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ABSTRACT

In this thesis, we prove a number of single-valued and multi valued fixed
point theorems for different kinds of contractions in complex valued b-metric,
like-metric spaces, and b-metric like spaces. Furthermore, we unveil a new def-
inition for a class of metrics spaces,b,(0) and we concentrate on the results of
the fixed points. In the end, we use the results obtained to look into whether
there is a solution to the integral equation of Fredholm and the local solution of
ordinary differential equations in b, (0).

Keywords: ,b-metric like-space, Rational type contraction, cyclic-contractions,
Complex-valued b-metric space,metric like-space, Set valued analysis, Multival-
ued mapping, Fixed point, Common fixed point.



RESUME

Dans cette these, nous prouvons un certain nombre de théoremes de point fixe a
valeur unique et a valeurs multiples pour différents types de contractions dans :
la métrique b a valeurs complexes, I’espace de type métrique et 'espace de type
b-métrique. De plus, nous introduisons une nouvelle définition pour une classe
d’espaces de métriques,b,(6) et nous concentrons sur les résultats des Point fixe.
A la fin, nous utilisons les résultats obtenus pour étudier 1'existence de la solu-
tion de l’équation intégrale de Fredholm et de la solution locale des Equations
différentielles ordinaires dans b,(6)

Mots-clés: espace similaire métrique, espace similaire b-métrique, contrac-
tions cycliques, point fixe commun, contraction de type rationnel, espace b-
métrique a valeurs complexes, analyse a valeurs définies, cartographie multi-

Valuée, fixe point.
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NOTIONS

The following is a list of the most common notations, symbols, and abbrevi-

ations:

C(la, Bl Y)
H(T, S)
P(Y)
CL(Y)
CB(Y)

Dom(T)
Graph(T)
Im(T)

(Y,

by(s)
b,(6)

N

The set of natural numbers.

The set of real numbers.

The set of complex numbers.

The set of continuous functions from [a, f] to Y
The Hausdorff distance between T and S.
Family of non-empty subsets of Y.

The set of al Iclosed subsets of Y.

set of all closed and bounded subsets of Y.

Y- — P(X) : T is a multivalued map from Y toP(X).
The domain of T.

The graph of T'.

The image of T

,d) : Complex valued metric space.

polygonal b-metric space

Extended polygonal b-metricspace

viii
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Introduction

Fixed point theory has a rich history dating back to the late 19th century.
with pivotal contributions from mathematicians like Brouwer, Banach, and Kaku-
tani. The theory initially emerged as a tool to understand the existence and prop-
erties of solutions to equations and systems of equations. Over the decades,
it has evolved and diversified to include various extensions and applications
in many fields of science, such as engineering, physics, computer science, eco-
nomics and telecommunication optimization problems, making it a cornerstone
of mathematical analysis.[1],[2],[3],[4],[5],[6],[7],[8].

In the realm of single-valued mappings [9], fixed points hold a significant
place, particularly in metric spaces. Metric spaces provide the foundational
framework for understanding distance and convergence, and they play a fun-
damental role in the study of single-valued mappings. Beyond standard metric
spaces, developments have led to specialized spaces such as b-metric spaces.[10],
[11],[12],[13],rectangular b-metric space [14],[15],[16], extended b-metric space
[17] extended rectangular b-metric [18],[19], b-metric like space[20],[21],[22],[23]
,[24],[25],[26]), and complex metric spaces [27],[28],[29],[30][31], [32],[33],[34],[35],
[36],[37],[38],[39], , each offering unique perspectives and applications for fixed
point theory. Multivalued mappings introduce a fascinating dimension to fixed
point the- ory. These mappings can have multiple points, known as fixed sets,
which do not necessarily reduced to a single value. The study of fixed points
in multival- ued mappings are instrumental in solving problems involving non-
uniqueness and discontinuity, making it a valuable tool in mathematical anal-
ysis and opti- mization problems. [40],[41],[42],[43], [44],[45],[46],[47],[48]. The
journey of mul- tivalued fixed point theory began with the pioneering work of
Nadler [49], who The existence of multi-valued fixed points is established using
the following for- mula Hausdorff metric.

