هدافي. أ نت قدوتي وأ عتز  و التحديات 

 بالتطور الذي حققته. لا تتوقفي عن التطلع للمزيد وتحقيق ما ترغبين فيه. أ نت   و بك

 قوية وملهمة، وأ عرف أ ن لديك مس تقبلًا مشرقاً. 

 

لى كل من س ندني بكل   لى ال يادي الطاهرة التي أ زالت عن طريقي أ شواك الفشل، ا   ا 

لى من رسمولي المس تقبل بخطوط من الثقة و الحب.   حب عند ضعفي، ا 

 

 ي فرحة تخرجي: أ هد

 

لى تلك الا نسانة العظيمة التي لطالما تمنيت أ ن تقر عينها برؤيتي   في يوم كهذا ا 

 ".   الحبيبة أ مي "

لا بالصبر و الا صرار  لى من كلل العرق جبينه و علمني أ ن النجاح لا يأ تي ا   ا 

 . "أ بي الغالي"

لى حبيبة القلب و رفيقة الدرب   الطريق تلك التي لم و لن تترك يدي طول ا 

 . " نورة " أ نت نور في عتمتي

لى مؤنساتي و رفيقاتي نسائم السعادة  جميلا لا ينتهيي    لي شيئاًدمتم    ا 

كرام " مريم، "   عائشة، أ س يا، ا 

لى عبق الفرح و شحنة التفاؤل خالتي و صديقتي و أ ختي    ا 

 " سهيلة " 

لى س ندي و  خوتي ا   " الحسن، ياسين " مصدر القوة و ال مان ا 

 

 

 

 



 

 

 
 
 
 
 
 

 

Abstract 
 

The objective of this thesis is the exploration of chaos in certain 
Zeraouilia-Sprott mappings. In particular, this class of discrete 
dynamical systems known for their chaotic behaviors. 
❖ In the first chapter, we mentioned some important and 

comprehensive concepts of dynamical systems theory. 

❖ In the second chapter, we introduced some Zeraoulia-Sprott 

smooth discrete mappings in one and two dimension capable 

of generating Chaos. 

❖ In the third chapter, we studied a simple 2-D discrete 

piecewise linear chaotic of Zeraoulia-Sprott mapping that is 

capable of generating a hyperchaotic double scroll attractor. 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 
Resumé 

 
L’objectif de cette thèse est l’exploration du chaos dans 
certains modèles de Zeraouilia-Sprott. En particulier, cette 
classe de systèmes dynamiques discrets est reconnue pour 
son comportement chaotique. 
❖ Dans le premier chapitre, nous avons mentionné certains 

concepts importants et complets de la théorie des 

systèmes dynamiques. 

❖ Dans le deuxième chapitre, nous avons introduit certains 

applications discrets lisses de Zeraoulia-Sprott en une et 

deux dimensions capables de générer du chaos. 

❖ Dans le troisième chapitre, nous avons étudié un modèle 
simple chaotique linéaire en morceaux de Zeraoulia-
Sprott en 2D, capable de générer un attracteur à double 
spirale hyperchaotique. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 ملخص 
 

الفوضى من  دف  اله استكشاف  هو  الأطروحة  هذه 

نماذج   بعض  وجه سبروت-ليةزراوفي  وعلى   .

الخصوص، هذه الفئة من الأنظمة الديناميكية 

 المعروفة بسلوكها الفوضوي. المتقطعة

بعض  ❖ ذكر  تم  الأول،  للفصل  بالنسبة 

النظم  لنظرية  والشاملة  الهامة  المفاهيم 

 الديناميكية.

الثاني،  ب ❖ للفصل  بعض النسبة  قدمنا 

لنماذج توضيحية   سبروت-زراولية تطبيقات 

في  المتسقة  الديناميكية  للتطبيقات 

 بُعدين، قادرة على توليد الفوضى.

بدراسة ب ❖ قمنا  الثالث،  للفصل  النسبة 

لتطبيق  الأبعاد  ثنائي  بسيط  نموذج 

بالاجزاءالديناميكي   -زراولية  ل  الخطي 

فائق سبروت جاذب  توليد  على  القادر   ،

 الفوضى.
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Introduction

Chaos theory is a crucial branche of the study of dynamical systems. It was coined by the math-

ematician Henri Poincaré at the start of the 20th century while he was working on differential

systems, and it has undergone constant development ever since. There are two types of bifurca-

tion: local and global. Local bifurcation can be completely explained by changes in the stability

of local equilibrium properties, periodic orbits, or other invariant sets as the parameters cross

critical thresholds. Global bifurcation, on the other hand, frequently happens when the larger

invariant sets of the system collide. They cannot be found solely by looking at the security of the

equilibriums (fixed points).

In this study, we concentrate on a novel class of bifurcations known as border collision bifur-

cations. When a fixed point (or periodic point) encounters the switching manifold in piecewise

smooth maps, a bifurcation, which can be classified into two types namely border collision pair

bifurcation and border crossing bifurcation.

We focus on continuous piecewise smooth discrete-time systems in one and two dimensions when

studying bifurcation theory. We have divided this master thesis into three chapters as follows:

• Chapter 1, is dedicated to presenting the key findings regarding chaotic dynamics and

bifurcations in piecewise smooth maps in one and two dimensions.

• Chapter 2, is focused only on searching chaos in 1 and 2-dimensional smooth discrete

Zeraoulia- Sprott mappings.

• Chapter 3, is interested in the serching of choas in some two-dimensional piecewise Zeraoulia-

Sprott mappings.
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Chapter 1

Border Collision Bifurcations

The border collision bifurcations are relativley a new class of bifurcations that are entirely

distinct from everything we have previously examined, including saddle node, pitchfork, hopf,

etc. It first appeared as a term in [6], though it was previously presented in Russian literature

under the name C-bifurcation attributed to the scientist Feigen in [5], and it specifically occurs

in piecewise smooth maps for the reason that the latter is very effective at accurately modeling

the non-smoothness in the systems. Switching circuits are an example of this from physics, as this

type of bifurcation is clearly manifested, implies that this bifurcation falls under the category of

global bifurcation that results in the so-called robust chaos and happens when the fixed point’s

nature changes as it crosses the switching surface. However, we are only interested in searching

a portion of these bifurcations.

1.1 Maps and their bifurcation

1.1.1 Fixed point and periodic orbits of maps

A discrete time system is defined by a difference equation:

xn+1 = fµ(xn), xn ∈ Rn, µ ∈ R

simple solutions include:

Fixed Points: xn+1 = xn, that is solutions of x∗ = f (x∗) .

Periodic Orbits: (x0, . . . , xp−1) with xk = f (xk−1) , k = 1, . . . , p− 1 and x0 = f (xp−1) . Therefore,

xk = fp (xk) = f (· · · (f (xk)) · · · )︸ ︷︷ ︸
p iterations

, k = 0, 1, 2, · · · p− 1.

6



Chapter 1. Border Collision Bifurcations

Figure 1.1: Saddle-node (tangential) bifurcation.

That is, periodic points are fixed points of an iterate fp of the map. The stability of fixed points or

periodic orbits can also be studied via linearisation. A fixed point x∗ is linearly stable if |f ′ (x∗)| <

1. For the linear stability of a periodic orbit, there is only one condition:
p−1∏
k=0

|f ′ (xk)| < 1.

1.1.2 Bifurcation of maps

Saddle-node (tangential) bifurcation: For xn+1 = µ+ xn − x2
n

If µ > 0, there are two fixed points x∗± = ±µ1/2; the fixed point x∗+ = µ1/2 is stable but x∗− = −µ1/2

is not stable.

If µ = 0, there is one fixed point x∗ = 0, this fixed point is indifferent because |f ′ (x∗)| = 1

If µ < 0, there is no fixed point. Because bifurcation occurs when the straight line y = x touches

the parabola y = µ+ x− x2 tangentially at µ = 0, (See Figure 1.1).

Transcritical bifurcation: For xn+1 = (1 + µ)xn − x2
n

There are always two fixed points x∗ = 0 and x∗ = µ. The fixed point x∗ = 0 is stable for µ < 0,

but becomes unstable for µ > 0, while the other fixed point x∗ = µ is unstable for µ < 0 and

stable for µ > 0.

Supercritical pitchfork bifurcation: For xn+1 = (1 + µ)xn − x3
n

When µ < 0, there is only one fixed point x∗ = 0, which is stable.

When µ > 0, there are three fixed points; x∗ = ±µ1/2 are stable, but x∗ = 0 unstable.