Fixed point theorems are a rich area of mathematical research, encompass-
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ing various types of contractions and their applications in diverse settings. One
of the most well-known is cyclic contraction mapping. It involves a set of maps
that satisfy the contraction condition within a specific cycle of mappings. Such
conditions are instrumental in modeling scenarios where entities interact se-
quentially, leading to cyclical dependencies. In particular, cyclic contraction
mappings are essential in addressing problems involving dynamic systems and
feedback loops.

Moreover, cyclical contractions extend beyond traditional metric spaces to
more complex spaces, such as metric-like spaces or partial metric spaces. These
versatile conditions enable the exploration of fixed points in settings where stan-
dard metric structures may not be applicable, offering novel approaches to solv-
ing equations and studying dynamic behaviors [50],[51],[52, 53, 54, 55, 56, 57, 58,
59, 60, 61],

Moving to quasicontractions, [62, 63], which generalize the classical contrac-
tion mapping concept. These maps exhibit a controlled, but not necessarily strict
contraction, leading to the Banach-Myhill-Nash Theorem. Contractive Condi-
tions, on the other hand, define what is appropriate in maps that ensure the
existence of fixed points, this is crucial to functional analysis. Hybrid contrac-
tions, such as Geraghty-type contractions, blend different con- traction concepts
and are highly applicable to solving real-world problems in economics and opti-
mization. Dass-Gupta-Jaggi Types of contractive mappings further generaliza-
tions, accommodating more extensive spaces, and non-standard metric struc-
tures. [64, 65, 66, 67]

In the realm of contractive type mappings and related fixed points, the land-
scape becomes increasingly diverse, with a multitude of theorems tailored to
distinct contexts and spaces. These theorems are invaluable. tools for address-
ing a wide range of mathematical problems and finding fixed points in various
applications, from functional analysis to dynamic systems, thus demonstrating
the remarkable depth and versatility of the fixed-point theory.

This thesis is divided into five chapters, as follows:

Chapter 1: We briefly discussed certain concepts related to metric spaces.
and multivalued analysis, with some examples. then define some types of con-

tractions, whether in single-valued or multi-valued maps.

v
L
mappings in metric-like spaces, in addition to practical examples of theorems.

Chapter 2: We present new fixed point findings on «a; -rational-contraction
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Chapter 3: We offer or provide in complex-valued b-metric spaces certain
tixed point theorems of rational type contraction besides examples and concrete

illustrations of theorems.

Chapter 4: This chapter focuses on the common fixed point theorem for

multi-valued generalized contractive mappings.

Chapter 5: This chapter devotes some fixed point results in the new b,(0)-
metric spaces, as well as examples and applications for some Fredholm type

integral equations and initial value problems.



Preliminaries

The notations, definitions, and initial properties used in this thesis are pre-
sented in this chapter.

In this section, we start with some definitions and ideas that will help us in
the talks that follow.

METRIC SPACES

We give some metric spaces definitions, characteristics, and examples.

Definition 1. Assume Y be a non-empty set. A function 9 : Y XY — [0, +00) such
that for every x, 1,z € Y, we have the following statement:

(@) S(x,7) =0 i =7
(b) (%, ) = 8(y, %)
(©) 9(x, 1) < 9(x,2) + 9(z, ).

the couple (Y, D) is considered a metric space.

Definition 2. [81] Assume Y be non-empty set, s > 1and the mapping 9 : YXY— [0; +00),
satisfies:

(a) S(x,y) =0ifand only if x =y, for every x,y € Y

(b) S (x,9)=9(yy,x) foreveryk,y €Y
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(c)d(x,y) <s[d(x,z)+V(z,1)] forevery x,1,z €Y,
then 3 is considered a b-metric on Y and the couple (Y, D) is called a b-metric space

with coefficient s.

Definition 3. [17] Assume Y be a non-empty set and 6 : Y XY — [1;00). A function
Jg : Y XY — [0; 00) is considered an extended b-metric space if for every x, 1,z € Y it
satisfies:

(01) S0 (x, ) = 0 ifand only if X = 1, for every X,y € Y

(02) S0 (x,7) =V (y, %) forevery x,y € Y

(05) 80 (4, ) < 0 (1, 9) [ (,2) + 9 (z, )]

Then the couple (Y, ¢) is called extended b-metric space.

Remark 4. remark That a b-metric is a peculiar instance of the extended b-metric when
O(x,) =s, fors > 1.

Definition 5. [82] Assume Y be non-empty set and the mapping 9 : Y XY — [0; +00)
such that for every %,y € Y and all distinct point z,u € Y\ {x, iy} satisfies:

(a) S (x,y)=0ifand only if x, 7 , forevery x =y € Y

(b) S (x,9)=9(y,x) forevery x,y € Y

@9 (x, ) <9 (x,2)+9(z,u)+9(u, i)

Thus, the couple (Y, 9) is referred to as a rectangular metric space, and 9 is referred
to as a rectangular metric on Y.

Definition 6. Assume Y be non-empty set.and the mapping 3 : ¥ X ¥ — [0; 4+00)
such that for every %,y € Y and every discrete point z,u € Y\ {%, i} satisfies:

(a) 3 (x,y) =0ifand only if x,y, forevery x =y €Y

(b) S (x,7)=9(y,x) forevery x,y € Y

(c) There is a real number s > 1 such that

S, ) <s[d(x,z)+9(z,u)+9(u, )]

Thus, the couple (Y, 9) is referred to as a rectangular b-metric space with coefficient
s, and 3 is referred to as a rectangular b-metric on Y.

Definition 7. [18] Assume Y be a non-empty set and 0 : Y X ¥ — [1;00) A func-
tion 89 : Y XY — [0; 0o)such that for every x,y € Y and all distinct point z,u €
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Y\ {x, i }satisfies:

(01) ¢ (X, ) =0ifandonlyif x =y, forall x,j € Y
(02) S0 (%, ) = S0 (y, X)for every %,y € Y

(03) V¢ (%, 7) < O (X, 1) [9(x,2) + 9 (z,u) + 9 (u, §) ]

Then 9§ is considered a extended rectangular b-metric on X and the couple (Y, 9) is

considered a extended rectangular b-metric space.

Definition 8. [88] Assume Y be a non-empty set. A function § : Y XY — [0, +00)
such that for every X,y € Y, we have the following assertions:

(@) (x,9)=0=x=7

(b) S(x,7) = (i, %)

(c) 9(x,7) < d(x,z2)+3(z,7)

The couple (Y, D) is considered a metric like-space. A metric-like S on Y meets
every metrics requirements, with the exception of 9 (k, X) may be positive for some
xeY

Definition 9. [87]Assume Y be a non-empty set, s > 1 a fixed real number, A function
9 :YXY — [0, +00) a mapping. Then, (Y, d) claims to be b-metric like space if, for
every x,1 € Y. The ensuing statements are true:

(@) S, ) =0=x=7

(b) 3(x,y) =9y, %)

(©) 5%, §) < s[3(x,2) + 5(z,7)]

Thus, a couple (Y, ) is a b-metric-like space, and 3 is a b-metric-like on Y.

Assume C be the set of complex numbers and z;,z2 € C. Define a partial
order < on C as follows:
z1 < z2 if and only if Re(z;) < Re(zg), Im(z1) < Im(zz).
Thus z; < z2 if one of the following holds:
(i) Re(z1) = Re(z2), Im(z1) = Im(z2);
(i1) Re(z1) < Re(z2), Im(z1) = Im(z2);
(iii) Re(z1) =Re(z2), Im(z1) < Im(z2);
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(iv) Re(z1) < Re(z9), Im(z1) < Im(zs).

We will write z1 < z9 if z1 # zo and one of (ii), (iii), and (iv) is satisfied; also
we will write z; < z9 if only (iv) is satisfied.

Notice that0 < z; £ z9 = |z1| < |ze|and z1 < 29, 20 < 23 = z1 < z3.

The following definition is recently introduced by Azam et al. [70].

Definition 10. Assume Y be a non-empty set, A function § : Y X ¥ — C is called

complex valued metric space if for every x, 1,z € Y, the following statements hold true:
(@) 9(x,9)=0 & =1,
(b) S(x,7) =9y, x),
(c) S(x,7) < 9(x,z) + 9(z, ).
We identify the couple (Y, 9) as complex valued metric space.

Example 11. [33] Assume Y = C. Define the mapping § : Y XY — C by
9 (21, z2) = exp (ik) |z1 - Z2|2 ,

where k € [0, 2] . Then (Y, 9) is a complex valued metric space.