1.1. Maps and their bifurcation 7



Chapter 1. Border Collision Bifurcations

Figure 1.2: Transcritical bifurcation.

Figure 1.3: Pitchfork bifurcation.

1.1.3 Logistic map

The logistic map is the simplest quadratic family of maps:

fµ (x) = µx (1− x) , µ ≥ 0,

In the context of population dynamics, the two terms µx and −µx2 in this map can be interpreted

as reproduction and starvation (density dependent mortality) respectively.

Fixed points: There are two fixed points x∗ = 0 and x∗ = (µ− 1) /µ, provided µ ≥ 1.

Linear stability: We have that f ′µ (x) = µ− 2xµ. If 0 ≤ µ < 1, the fixed point x∗ = 0 is stable, and

the fixed point x∗ = (µ− 1) /µ is not in the range [0, 1] . If µ ≥ 1, the fixed point x∗ = 0 becomes

unstable, but x∗ = (µ− 1) /µ become stable,as long as 1 < µ < 3.Because the fixed points x∗ = 0

and x∗ = (µ− 1) /µ exchange stability at µ = 1, this is a transcritical bifurcation.

Period-doubling bifurcation: As µ passes 3, x∗ = (µ− 1) /µ becomes unstable (see Figure 4). A

period-two orbit
(
x∗+, x

∗
−
)

appears, such that

x∗+ = f ′µ
(
x∗−
)
, x∗− = f ′µ

(
x∗+
)
.

In other words, both x∗+ and x∗− are fixed points of x = fµ (fµ (x)) , but not fixed points of x =

fµ (x). It’s called period-doubling bifurcation, signified by f ′µ∗ (x∗) = −1 at µ∗ = 3.

1.1. Maps and their bifurcation 8



Chapter 1. Border Collision Bifurcations

Figure 1.4: The fixed point x∗ = (µ− 1) /µ becomes unstable as µ > 3, and a period-two orbit

emerges (the iteration for µ = 3.35 is plotted here).

Since

x− fµ (fµ (x)) = x (µx− µ+ 1)
(
µ2x2 −

(
µ2 + µ

)
x+ µ+ 1

)
.

all fixed points of x = fµ (fµ (x)) are

x∗ = 0, x∗ =
µ− 1

µ
, x∗± =

µ+ 1±
√

(µ− 3) (µ+ 1)

2µ
.

The first two are inherited from x∗ = fµ (x∗) and the last two form the period two orbits.

1.1.4 Bifurcation of two-dimensional maps

By observing that when a parameter changes, results in eigenvalues of the Jacobian matrix with

unit modulus, the same method may be used to investigate the bifurcation of two-dimensional

maps.

Example 1.1 Consider the map

xn+1 = µyn + xn − x2
n, yn+1 = xn.

There are two fixed points

(x∗1, y
∗
1) = (0, 0) ,

(x∗2, y
∗
2) = (µ, µ) .

The Jacobian matrix

J (x, y) =

(
1− 2x µ

1 0

)
.

1.1. Maps and their bifurcation 9



Chapter 1. Border Collision Bifurcations

Figure 1.5: The eigenvalues of the Jacobian matrix near the two fixed points (0, 0) and (µ, µ) .

we get

J (x∗1, y
∗
1) =

(
1 µ

1 0

)
, J (x∗2, y

∗
2) =

(
1− 2µ µ

1 0

)
.

For the fixed point (x∗1, y
∗
1), the two eigenvalues are governed by

λ±1 =
1±
√

1 + 4µ

2

For the fixed point (x∗1, y
∗
1), the two eigenvalues are governed by

λ±2 =
1− 2µ±

√
1 + 4µ2

2
.

The stability of the two fixed points (x∗1, y
∗
1) and (x∗2, y

∗
2) are exchanged, indicating the transcritical

bifurcation at µ = 0. The bifurcation is also clear from Figure 5. The fixed point (x∗1, y
∗
1) = (0, 0)

is stable, for µ ∈ (−1/4, 0). The other fixed point (x∗2, y
∗
2) = (µ, µ) is stable for µ > 0, but becomes

unstable again when λ−2 = −1, or µ = 2/3. A period-doubling bifurcation occurs here (associated

with eigenvalue −1).

Other concepts: intermittancy, Lyapunov exponent and the route to chaos

Other significant ideas inspired by maps include:

• Complex iterations from fractals (Julia sets).

• Chaos and its characterisation (sensitive dependence on initial data, existence of strange

attractors, . . . )

• Intermittancy (jumping between nearly periodic and chaotic motions) in chaotic regime.

• Lyaponov exponents (rate of separation of close trajectories).

1.1. Maps and their bifurcation 10



Chapter 1. Border Collision Bifurcations

1.2 Piecewise smooth maps

This section examines the piecewise smooth map in one and two dimensions by focusing on three

key ideas: the map’s definition, some of its characteristics, the normal form and fixed points in

both dimensions, and finally the border collision bifurcations. Consider a map F : Rm → Rm as

follow:

xn+1 = F (xn), x0 ∈ R (1.1)

Some properties

• The map (1.1) is a piecewise smooth, if the phase space Rm can be partitioned into a finite

number J of disjoint non-empty open regions Ri, i = 1, ..., J, and a boundary Σ, so that

Rm =

(
J⋃
i=1

Ri

)
∪ Σ.

• The boundary Σ made up of a union of continuously differentiable surfaces which separate

the regions Ri.

• F is smooth in each regions Ri.

• Non-smoothness of F occurs on Σ, which is called switching surface or switching manifold.

• The map (1.1) is also known as hybrid system. For more details see [7].

The most significant findings regarding these maps relate to the relationship between chaotic be-

haviors and boundary collision bifurcations. Notice that some ingredients form the basis for the

study of this relationship. The first of these is the affinity of the corresponding normal forms for

fixed points on the borders, and the second is the behavior of fixed points (or periodic points) de-

pending on the bifurcation parameters associated with the various cases. This study is conducted

in one and two dimensions using the following informations, which is taken from [8] and [9]:

1.2.1 One-dimensional piecewise smooth maps

Consider the following 1-D piecewise smooth system:

xn+1 = f (xn, µ) =

{
g (x, µ) , x < xb

h (x, µ) , x > xb
(1.2)

where µ is the bifurcation parameter, the smooth curve x = xb, the state space was separated into

two regions. RL and RR given by: {
RL = {x ∈ R : x < xb}
RR = {x ∈ R : x > xb}

1.2. Piecewise smooth maps 11
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and the boundary between them is given by:

Σ = {x ∈ R : x = xb}

Some properties

• The map f is continuous, but its derivative is discontinuous at the borderline x = xb.

• The functions g and h are both continuous and they have continuous derivatives in x every-

where except at xb.

• x0 (µ) is a possible path of fixed points of f , this path depends continuously on µ.

• The possible fixed point hits the boundary at a critical parameter value µb : x0 (µb) = xb.

The normal form

We need the following theorem in order to simplify and streamline the study of border collision

bifurcations in 1-D piecewise smooth maps:

Theorem 1.1 The piecewise smooth one-dimensional map (1.2) has the following normal form,

which is given by [9]:

N1 (x, µ) =

{
ax+ µ, x < 0

bx+ µ, x > 0
(1.3)

where µ is a parameter and a, b are the graph’s slopes at its two sides. (RL and RR) of the border

x = 0.

Proof. The normal form (1.3) at a fixed point on the border is a piecewise affine approximation

of the map in the neighborhood of the border point xb. The method of derivation of such a form

is as follows:

1. Let x̄ = x− xb and µ̄ = µ− µb, then the equation (1.2) becomes:

f̄ (x̄, µ̄) =

{
g (x̄+ xb, µ̄+ µb) , x̄ < 0

h (x̄+ xb, µ̄+ µb) , x̄ > 0
(1.4)

Hence, for map (1.4), we have the following properties:

- The border is at x̄ = 0.

- Two halves of the state space are present R− = (−∞, 0] and R+ = [0,∞).

- The fixed point of (1.4) is at the border for the parameter value µ̄ = 0.

1.2. Piecewise smooth maps 12
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2. Expanding f̄ to first order about (0, 0) gives:

f̄ (x̄, µ̄) =

{
ax̄+ µ̄υ +O (x̄, µ̄) , x̄ < 0

bx̄+ µ̄υ +O (x̄, µ̄) , x̄ > 0

a = limx→0−
∂
∂x
f̄ (x̄, 0)

b = limx→0+
∂
∂x
f̄ (x̄, 0)

υ = limx→0
∂
∂µ
f̄ (x̄, 0)

(1.5)

such that:

- Due to the smoothness of f in µ, the last limit in (1.5) doesn’t depend on the direction

of approach of 0 by x.

- The non-linear terms close to the boundary are negligible under the hypotheses υ 6=
0, |a| 6= 1 and |b| 6= 1.

3. Finally, we define a new parameter µ′′ = µ̄υ and dropping the higher order terms as in [2],

then the 1-D normal form is given by:

G1 (x, µ̄) =

{
ax̄+ µ′′, x̄ < 0

bx̄+ µ′′, x̄ > 0

It is similar to the form in (1.3).

The fixed points

• To the right (x > xb) and left (x < xb), respectively, of the boundary, let x∗R and x∗L be the

system’s possible fixed points. Then in the normal form (1.3) we have
x∗R = µ

1−b > 0, if b < 1 ∧ µ > 0

and

x∗L = µ
1−a < 0, if a < 1 ∧ µ < 0

Border collision bifurcation scenarios: Now, we go over a few border collision bifurcation

scenarios from xb with µ close to µb.

• Border collision bifurcation scenarios can be obtained by various combinations of the

parameters a ≥ b as µ is varied. It is the same for a < b which are summarized in Figure

1.6, because the normal form (1.3) is invariant under the transformation x→ −x, µ→ −µ,
a� b. See also [9]:

1.2. Piecewise smooth maps 13
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Scenario 1: (Persistence of stable fixed point) or Period-1 → Period-1 .

If −1 < b ≤ a < 1, then there is no bifurcation and a stable fixed point for µ < 0 persists

and remains stable for µ > 0.

Scenario 2: (Persistence of unstable fixed point) or No Attractor→ No Attractor.

If 1 < b ≤ a or b ≤ a < −1, then there is no bifurcation and an unstable fixed point for

µ < 0 persists and remains unstable for µ > 0.

Scenario 3: (Merging and annihilation of stable and unstable fixed points) or No Fixed Point →
Period-1 .

If −1 < b < 1 < a, then there is a bifurcation from no fixed point for µ < 0 to two fixed

points xL (unstable) and xR (stable) for µ > 0.

Scenario 4: (Merging and annihilation of two unstable fixed points, plus chaos). No fixed point→
chaos.

If a > 1 and −a
a−1

< b < −1, then there is a bifurcation from no fixed point to two unstable

fixed points plus a growing chaotic attractor as µ is increased through zero.

Scenario 5: (Merging and annihilation of two unstable fixed points) or No fixed point→ No attrac-

tor.

If a > 1 and b < −a
a−1

, then there is a bifurcation from no fixed point to two unstable fixed

points as µ is increased through zero and there is an unstable chaotic orbit for µ > 0.

Scenario 6: (Supercritical border collision period doubling) or Period-1 → Period-2 .

If b < −1 < a < 0 and −1 < ab < 1, then there is a bifurcation from a stable fixed point xL
to an unstable fixed point xR plus a stable period-2 orbit as µ is increased through zero.

Scenario 7: (Subcritical border collision period doubling) or Period-1 → No Attractor.

If b < −1 < a < 0 and ab > 1, then there is a bifurcation from a stable fixed point xL plus

an unstable period-2 orbit to an unstable fixed point xR as µ is increased though zero.

Scenario 8: (Emergence of periodic or chaotic attractor from stable fixed point) or Period-1 →
Periodic or Chaotic Attractor.

1.2. Piecewise smooth maps 14
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Figure 1.6: Partitioning of the parameter space into regions with the same qualitative phenomena.

The labeling of regions refers to various bifurcation scenarios. 1) Persistence of stable fixed points,

2) Persistence of unstable fixed points, 3) No fixed point to stable and unstable fixed points, 4) No fixed

point to two unstable fixed points and chaotic attractor, 5) No fixed point to two unstable fixed points,

6) Supercritical border collision period doubling, 7) Subcritical border collision period doubling, 8) A

stable fixed point to periodic or chaotic attractor. The regions shown in primed numbers have the

same bifurcation behavior as the unprimed ones when µ is varied in the opposite direction.

If 0 < a < 1, b < −1 and ab < −1, then there is a bifurcation from a stable fixed point xL
to an unstable fixed point xR plus a period-n attractor, n ≥ 2 or a chaotic attractor which

is depends on the pair of parameters (a, b) as shown in Figure 1.7 as µ is increased through

zero.

• Now we give the following definitions. For more details see [10]:

Definition 1.1 The border collision pair bifurcation is a kind of border collision bifurcations and its

similar to saddle node bifurcation (or tangent bifurcation) in smooth systems, The smooth map in

this bifurcation has no fixed points for negative (respectively, positive) values of µ, and two fixed

points for positive (respectively, negative) values of µ (one fixed point on one side of the border and

the other fixed point on the other side). Consequently, the border collision pair bifurcation occurs if:

b < 1 < a

Definition 1.2 The border crossing bifurcation, a kind of border collision bifurcation, resembles

smooth maps’ period doubling bifurcation in several ways (supercritical period doubling bifurcation

1.2. Piecewise smooth maps 15
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Figure 1.7: The parameter region 0 < a < 1 and b < −1, showing the type of attractor for µ > 0.

Regions Pn correspond the existence of stable period n orbit, inside the shaded region there exists

chaotic attractors.

in smooth maps with one distinction). In this bifurcation, the fixed point remains and crosses the

boundary as µ varies through zero and as additional attractors or repellers emerge or vanish as a

result of the split. In fact, border crossing bifurcation happens if

a > −1 and b < −1

Remark 1.1 We may summarize these particular scenarios as follows in light of the previous defini-

tions:

• The two scenarios 1 and 2 belongs to the Scenario A “Persistence of stable fixed point”, at

µ = 0.

• The three scenarios 3, 4 and 5 belongs to the Scenario B “Border collision pair bifurcation”.

• The last three scenarios 6, 7 and 8 belongs to the Scenario C “Border crossing bifurcation”.

1.2.2 Two-dimensional piecewise smooth maps

Let us consider the following 2-D piecewise smooth system given by:

g(x̂, ŷ, ρ) =

 g1 =

(
f1(x̂, ŷ, ρ)

f2(x̂, ŷ, ρ)

)
, if x̂ < S (ŷ, ρ)

g2 =

(
f3(x̂, ŷ, ρ)

f4(x̂, ŷ, ρ)

)
, if x̂ > S (ŷ, ρ)

 (1.6)
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where ρ is the bifurcation parameter, the smooth curve x̂ = S (ŷ, ρ) created two regions in the

phase plane RL and RR given by:{
RL = {(x̂, ŷ) ∈ R2, x̂ < S (ŷ, ρ)}
RR = {(x̂, ŷ) ∈ R2, x̂ > S (ŷ, ρ)}

and the boundary between them as:

Σ =
{

(x̂, ŷ) ∈ R2, x̂ = S (ŷ, ρ)
}

Some properties

• Although the map g is continuous, its derivation discontinues at the borderline x̂ = S (ŷ, ρ).

• Both g1 and g2 are continuous functions with continuous derivatives.

• In each subregion RL and RR, the one-sided partial derivatives near the boundary are finite.

• The map (1.6) has one fixed point in RL and one fixed point in RR for a value ρ∗ of the

parameter ρ.

The normal form

As demonstrated in [9], the findings presented above in 1-D normal form provide a complete de-

scription of the bifurcations as µ is varied. For 2-D piecewise smooth maps, the normal form for

border collision bifurcation may once more be stated as demonstrated in [8] as follows:

Theorem 1.2 The piecewise smooth two-dimensional map (1.6) has the following normal form:

N2(x, y) =



(
τL 1

−δL 0

)(
x

y

)
+

(
1

0

)
µ, x < 0(

τR 1

−δR 0

)(
x

y

)
+

(
1

0

)
µ, x > 0

(1.7)

where µ is a parameter and τL,R , δL,R are the traces and determinants of the corresponding matrices

of the linearized map in the two subregions RL and RR.

Proof. The normal form (1.7) at a fixed point on the border is a piecewise affine approximation

of the map in the neighborhood of the borderline x̂ = S (ŷ, ρ) .

• The method of derivation of such a form is as follows:
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1. Let x̃ = x̂−S (ŷ, ρ) and ỹ = ŷ, this ρ-dependent change of variables moves the border to the

ỹ-axis, then the equation (1.6) becomes:

g (x̃+ S (ŷ, ρ) , ŷ, ρ) = f (x̃, ỹ, ρ) (1.8)

Hence, for the map (1.8), we have the following properties:

- The border is x̃ = 0.