Definition 12. [72] Assume Y be a non-empty set, s > 1a fixed real number, A function
9 : Y XY — C is called complex valued b-metric space if for every x,1,z € Y, the

following statements hold true:
(@) 9(k,9) =0 & & =17
(b) 9(x,7) = (1, %)
(c) 3(x, ) < s[8(x,2) +3(z, 9]

The complex valued b-metric space is the couple (Y, ).

Example 13. [72]Assume Y = [0, 1]. Define the mapping § : Y X Y — C by
S =k -yl +ili =y,

for every x, 1 € Y.Then, with s = 2, (Y, 9) is a complex valued b-metric space.
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Definition 14. [87]Assume {X,} be a sequence with the coefficient s in a b-metric-like
space (Y, 9) . Then:

(i) if limy—eo O (%, X) =9 (X, %) ,then the sequence {x,} is said to be convergent to
X.

(i) if limy m—oeo O (Xn, Xy ) exists and is finite, then the sequence {Xx,} is said to be
9-Cauchy in (Y, 9) .

One says that a b-metric-like space (Y, 9) is S-complete if for every d-Cauchy se-
quence {X, } in Y there existsan x € Y, such that limy, ;y—co O (X, Xp) =9 (X, %)
= lity oo O (Fn, %) .

Lemma 15. Assume that lim, 0 O (X, Xn+1) = 0, for a sequence {X, } on a complete

b-metric space (Y, ) withs > 1.

If limy i —s00 O (n, m) # 0, there exist ¢ > 0 and two sequences {my},oy , {nr ey
of positive integers with ny > my > k such that

9 (tnp Fme) 2 &9 (X, Enpt) < & — < lim sup 9 (Xny1, Fpe1) < s,
S k—o0

Skli_{rio sup ® (Xm_1, k) < e,S% lim sup § (o, k1) < €5
Definition 16. [92]Assume (Y, 9) be a b-metric-like space with the coefficient s, de-

noted as (Y, 9). A sequence {x, } is referred to as 0—d—Cauchy sequence if limy, m—co O (X, X1m) =
0.

A space (Y, ) is considered to be 0 — S—complete when it satisfies the condition that

every 0 — 9—Cauchy sequence is complete.

The sequence within the set Y eventually converges to a specific point x, wherex

belongs to Y satisfying the condition 9 (x, x) = 0.

In the sequel, we give the following result to prove that certain Picard se-
quences are Cauchy see:[89, 90], and the definitions of known notions in exist-

ing literature as well as some known results.

Lemma 17. Assume {X, } denote a sequence in the b-metric-like space (Y, 9), coefficient
s must be greater than or equal to 1. such that

9 (J.Cn; J'Cn+1) < 07\9 (5(11—1/5(71)
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where q within the interval [0; %), and n € N, so we can conclude that {x,} is a 9-

Cauchy sequence in (Y, 3) such that limy ;y—o0 O (X, Xp) =0

Remark 18. In the context of b-metric-like, it is important to acknowledge that the
aforementioned lemma remains applicable. Each value of q within the range of [0,1) is
associated with a designated space, as referenced in [86].

Definition 19. Let (Y, 9) be b-metric space with complex values, as assumed in[72]
(i) An element x in the set Y is referred to as an interior point. Whenever there is a
value of r greater than zero, the set A is a subset of Y,
such that B(x,r) = {Y € Y : 3(x, ) <r} C A.

(ii) A point X € Y is considered a limit point of a set A whenever for every 0 < r € C,
B(x,r)N(A—-{x}) # ¢.

(ii1) A subset A C Y is considered an open set whenever each element of A is an interior
point of a set A.

(iv) A subset A C Y is called closed set whenever each limit point of A belongs to A.

(v) A sub-basis for Hausdorff topology t on Y is a family
F={B(x,r):xeYand0<r}.

Definition 20. [72]Assume (Y, 9) be a b-metric space with complex values, and As-
sume {xy} represent a sequence in Y and x € Y.

(i) For every positive c in the set C, there exists a corresponding N € N such
that for every n > N, 8(x,,, X) < ¢, then {%,} is referred to as being The

sequence converges to x. We denote this by lim,_,« X, = & or {¥,} — % as
n — oo.

(ii) If for every ¢ € C, with 0 < c there is N € N such that for every n > N,
S(%y, Xn+m) < ¢ where m € N, then{x,} is said to be Cauchy sequence.

(ii7) If each Cauchy sequence within the set Y converges within Y,then The

space (Y, 9) ) is often referred to as a complete complex-valued b-metric
space.