- The phase space is divided into two halves L and R (for left and right), by the next

transformation of coordinates.

- The map (1.8) has a fixed point P∗ = (0, ỹ∗(ρ∗)) on the border when ρ = ρ∗.

2. The following steps are a summary of coordinate transformation:

- Let e1 be a tangent vector in the ỹ direction and suppose that the vector e1 maps to a

vector e2.

- Assume e2 is not parallel to e1.

- Define new coordinates again as shown in Figure 1.8.

- Choose the point P∗ as the new origin for e1 in the ȳ direction and e2 in the x̄ direction.

- In x̄− ȳ coordinates, the fixed point P∗ is now (0, 0) and the border is given by x̄ = 0.

- Define the new parameter µ̄ = ρ− ρ∗, so µ̄∗ = 0.

- Rescale x̄ and ȳ again such that at µ̄ = 0 a unit vector along the ȳ-axis maps to a unit

vector along the x̄-axis. Then, the map f(x̃, ỹ, ρ) can be written as F (x̄, ȳ, µ̄).

3. Now, write the map F (x̄, ȳ, µ̄) in the side L in the matrix form as:

FL(x̄, ȳ, µ̄) =

(
f1(x̄, ȳ, µ̄)

f2(x̄, ȳ, µ̄)

)
, and FL(0, 0, 0) =

(
0

0

)
and linearizing F (x̄, ȳ, µ̄) in the neighbourhood of (0, 0, 0), we have

FL(x̄, ȳ, µ̄) =

(
J11 J12

J21 J22

)(
x̄

ȳ

)
+ µ̄

(
υLx

υLy

)
+O(x̄, ȳ, µ̄) for x̄ < 0 (1.9)
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where 

J11 = lim
x̄→0−,ȳ→0

∂
∂x̄
f1(x̄, ȳ, 0)

J12 = lim
x̄→0−,ȳ→0

∂
∂ȳ
f1(x̄, ȳ, 0)

J21 = lim
x̄→0−,ȳ→0

∂
∂x̄
f2(x̄, ȳ, 0)

J22 = lim
x̄→0−,ȳ→0

∂
∂ȳ
f2(x̄, ȳ, 0)

vLx = lim
x̄→0−,ȳ→0

∂
∂µ̄
f1(x̄, ȳ, 0)

vLy = lim
x̄→0−,ȳ→0

∂
∂µ̄
f2(x̄, ȳ, 0)

Then, the equation (1.9) becomes:

FL(x̄, ȳ, µ̄) =

(
τL 1

−δL 0

)(
x̄

ȳ

)
+ µ̄

(
vLx

vLy

)
+O (x̄, ȳ, µ̄) for x̄ < 0

such that

J11 = τL (trace) and J21 = −δL (determinant)

and since a unit vector along the ȳ axis maps to a unit vector along the x̄ axis at µ̄ = 0, we

have

J12 = 1 and J22 = 0

Similarly, for side R we obtain:

FR(x̄, ȳ, µ̄) =

(
τR 1

−δR 0

)(
x̄

ȳ

)
+ µ̄

(
vRx

vRy

)
+O (x̄, ȳ, µ̄) for x̄ > 0

Continuity of the map implies:(
vLx

vLy

)
=

(
vRx

vRy

)
=

(
vx

vy

)

4. Make another change of variables as follow: Let x = x̄, y = ȳ − µ̄vy, and µ = µ̄(vx + vy)

with (vx + vy) 6= 0. The choice of axis is independent of the parameter. Then, we have the

normal form:

N(x, y) =



(
τL 1

−δL 0

)(
x

y

)
+

(
1

0

)
µ, x < 0(

τR 1

−δR 0

)(
x

y

)
+

(
1

0

)
µ, x > 0

(1.10)

where µ is the parameter and τL,R , δL,R are the traces and determinants of the correspond-

ing matrices of the linearized map in the two subregions RL and RR given by:{
RL = {(x, y) ∈ R2} , x > 0

RR = {(x, y) ∈ R2} , x > 0
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Figure 1.8: The transformation of coordinates from the two-dimensional piecewise smooth map

to the normal form.

in the regions RL and RR , the map (1.10) is smooth and the boundary between them is

given by:

Σ =
{

(x, y) ∈ R2, x = 0, y ∈ R
}

Remark 1.2 There exists a relation between the piecewise smooth one-dimensional map’s normal

form and the piecewise smooth two-dimensional map’s normal form, where we can move from (1.7)

to (1.3) when δi are zero for i = L,R.

The fixed points:

• Let PL and PR be the possible fixed points of the system near the border to the right:

x < S (ŷ, ρ) and left: x > S (ŷ, ρ) of the border respectively. Then in the normal form (1.7)

we have  PL =
(

µ
1−τL+δL

, −δLµ
1−τL+δL

)
∈ RL

PR =
(

µ
1−τR+δR

, −δRµ
1−τR+δR

)
∈ RR

with eigenvalues λL 1.2 and λR 1.2 respectively.

• The eigenvalues of the related Jacobian matrix determine the stability of the fixed points,

i.e.,

λ =
1

2

(
τ ±
√
τ 2 − 4δ

)
Border collision bifurcations: The border collision bifurcations can be obtained by various com-

binations of the values τL, τR, δL and δR as µ is varied through zero and because our study of

this bifurcations in this dimension is limited only to a part that is the classification of fixed points

under the both conditions |δL| < 1 and |δR| < 1.As a result, the following are the possible fixed

point types for the normal form map (1.7) in Figure 1.9:
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Figure 1.9: The types of fixed points of the normal form map.

(1) For positive determinant

(1.a) For 2
√
δ < τ < (1 + δ) , then the Jacobian matrix has two real eigenvalues 0 < λ1L, λ2L < 1

and the fixed point is a regular attractor.

(1.b) For τ > 1 + δ, then the Jacobian matrix has two real eigenvalues 0 < λ1L < 1, λ2L > 1 and

the fixed point is a regular saddle.

(1.c) For − (1 + δ) < τ < −2
√
δ, then the Jacobian matrix has two real eigenvalues −1 <

λ1L, λ2L < 0 and the fixed point is a flip attractor.

(1.d) For τ < − (1 + δ) , then the Jacobian matrix has two real eigenvalues −1 < λ1L < 0,

λ2L < −1 and the fixed point is a flip saddle.

(1.e) For 0 < τ < 2
√
δ, then the Jacobian matrix has two complex eigenvalues | λ1L |, |λ2L| < 1

and the fixed point is a clockwise spiral.

(1.g) For −2
√
δ < τ < 0, then the Jacobian matrix has two complex eigenvalues |λ1L | , |λ2L| < 1

and the fixed point is a counter-clockwise spiral.

(2) For negative determinant

(2.a) For − (1 + δ) < τ < (1 + δ) , then the Jacobian matrix has two real eigenvalues −1 < λ1L

< 0, 0 < λ2L < 1 and the fixed point is a flip attractor.
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(2.b) For τ > (1 + δ) , then the Jacobian matrix has two real eigenvalues λ1L > 1,−1 < λ2L < 0

and the fixed point is a flip saddle.

(2.c) For τ < − (1 + δ) , then the Jacobian matrix has two real eigenvalues 0 < λ1L < 1, λ2L < −1

and the fixed point is a flip saddle. See also [10].
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Chapter 2

Chaos in some smooth Zeraoulia-Sprott

discrete mappings

This chapter presents some smooth Zeraoulia-Sprott discrete mappings in one and two dimen-

sional with rigorous analysis and numerical simulations along some graphical representation.

The presence of chaotic behavior is characterized by sensitive dependence on initial conditions,

the emergence of strange attractors, and irregular dynamics. The influence of key parameters on

the chaotic dynamics is examined, revealing bifurcations phenomena and transitions between dif-

ferent dynamical regimes that contribute to the understanding of chaos theory in smooth discrete

mappings.

2.1 Chaos in S-unimodality and Collet-Eckmann maps

This section is focused only in 1-D discrete mappings generates chaos.

2.1.1 S-unimodality

Definition 2.1 A map f : [a, b]→ [a, b] is S-unimodal on the interval [a, b] if:

(a) The function f (x) is of class C3.

(b) The point a is a fixed point with b its other preimage i.e. f (a) = f (b) = a.

(c) There is a unique maximum at c ∈ (a, b) such that f (x) is strictly increasing on x ∈ [a, c) and

strictly decreasing on (c, b] .
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(d) The function f has a negative Shwarzian derivative, i.e.,

S(f, x) =
f
′′′

(x)

f ′ (x)
− 3

2

(
f
′′

(x)

f ′ (x)

)2

< 0

for all x ∈ I −
{
y, f

′
(y) = 0

}
.

Remark 2.1 The S-unimodal mappings have importance in chaos theory due to the theorem given

in [11] claiming that each attracting periodic orbit attracts at least one critical point or boundary

point. Thus, an S-unimodal map can have at most one periodic attractor which will attract the

critical point.

Theorem 2.1 Let f : I → I be an S-unimodal map on the interval I = [a, b] , then each attract-

ing periodic orbit attracts at least one critical point or boundary point. Furthermore, each neutral

periodic orbit is attracting.

Theorem 2.2 Let ϕν (x) : I = [a, b] → I be a parametric S-unimodal map with the unique

maximum at c ∈ (a, b) and ϕν (c) = b, ∀ν ∈ (νmin, νmax) , then ϕν (x) generates robust chaos for

ν ∈ (νmin, νmax) . Here νmin and νmax are defined to be the minimum and the maximum values of the

parameter ν in which ϕν (x) generates robust chaos.

Let a < b be two real numbers. Let us consider a function gν : [a, b] → R and gν is of class C3.

Consider the controlled 1-D discrete mapping given by:

xk+1 = gν (xk) + u (xk) = ϕν (xk) , (2.1)

ν ∈ (νmin, νmax) .

where u : [a, b] → [a, b] is the unknown controller to be chosen. Define the controller u : [a, b] →
[a, b] by the following conditios:

(A1) The controller u (x) is of class C3.

(A2) The controller u (x) has the following special values:
u (a) = a− gν (a)

u (b) = a− gν (b)

There exist a point c ∈ (a, b) : u
′
(c) = −g′ν (c)
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(A3)

a− gν (x) ≤ u (x) ≤ b− gν (x) for all x ∈ [a, b] .

(A4)

u
′
(x) > −g′ν (x) for all x ∈ [a, c) .

(A5)

u
′
(x) < −g′ν (x) for all x ∈ (c, b] .

(A6)

2
(
g
′

ν (x) + u
′
(x)
)(

g
′′′

ν (x) + u
′′′

(x)
)
− 3

(
g
′′

ν (x) + u
′′

(x)
)2

< 0 for all x ∈ [a, b] .

Theorem 2.3 The controlled map (2.1) generates chaos for all ν ∈ (νmin, νmax).

For more informations see [1].

Proposition 2.1 The set of controllers u verifying conditions (A1)-(A6) is not empty.

Proof. Take gν (x) = υx, with x ∈ [0, 1] and υ ∈ [0, 4] . Define the controller u (x) = −υx2. Hence,

ϕν (x) = υx (1− x) . The conditions (A1)-(A6) for the controller u are satisfied.

More generally, take gν (x) = υx, with x ∈ [0, 1]. Define the controller

u (x) = − (υ + β + γ)x3 + βx2 + γx,

where 
0 ≤ υ < 1

2
,

0 ≤ υ < γ < 1− υ,
υ + β + γ < 1,

β < min
{

1− (γ + υ) , 1
6

√
13υ2 + 30υγ + 21γ2 − 1

2
γ − 5

6
υ
}
.

Hence,

ϕν (x) = (−υ − β − γ)x3 + βx2 + (υ + γ)x.

The conditions (A1)-(A6) are satisfied. For the one- dimensional map ϕν (x) = υx (1− x) , there

is only one Lyaponov exponent, defined by

LE = lim
n→∞

1

n

n−1∑
i=0

log |(2xi − 1) υ| .

The Lyaponov exponent is presented in Figure 2.1. Clearly it is strictly positive in a wide range of

the bifurcation parameter υ.
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Figure 2.1: The Lyaponov exponent of the map ϕν (x) = υx (1− x) for υ ∈ [3.5, 4] .

2.1.2 Collet-Eckmann condition

Examples of maps characterized by a positive Lyaponov exponent for the critical value are the

Collet-Eckmann maps

Definition 2.2 A S-inimodal maps f is called Collet-Eckmann (CE) if there exist constants C > 0,

λ > 1 such that for every n > 0 we have that

|D (fn) (f (c))| > Cλn

where c is the unique critical point of f , i.e. f
′
(c) = 0. The unimodal Collet-Eckmann maps are

strongly hyperbolic along the critical orbit, i.e., the Collet-Eckmann Condition implies a positive

Lyaponov exponent of the system.

Definition 2.3 An analytic family {fλ} of unimodal maps is nontrivial if regular if regular parame-

ters are dense.

Theorem 2.4 Let {fλ} be a nontrivial analytic family of unimodal maps (in any number of para-

meters). Then almost every nonregular parameter is Collet-Eckmann.

Let us consider the controlled 1-D mapings by (2.1) where u : [a, b] → [a, b] is the unknown

controller to be chosen such that: there exist constants C > 0, λ > 1 such that for every n > 0 we

have that

|D ((u+ gν)
n) ((u+ gν) (c))| > Cλn.

where c is the unique critical point of ϕν = u + gν , i.e. (u+ gν)
′
(c) = 0. Define the controller

u : [a, b]→ [a, b] by the following conditions:
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(B1) There exists an invertible function ξ : [a, b]→ [a, b] such that

(ξ ◦ ϕν) (x) = (fλ ◦ ξ) (x)

for all x ∈ [a, b] , where {fλ} is any nontrivial analytic family of unimodal maps.

(B2) The controller u (x) is of class C3.

(B3) The controller u (x) has the following special values:
u (a) = a− gν (a)

u (b) = a− gν (b)

There exist a point c ∈ (a, b) : u
′
(c) = −g′ν (c)

(B4)

a− gν (x) ≤ u (x) ≤ b− gν (x) for all x ∈ [a, b] .

(B5)

u
′
(x) > −g′ν (x) for all x ∈ [a, c) .

(B6)

u
′
(x) < −g′ν (x) for all x ∈ (c, b] .

(B7)

2
(
g
′

ν (x) + u
′
(x)
)(

g
′′′

ν (x) + u
′′′

(x)
)
− 3

(
g
′′

ν (x) + u
′′

(x)
)2

< 0

for all x ∈ [a, b] .

Theorem 2.5 The controlled map (2.1) generates chaos for almost every nonregular parameter λ.

Proposition 2.2 The set of controllers u verifying conditions (B1)− (B7) is not empty.

Proof. The quadratic family

fλ (x) = λ
(
1− x2

)
− 1,

1

2
≤ λ ≤ 2

is an unimodal map on the interval [−1, 1] . Let us consider a, b ∈ [−1, 1] such that −1 < a < b < 1.

Let

ξ (x) =
2

b− ax+
a+ b

a− b
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Figure 2.2: The Lyaponov exponent of the map ϕν (x) = −2υx2 +
(

1
2
υ − 1

2

)
for υ ∈ [1.5, 2) .

for all x ∈ [a, b]. Then, conditions (B1)-(B7) are satisfied. The Lyaponov exponent of the map

ϕν (x) = −2υx2 +
(

1
2
υ − 1

2

)
is shown in Figure 2.1. Here, we take a = −1

2
, b = 1

2
and υ = λ ∈

[1.5, 2) .

In this case, this Lyaponov exponent is strictly positive in a wide range of the bifurcation parame-

ter υ.

2.2 Chaos in a minimal 2-D quadratic map

In this section, We’ve described a plane’s minimal discrete quadratic chaotic map. This map’s

intricate dynamical characteristics, such as fixed points, bifurcations, dynamical behavior, dimen-

sion, and basin boundaries, were examined. The map is ideal for more researchs since it is filled

with interesting dynamical behaviors.