Lemma 21. [72]Consider a complex-valued b-metric space (Y,9) and Let {X,} be a
given sequence in Y. The convergence of {X,} to X is characterized by the following
condition |8(x,, x)| = 0asn — oo,
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Lemma 22. [72] Assume (Y, 3) be a complex valued b-metric space, if we consider a
sequence {x,} in Y. then it can be said that {%,} is the Cauchy sequence is defined if
and only if |9(X,, Xp+m)| — 0asn — oo, where m € N.

Definition 23. [75]Assume {%, } defines a sequence in a b-metric space (Y, 9) with the
coefficient s. Hence, we have:

(1) The convergence of the sequence {%, } to i is defined as follows: lim, e 9 (¥p, X)
=0

4

(i) The sequence {X,} is considered to be Cauchy in (Y,) within the context of
limy m—oeo O (Xp, X)) — 0

(iii) One says that a b-metric space (Y, ) is complete if for every Cauchy sequence
{x,} in Y is convergent.

Definition 24. [80] Assume (Y, ) be a complete b-metric space. In the sequel, we use
the following notations:

CB(Y) = {is defined as a non-empty closed and bounded subset of Y},
9(A,B) =inf{9(a,b) :a € A,b € B},

O0(A,B) = sup{d(a,B) : a € A},

O0(B,A) =sup{d(b,A) : b € B},

H(A, B) = max{06(A, B), 6(B, A)}.

The metric 9, gives rise to the Hausdorff metric H, as can be observed.

Moving ahead, we define F(T) as the collection of all fixed points of a multi-valued
mapping T, that is:
FT)={peY:peT,}

Definition 25. A fixed point of the multi-valued function is defined as a point Xy € Y,
where T : Y — CB(Y) if xg € Txo.

Lemma 26. Assume(Y, ) be a b-metric space that is complete. For any A, B and

C € CB(Y) and any %,y € Y, one has the following:

1 8(x,B) < 9(x,b) forany b € B.
2 6(A,B) < H(A, B).
3 9(x,B) < H(A, B), forany x € A.

10



CHAPTER 1. PRELIMINARIES

4 H(A, A) = 0.

5 H(A,B) = H(B, A).

6 H(A,C) < s[H(A, B) + H(B, C)].
7 9(x,A) < s[9(x, ) + 9(x, A)].

8 9(A,B) < 5(A, B).

Lemma 27. [75]Assume(Y, ) be a complete b-metric space and Assume {x,} be a
sequence in Y such that

O (kps1, Xnv2) < A (&y, Xpt1), foreveryn =0,1,2, ...

where 0 < A < 1. Then {x,} is a Cauchy sequence in Y.

VARIOUS TYPES OF CONTRACTIONS

Some types of contractions in single-valued and multi-valued maps are de-
fined in this section.

Definition 28. ([68]) A mapping T : Y — Y where (Y, ) is a metric space is said to
be weakly C-contractive or a weak C-contraction if for every X, € Y,

(3 (Tx,Ty)) < %[\9(5@ Ty +9(y, Tx) = [8(x,Ty) + 9(y, TH)] .

where 1 € [0,00)* — [0, ) ,is a continuous mapping such that ¥ (x, ) = 0 if and
onlyif x,y = 0.

Denote Q as the class of all function W : [0; c0) — [0; 00), satisfying the fol-

lowing condition:
(1) Wnon-decreasing and continuous;

11
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(2) limy e W" (t) = 0 for every t > 0.

Definition 29. ,[89] Assume (Y, 9) be a b-metric-like space, p € N, By, Bo, ..., B, be
S-closed subsets of Y, Y = B1U...UByand a : Y XY — [0; 00) be a mapping. We say
that T : Y =Y — Y is cyclic a‘f’—mtional contractive mapping if :

(1) T(B;) € Bi+1,i = 1,2, ..., p,where By,1 = By,

(2) foranyx € BjandY € Bjy1,i1=1,2,...,p,where Byy1 = Byand a (x, Tx) a (7, Tiy) >
v (9 (T, Ti)) < W (M (%, 9)) - LM (%, §) M)
Where W € Q, L € (0;1) and

2s 14+9(x,y) 7 1+9(x,1)
(%, Tiy)+9(y,Tx)
4s

. 8 (x, i), W) SEIDIGTY) SGIDILSETH]
My(%, y) = max

Definition 30. ([91]) AssumeIT1= {¢ : [0, +00) — [0, +00) : ¢ is increasing and continuous}
and Q = {y : [[0, +o0) — [0, +00) : ¢ is increasing and lower semi-continuous}.
Atriple (¢, 1, f) is said to be monotone if

< Y implies f (¢ (X), ¢ (%)) < f (6 (), ¥ (X)),
forany x, 1 € [0, +00).