The Hénom map [12] given by

h (x, y) =

(
1− ax2 + by

x

)
(2.2)

has been widely studied because it is the simplest example of a dissipative map with chaotic

solutions. It has a single quadratic nonlinearity and an area contraction that depends only on b

and is thus constant over the orbit in tha ab-plane. It can also be written as a one dimensional

time-delalyed map:

xn+1 = 1− ax2
n + bxn−1 (2.3)

Here we analyse an equally simple two-dimensional quadratic map given by

f (x, y) =

(
1− ay2 + bx

x

)
(2,4)
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where a and b are bifurcation parameters. Equation (2.4) is an interesting minimal system, similar

to the Hénom map, but with the time delay in the non-linear rather than the linear term as

evidence by writing it in the time-delayed form:

xn+1 = 1− ax2
n−1 + bxn (2.5)

Despite its apparent similarity and simplicity, it differs from the Hénom map in that it has a

nonuniform dissipation, a more rich and varied route to chaos, and a much wider variety of

attractors. The map (2.4) has attractors covering the entire range of dimensions from 1 to 2 with

basin of attraction that are often much more complicated than for the Hénom map. These systems

are special cases of general 2-D quadratic maps. This system is differs from other well-mnown

2-D maps such as the delayed logistic map [13] given by

g (x, y) =

(
ax (1− y)

x

)
(2.6)

Equation (2,4) is not topologically aquivalent to equation (2.6).

2.2.1 Fixed points and their stability

The Jacobian matrix of the map (2.4) is

J (x, y) =

(
b −2ay

1 0

)

and its characteristic polynamials for a fixed point (x, x) is given by

λ2 − bλ+ 2ax = 0 (2.7)

The local stability of the two equilibria is studied by evaluating the roots of equation (2.7). Hence

if a ≥ − ((−b+ 1) /2)2 , then the map (2.4) has two fixed points: P1 =
(
b−1−

√
4a−2b+b2+1

2a
, b−1−

√
4a−2b+b2+1

2a

)
P2 =

(
b−1+

√
4a−2b+b2+1

2a
, b−1+

√
4a−2b+b2+1

2a

)
whereas if a < − ((−b+ 1) /2)2 , then the map (2.4) has no fixed point.

P1 is unstable in the following cases:

1. a ≥ − ((−b+ 1) /2)2 , b < 0.
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2. a ≥ − ((−b+ 1) /2)2 , a > (1/2) b+ (3/4) b2 − (1/4) , b > 0.

P1 is a saddle point in the following case:

1. a ≥ − ((−b+ 1) /2)2 , a < (1/2) b+ (3/4) b2 − (1/4) , b > 0.

On the other hand, P2 is unstable in the following cases:

1. a ≥ − ((−b+ 1) /2)2 , a > (1/8) b2 − (1/8) b3 + (1/64) b4, b ≥ 2.

2. a ≥ − ((−b+ 1) /2)2 , a > − (1/2) b+ (3/4) , b < 2.

3. a ≥ − ((−b+ 1) /2)2 , a ≤ (1/8) b2 − (1/8) b3 + (1/64) b4, b > 2.

P2 is stable in the following cases:

1. a ≥ − ((−b+ 1) /2)2 , a > (1/8) b2 − (1/8) b3 + (1/64) b4,

a ≥ − ((−b+ 1) /2)2 , a < − (1/2) b+ (3/4) , b < 2.

2. a ≥ − ((−b+ 1) /2)2 , a ≤ (1/8) b2 − (1/8) b3 + (1/64) b4, 0 ≤ b ≤ 2.

3. a ≥ − ((−b+ 1) /2)2 , a ≤ (1/8) b2 − (1/8) b3 + (1/64) b4,

a > (1/2) b+ (3/4) b− (1/4) ,−2 < b < 0

P2 is a saddle point in the following cases:

1. a ≥ − ((−b+ 1) /2)2 , a ≤ (1/8) b2 − (1/8) b3 + (1/64) b4,

a < (1/2) b+ (3/4) b2 − (1/4) ,−2 ≤ b < 2.
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Figure 2.3: Stability of the fixed points of the map (2.4) in the ab-plane, where the numbers on

the figure are as follows: 1: P1 is unstable, 2: P1 is a saddle, 3: P1 is stable, 4: P2 is unstable,

5: P1 is a saddle, 6: P1 is stable, and the regions (Bi)1≤i≤4 have respectively the following

boundaries: a = − ((−b+ 1) /2)2 , a = (1/8) b2 − (1/8) b3 + (1/64) b4, a = − (1/2) b + (3/4) , a =

(1/2) b+ (3/4) b2 − (1/4) .

A shematic representation of these results is given in Figure 2.3, where the regions (Bi)1≤i≤4 have

respectively the following boundaries:

a = − ((−b+ 1) /2)2 , a = (1/8) b2 − (1/8) b3 + (1/64) b4

a = − (1/2) b+ (3/4) , a = (1/2) b+ (3/4) b2 − (1/4) .

2.2.2 Numerical Computations

Observation of chaotic attractors: For the system (2.4) the values of a and b that maximize the

largest Lyaponov exponent with a = 1 and with b = 1 are as follows:

1. For a = 1, one has b = 0.675 and Lyaponov exponents (base-e) is 0.007595

2. For b = 1, one has a = 0.59948 and Lyaponov exponents are 0.091912 and −0.074313. The

corresponding chaotic attractor are shown respectively in Figure 2.4. (b) and (c) along with

their basins of attraction in white. Note that the basin boundary nearly touches the attractor

for these cases and is apparently a fractal for the case (c) in Figure 2.4.
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Figure 2.4: (a) A period orbit of the map (2.4) with its basin of attraction (white) obtained for a =

1 and b = 0.1. (b) The chaotic attractor with its basin of attraction (white) for a = 1 and b = 0.675.

(c) Another chaotic attractor with its basin of attraction (white) for a = 0.59948 and b = 1. (d) A

quasi-periodic orbit with its basin of attraction (white) for a = 1 and b = 0.17.

Route to chaos:

1. It is well known that the Hénom map typically undergoes a period-doubling route to chaos

as the parameters are varied.

2. The Lozi map [14] has no period-doubling route, but rather it goes directly from a border-

collision bifurcation developed from a stable period orbit [15;16].

3. The chaotic attractor given in [17] is obtained from a border-collision period-doubling bi-

furcation scenario. This scenario involves a sequence of pairs of bifurcations, whereby each

pair consists of a border-collision bifurcation and a potchfork bifurcation.

4. The minimal quadratic chaotic attractor (2.4) results from a quasi-periodic route to chaos

as shown in Figure 2.5.

Thus, the three chaotic systems go via different and distinguishable routes to chaos.

Dynamical behaviors with parameter variation: The dynamical behaviors of the map (2.4) are

investigated numerically.

1. Figure 2.6 shows regions of unbounded (white), fixed point (gray), periodic (blue), quasi-

periodic (green), and chaotic (red) solutions in the ab-plane for the map (2.4), where we

use |LE| < 0.0001 as the crirterion for quasi-periodic orbits with 106 iterations for each

point.
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Figure 2.5: (a) The quasi-periodic route to chaos for the map (2.4) obtained for b = 0.6 and

0 < a ≤ 1.07. (b) Variation of the Lyaponov exponents of map (2.4) versus the parameter

0 < a ≤ 1.07 with b = 0.6.

2. For comparison, Figure 2.7 shows a similar plot for the Hénom map [18].

3. There are values for which both Lyaponov exponents are positive as shown in Figure 2.5.

3(b) and 6(b). indicating hyperchaos.

4. Since the map (2.4) is not everywhere dissipative, its attractor can have a dimension equal

to or even greater than 2.0 by virtue of the folding afforder by the quadratic nonlinearity.

5. The correlation dimension was calculated using the extraplation method of Sprott and Row-

lands (2001) [19], and the results are ploted in Figure 2.9 for the map (2.4) with a = 1

and b = 0.675 where the Lyaponov exponents are 0.171496 and 0.007595. The correlation

dimension is approximately constant with a value of about 1.87 for all embeddings greater

than 1.

6. Figure 2.10 shows the regions of the ab-plane where the system is dissipative and bounded

(in black) and where it is dissipative but area-expanding (in white) as determined from the

sign of the numerical average of log |2ay| over the orbit on the attractor.
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Figure 2.6: Regions of dynamical behaviors in the ab-plane for the map (2.4)

7. Figure 2.11 was obtained by using 200 different random initial conditions and looking for

cases where the distribution of the average value of x on the attractor is bimodal.

2.3 Chaos in a simple 2-D rational discrete mapping

This section present a simple rational chaotic map along some of its dynamical properties. In

[20] the following new 1-D discrete iterative system with a rational fraction was discovered in a

study of evolutionary algorithms:

g (x) =
1

0.1 + x2
− ax, (2.8)

where a is a parameter, The map (2.8) describes different random evolutionary processes, and it

is much more complicated than the logistic system. In [21] an extended version of the former

one-dimensional discrete chaotic system given in [20] to two-dimensions is given as follows:

h (x, y) =

( 1
0.1+x2

− ay
1

0.1+y2
+ bx

)
, (2.9)

where a and b are parameters. The map (2.9) has more complicated dynamical behavior than

the one-dimensional map (2.8). Based on these studied in [20, 21], a new and very simple 2-D

map, characterized by the existence of only one rational fraction with no vanishing denominator

is constructed and is given by:

f (x, y) =

( −ax
1+y2

x+ by

)
, (2.10)
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Figure 2.7: Regions of dynamical behaviors in the ab-plane for the Hénom map.