Definition 31. ([91])Assume (Y, ) be a metric-like space, p € N, By, B, ..., B, be
S-closed subsets of Y, Y = By U...UBpand a : Y XY — [0, +00) be a mapping. We
say that T : Y — Y is cyclic(a, f, ¢, ) contractive mapping if:

T (Bj) C Bji1, forevery j =1,2,...,p, where B, = By

foranyx € BiandY € B;, (i = 1,2, ...,p) ,where Bjy; = Byand a (X, Tx) a (y, Ty) >
1

we have

¢ (3(Tx,Ty)) < f (¢ (Ma (%, 7)), ¢ (Ma (%, 7)), (1.1)

12



CHAPTER 1. PRELIMINARIES

where ¢ € T1, ¢ € Qand f € C such that the triple (¢, 1, f) is monotone and

oo . . . . 8, Tiy)+9(i,T#)
_ ad (x/y) + b3 (x,TX) +cd (y,Ty) + e#

m

Md (5(/ y)

4

witha,b,c,e > 0anda+b+c+2e =m < 1.

Definition 32. Assume(Y, ) be a complete b-metric space with coefficient s > 1, and
T,S : Y — CB(Y) be two mapping on Y can be classified as generalized rational

contractive mappings if there exist the control functions ¢, @,y : Y XY — [0; 1) such
that:

H(T%,Sy) < ¢y p)+e 9 [0E& Sy)+3@F TH]  (12)
o S (x,Tx) 9 (7, Ty)
+ (%, ) 1+\9(5C,5]'/)+8(]'/,T5C)+9(X,y)/

forevery x,y € Y.

Definition 33. Assume Y be a non-empty set. A mappingT : Y — Y is said to be an
a-admissible mapping if a(x, ) > 1 implies

a(Tx, Ty)>1,forevery x,y € Yand a : Y XY — [0;00).

Further T called a-continuous on Y if limy, e X, = X implies lim, . Tx, = TX for
any sequence {x,} for Y which a(%,, Xy+1) = 1;n € N.

13



New fixed point results on

4

ar

-rational contraction mappings in

-metric-like spaces

This chapter will discuss our findings from([89]), which include new find-
Yy

v-
fined in complete b-metric-like spaces. To demonstrate the applicability of our

ings on a; -rational contraction and cyclic af-rational contractive mappings de-

theoretical findings, an example is provided.

4

L-RATIONAL CONTRACTION MAP-

FIXED POINT ON «

PINGS IN -METRIC-LIKE SPACES

Theorem 34. Let (Y, ) bea § — complete b—metric like space and a : Y XY —

4

[0, +00) be a mapping. Assume that T : Y — Yisan a;

-contractive mapping satisfy-
ing the following assertions:

(i) T is an a-admissible mapping,

(ii) a (%o, Txo) = 1 for an element %oy inY,

(iii) T is a-continuous, or;

(iv) if {x,, } is a sequence in Y such that o (X,,, Xp41) > 1

foralln e Nand x,, — x as n— +oo, then o (X, Tx,) > 1.

Then T admits a fixed point in Y.

14



CHAPTER 2. NEW FIXED POINT RESULTS ON af—RATIONAL CONTRACTION
MAPPINGS IN -METRIC-LIKE SPACES

Moreover, if
(v) a (%, x) > 1, whenever x € Fix (T), then T admits a unique fixed point.

proof Let start with define the sequence X, = T,%y, where % is the given

point for which « (xo, Txo) > 1. Since T is an a-admissible mapping, we get that
a(x1,Tx1) =a(Tiy, TTxy) > 1.
Continuing this process, we get a (X, Tx,) > 1 for all n € N, and so,
a(xy, Txy)a(ky—1,Txp-1) > 1, foralln € N.
If X, = X,_1 for some n € N, x,,_; is a fixed point of T'.
Therefore, assume that x,_; # X, for all n € N. Hence, we have that
S (Xy-1,%,) >0, for all n € N.