Figure 2.8: (a) The bifurcation diagram for the map (2.4) obtained for a = 1.0 and 0 < b ≤ 67.

(b) Variation of the Lyaponov exponents of map (2.4) versus the parameter 0 < b ≤ 0.67, with

a = 1.
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Figure 2.9: Correlation dimension versus embedding dimension for the map (2.4) with a = 1 and

b = 0.675.

Figure 2.10: The sign of the average of log |2ay| over the orbit on the attractors of the system

(2.4) in the ab-plane defines the regions of net expansion and contraction.

Figure 2.11: The regions of ab−space for multiple attractors.
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where a and b are bifurcation parameters. First, the new map (2.10) is algebraically simpler but

with more complicated behavior than map (2.9), and second, it produces several new chaotic

attractors obtained via the quasi-periodic route to chaos. The essential motivation for this work is

to provide a basic analysis of f and to give a detailed study of its dynamics. Some basic dynamical

behaviors of map (2.10) are investigated here by both theoretical analysis and numerical simula-

tion. Possibly, this is the first simple rational map whose fraction has no vanishing denominator

that gives chaotic attractors via a quasi-periodic route to chaos

Some basic properties: The chaotic attractors described by map (2.10) have several important

properties such as:

1. The map (2.10) is defined for all points in the plane.

2. The associated function f (x, y) of the map (2.10) is of class C∞ (R2), and it has no vanishing

denominator.

3. The new chaotic map (2.10) is symmetric under the coordinate transformation (x, y) →
(−x,−y) , and this transformation persists for all values of the map parameters.

Briefly, the fixed points of map (2.10) are the real solutions of the equations −ax
1+y2

= x and x+by =

y. Assume in this paper that −1 ≤ a ≤ 4. Then if b 6= 1, the only fixed point of the map (2.10)

is P = (0, 0) , and if b = 1, then the y−axis is invariant by iteration of the map f . The Jacobian

matrix of map (2.10) evaluated at a point (x, y) is given by:

Df (x, y) =

(
−a

1+y2
2axy

(1+y2)2

1 b

)
, (2.11)

and at the fixed point p = (0, 0), the Jacobian matrix is given by

Df (x, y) =

(
−a 0

1 b

)
,

The local stability of P is studied by evaluating the eigenvalues of the Jacobian Df (P ) . The

eigenvalues of Df (P ) are: λ1 = −a and λ2 = b. Then one has the following results:

1. If |a| < 1 and |b| < 1, then P is asymptotically stable.

2. If |a| > 1 or |b| > 1, then P is an unstable fixed point.
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Figure 2.12: (a) Regions of dynamical behaviors in the ab-plane for the rational map (2.10). (b)

Regions of dynamical behaviors in the ab-plane for the rational

3. If |a| < 1 and |b| > 1, or |a| > 1 and |b| < 1, then P is saddle point.

4. If |a| = 1 or |b| = 1, then P is a non-hyperbolic fixed point.

Numerical simulationsThere are several possible ways for a discrete dynamical system to make

a transition from regular behavior to chaos. Bifurcation diagrams display these routes and allow

one to identify the chaotic regions in ab-space from which the chaotic attractors can be deter-

mined. In [21] the chaotic attractors are obtained via a period-doubling bifurcation route to

chaos as shown in Figure 2.12 (a) while Figure 2.12 (b) shows regions of unbounded (white),

fixed point (gray), periodic (blue), quasi-periodic (green), and chaotic (red) solutions in the ab-

plane for the map (2.10).

If we fix parameter b = 0.6 and vary −1 ≤ a ≤ 4, the map (2.10) exhibits the following dynamical

behaviors as shown in Figure 2.13 (a):

1. In the interval −1 ≤ a ≤ 1, the map (2.10) converges to the fixed point (0, 0).

2. For 1 < a ≤ 2, as shown in Figure 2.14 (a) it converges to a period-2 attractor followed by

a quasi-periodic orbit for 2 < a ≤ 3.

3. In the interval 3 < a ≤ 4, it converges to a chaotic attractor shown in Figure 2.14(b) via a

quasi-periodic route to chaos except for a number of periodic windows.
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Figure 2.13: (a) The quasi-periodic route to chaos for the map (2.10) obtained for b = 0.6 and

−1 < a ≤ 4. (b) Variation of the Lyapunov exponents of map (2.10) versus the parameter

−1 < a ≤ 4 with b = 0.6.

4. We remark the appearence of a singularity in the LEs at a = 1.25, and b = 0.6.

5. The map (2.10) has dissipative orbits for the regions shown in black in Figure 2.15 and

area-expanding orbits for the regions shown in white.

6. There are also regions of hyperchaos, for example at a = 2.6, and b = 1.2.

7. It is well known that basin boundaries arise in dissipative dynamical systems when two

or more attractors are present, the sets that separate different basins are called the basin

boundaries. For the map (2.10) we have calculated the attractors and their basins of attrac-

tion on a grid in ab-space where the system is chaotic, Figure 2.16 and 2.14 show some of a

wide variety of possible attractors. Also, most of the basin boundaries are smooth, and we

note that there are basins of attraction for b > 1, as shown in Figure 2.16 (a), but evidently

none for b < 1.

8. There are some regular and chaotic regions in ab-space where two coexisting attractors

apparently occur as shown in the black region of Figure 2.17.
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Figure 2.14: Attractors of the map (2.10) (a) Quasi-periodic orbit for a = 2.7, b = 0.6. (b) Chaotic

orbit for a = 3.7, b = 0.6.

Figure 2.15: The sign of the average of log
∣∣∣ab+2axy+abh2

(y2+1)2

∣∣∣ over the orbit on the attractors of the

system (2.10) in the ab-plane defines the regions of net expansion and contraction.
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Figure 2.16: Attractors of the map (2.10) with (a) a = 2.4, b = 1.3,(b) a = 2.9, b = 0.6,(c) a = 2.9,

b = 0.8,(d) a = 3.3, b = 0.4,(e) a = 4, b = 0.8,(f) a = 4, b = 0.9.

Figure 2.17: The regions of ab-space with multiple attractors for the map (2.10), obtained by

using 200 different random initial conditions and looking for cases where the distribution of the

average value of x on the attractor is bimodal.
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Chapter 3

Chaos in some 2-D piecewise

Zeraoulia-Sprott mappings

This chapter examines the finding of chaos in 2-D piecewise Zeraouilia-Sprott mappings. By em-

ploying mathematical analysis and numerical simulations, the research investigates the presence

of chaotic behavior characterized by sensitive dependence on initial conditions, the presence of

strange attractors, and irregular dynamics. Furthermore, the impact of key parameters on the

chaotic dynamics is explored, revealing bifurcation scenarios and transitions between different

dynamical regimes. This findings contribute to the understanding of chaos theory and its impli-

cations in various scientific domains.

3.1 Chaos in a discrete hyperchaotic double scroll

This section have described a simple 2-D discrete piecewise linear chaotic map that is capable

of generating a hyperchaotic double scroll attractor. it calls the discrete hyperchaotic double

scroll. It has the same non-linearity as used in the well known Chua circuit. It is well known that

if two or more Lyaponov exponents of a dynamical system are positive throughout of parameter

space, then the resulting attractors are hyperchaotic. The importance of these attractors is that

they are less regular and are seemingly almost full in space. On the other hand, the attractors

generated by Chua’s circuit [22] given by

x′ = α (y − h (x))

y′ = x− y + z

z′ = −βy
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are associated with saddle-focus homoclinic loops are not hyperchaotic.

where h (x) = 2m1x+(m0−m1)(|x+1|−|x−1|)
2

. The double scroll attractor for this case is shown in Figure

3.1.

Figure 3.1: The classic double scroll attractor obtained for α = 9.35, β = 14.79,m0 = −1
7
,m1 = 2

7

The double scroll is more complex than the Lorenz-type and the hyperbolic attractors. The circuit

realizations of low-dimensional maps is simpler than with high-dimensional continuous systems.

For this reason, we present a discrete version of Chua’s circuit attractor governed by a simple 2-D

piecewise linear map that is capable of producing hyperchaotic attractors with the same shape as

the classic double scroll attractor, which is not hyperchaotic.

3.1.1 A formula for a discrete hyperchaotic double scroll map

We present the new map and show some of its basic properties. Consider the following 2-D

piecewise linear map:

f (x, y) =

(
x− ah (y)

bx

)
(3.1)

where a and b are the bifurcation parameters, h is given above by the characteristic function of

the so-called double scroll attractor and m0 and m1 are respectively the slopes of the inner and

outer sets of the original Chua circuit. Systems such as the one in (3.1) typpically have no direct

application to particular physical systems, but they serve to exemplify the kinds of dynamical

behaviors, such as routes to chaos, that are common in physical chaotic systems. We call it

discrete hyperchaotic double scroll because of its similarity to the well-known Chua circuit.

Firstly, the associated function f (x, y) is continuous in R2, but it is not differentiable at the points

(x,−1) and (x, 1) for all x ∈ R. Secondly, the map (3.1) is a diffeomorphism except at points

(x,−1) and (x, 1) when abm1m0 6= 0, since the determinant of its Jacobian is non zero if and only

if abm0 6= 0 or abm1 6= 0, but it does not preserve area and it is not a reversing twist map for
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all values of the systel parameters. Thirdly, the map (3.1) is symmmetric under the coordinate

transformion (x, y)→ (−x,−y) , and this transformation persists for all values of the system para-

meters. Therefor, the chaotic attractor obtained for map (3.1) is symmetric just like the classical

double scroll.

Due to the shape of the vector field f of the map (3.1), the plane can be devided into three linear

regions denoted by:

R1 =
{

(x, y) ∈ R2/y ≥ 1
}
,

R2 =
{

(x, y) ∈ R2/ |y| ≤ 1
}
,

R3 =
{

(x, y) ∈ R2/y ≤ −1
}
.

where in each of these regions the map (3.1) is linear. However, it is easy to verify that for all

values of the parameters m0,m1 such that m0m1 > 0, the map (3.1) has a single fixed point (0, 0),

while if m0m1 < 0, the map (3.1) has three fixed points, and they are given by

P1 =

(
m1 −m0

bm1

,
m1 −m0

m1

)
,

P2 = (0, 0) ,

P3 =

(
m0 −m1

bm1

,
m0 −m1

m1

)
.

Obviously, the Jacobian matrix of the map (3.1) evaluated at the fixed points P1 and P3 is the

same and given by

J1,3 =

(
1 −abm1

1 0

)
Therefore, the two equilibrium points P1 and P3 have the same stability type. The Jacobian matrix

of the map (3.1) evaluated at the fixed point P2 is given by

J2 =

(
1 −abm0

1 0

)
where the local stability of these equilibria can be studied by evaluating the eigenvalues of the

corresponding Jacobian matrices given by the solution of their characteristic polynomials.

3.1.2 The hyperchaoticity of the attractor

We give sufficient conditions for the hyperchaoticity of the discrete hyperchaotic double scroll

given by the map (3.1). It is shown in [23] that if we consider a system xk+1 = f (xk) , xk ∈ Ω ⊂
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Rn, such that

‖f ′ (x)‖ ≤ N < +∞

with a smallest eigenvalue of f ′ (x)T f ′ (x) that satisfies

λmin

(
f ′ (x)T (f ′ (x))

)
≥ θ > 0,

whereN2 ≥ θ, then for any x0 ∈ Ω, all the Lyaponov exponents at x0 are located inside
[

ln θ
2
, lnN

]
,

that is,
ln θ

2
≤ li ≤ lnN, i = 1, 2, ..., n

where li are the Lyaponov exponents for the map f. For the map (3.1), one has that

‖f ′ (x, y)‖ =


√

b2+a2m2
1+
√

2b2+b4+2a2m2
1+a4m4

1−2a2b2m2
1+1+1

2
, if |y| ≥ 1√

b2+a2m2
0+
√

2b2+b4+2a2m2
0+a4m4

0−2a2b2m2
0+1+1

2
, if |y| ≤ 1

< +∞

and

λmin

(
f ′ (x)T f ′ (x)

)
=


b2+a2m2

1−
√

2b2+b4+2a2m2
1+a4m4

1−2a2b2m2
1+1+1

2
, if |y| ≥ 1

b2+a2m2
0−
√

2b2+b4+2a2m2
0+a4m4

0−2a2b2m2
0+1+1

2
, if |y| ≤ 1

If 
|a| > max

(
1
|m1| ,

1
|m0|

)
|b| > max

(
|am1|√
a2m2

1−1
, |am0|√

a2m2
0−1

)
then both Lyaponov exponents of the map (3.1) are positive for all initial conditions (x0, y0) ∈ R2,

and hence the corresponding attractor is hyperchaotic, Figure 3.2 shows the Lyaponov expo-

nent spectrum for the map (3.1). The regions of hyperchaos are −3.365 ≤ a ≤ 3.323 and

−3.323 ≤ a ≤ 3.365.

The discrete hyperchaotic double scroll results from a stable period-3 orbit transitioning to a fully

developed chaotic regime, as shown in Figure 3.3.

This particular type of bifurcation is called a border-collision bifurcation as shown in Figure 3.4,

and it is only observed scenario. For −3.365 ≤ a ≤ 3.365, the map (3.1) begins with a reverse

border collision bifurcation leading to a stable period-3 orbit, and then collapses to a point that

is reborn as stable period-3 orbit leading to fully developed chaos,However, it seems that the

proposed map behaves in a similar way to the 4-D dynamical system given in [24], i.e., both

hyperchaotic attractors are obtained by a border-collision bifurcation [25].
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Figure 3.2: Variation of the Lyaponov exponents of the map (3.1) versus the parameter −3.365 ≤
a ≤ 3.365 with b = 1.4, m0 = −0.43, and m1 = 0.41.

Figure 3.3: The discrete hyperchaotic double scroll attractor obtained from the map (3.1) for

a = 3.36, b = 1.4, m0 = −0.43, and m1 = 0.41 with initial conditions x = y = 0.1.

Figure 3.5 shows regions in the ab-plane given by (a, b) ∈ [−3.365, 3.365] × [−2, 2] of unbounded

(white), periodic orbits of period 1 and 3 (blue), and chaotic (including hyperchaotic attractors)

(red) solutions in the ab-plane for the map (3.1), with 106 iterations for each point are shown in .

46



Figure 3.4: The border-collision bifurcation route to chaos of the map (3.1) versus the parameter

−3.365 ≤ a ≤ 3.365 with b = 1.4, m0 = −0.43, and m1 = 0.41.

Figure 3.5: Regions of dynamical behaviors in the ab-plane for the map (3.1).
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Conclusion

In conclusion, this study focused on the exploration of chaos in certain Zeraouilia-Sprott map-

pings. The objective was to investigate the dynamical behaviors and chaotic properties exhibited

by these mappings which commenced by providing a comprehensive overview of chaos theory

and its relevance in various scientific disciplines. It established a theoretical foundation for un-

derstanding the chaotic phenomena observed in dynamical systems. Additionally, the study in-

troduced the Zeraouilia-Sprott mappings, which are a class of discrete dynamical systems known

for their chaotic behaviors, through rigorous mathematical analysis, numerical simulations, and

graphical representations. This study revealed the presence of chaos in the Zeraouilia-Sprott map-

pings under investigation and the chaotic nature was identified by observing sensitive dependence

on initial conditions, irregular and aperiodic behavior, and the presence of strange attractors. The

examination of bifurcations diagrams also covered the emergence of complex dynamical regimes,

including period-doubling cascades and intermittency. Furthermore, this research explored the

influence of key parameters on the chaotic dynamics of the Zeraouilia-Sprott mappings. It was

observed that slight variations in the parameter values could lead to significant changes in the

system’s behavior, resulting in transitions from regular to chaotic motions and contribute to the

understanding of chaos theory and its manifestation. The identification and characterization of

chaotic behavior in these mappings expand the existing knowledge of discrete dynamical systems

and their applications. The results also have implications in various fields such as physics, bi-

ology, and engineering, where chaos theory has diverse applications. Overally, this memory of

the master’s degree project demonstrates the complexity and richness of chaos in some selected

Zeraouilia-Sprott mappings. The research outcomes provide a valuable insights into the dynamics

of these mappings and the groundwork for further investigations in the realm of chaos theory and

its practical implications.
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