In order to prove that the sequence {x,} is a 9-Cauchy sequence, we have

k4 (‘9 (5511/ 5511+1)) <V (M (xn—lr xn)) - LM (Xn—lz xn) (2.1)
where
o 8 (Xnot, din), O (n, ), Lntn)Sndne)  Sntue I O(Enrdn)],
M (xn—ll xn) = max { n n n ns(xn_llijflgﬁg(l,ﬁf,%nﬂ) 14+8(%kp-1,%n)
4s

IN

. . .. 3. . ) L. .
max {‘9 (Fn-1,%n), 9 (Xn, Xns1), 1‘9 (-1, %n) + 1‘9 (%n, xn+1)}

max {9 (Xn-1,X,), 9 (Xn, Xns1)},

IN

Hence, we get
W (S (&, Xp41)) < W (max {S (Xy—1, %), O (Xn, Xns1)})—Lmax {8 (X1, %), O (Xy, Xns1)} .
If

max {9 (X,-1, %), (kn, Xns1)} =3 (&, Xns1) for somen €N,

15



2.1. FIXED POINT ON af—RATIONAL CONTRACTION MAPPINGS IN -METRIC-LIKE

SPACES
we have
WS (kn, Xn41)) < W(O (Fn, Xn41)) = LS (Fn, Xs1)
0 < —L8(in, fns1). (2.2)
Which contradiction.

Hence, we get

9 (J.Ci’l—ll xn) > 9 (xn; J.Cn+1) .

So, there exists
lim \9 (5(:”, J‘Cn.l,—l) = Sk 2 0.

n—+o0o

Assumeting n — 400 in (2.2) , we obtain that

i WS (n, Bae)) S Tim (WS (o, ) — LS (i, o)
W) < W(S)— L.

Thus

lim 9 (xn,jcn+1) = 0.

n—+oo

Now, if lim+ S (X, &m) # 0, we have sequences {my} and {ny} such that
n,m—-+00

lim 9 (p,, %m,) = € > 0.

k—+o0

Assume u = X,, and v = %, in (1), we get

W (‘9 (X”k+1/5cmk+1)) <V (M (Xnermk)) - LM (x”k/jcmk) ’ (2.3)

where
¢ i L S(sny im, ) (iem, &
o (xnk’ xmk) ;9 (xmkr xnk+1) ’ ( n§+;(k5€)nk(/i::f+1;lk+l)
M (Xnk' ka) = max s(x’”k’X”;k:;%)[kl"—i(xn)k'xnkﬂ)] ,
g rdmy
S (kg Ay +1)+S(Fmy Xy, )
4s

& &
’ /0/ 0/ }
— maX{S o s

16



CHAPTER 2. NEW FIXED POINT RESULTS ON af—RATIONAL CONTRACTION
MAPPINGS IN -METRIC-LIKE SPACES

So,as n — +o0in (3.9), we have
W(e) <W(e)—Le,
which is paradoxical.

Thus, the sequence{x,} is a cauchy and

lim 9 (x,,%,)=0.
n,m—+00

This proves that a single point exists. * €Y such that

D)= lim §Gin, XY= Jim 9 (5 k) = 0.

We will now demonstrate that 1™ is fixed point of T i.e., Tx"* = &%, so it’s evident
if T is a-continuous.
Additionally, consider that for any sequence &, in Y and foralln € N,if a (%, X;,41) >

land lim %, = %7, then
n—+oo

a (i, T > 1.

Assume 9 (%, Tx*) > 0. Knowing

a (i, Tin) a (&%, TY) > 1.

As per the specified contractual terms, we have

W (S (Tx,Ti")) < W (M (%, 1) — LM (%, 1)

where
L a v . Sy, &%) 8(x%, Tx")
S (A, X ),(\9 (x /)[xn+(l) , w,
cooey S T 1+9(hn, a1
M (x,%) = max{ Ty ,
(i, T +9(X", % ne1)
4s

. s ok I, x7) O (X", TH)
O (X, x7), 9 (% /xn‘*‘l)’m’

max S (&, Tx"), L

S[9(%y, X))+ (&, Tx")|+9(x", % 141)
4s

S (&%, Tx™)
4

IN

— max {0, 0,0,9 (", Tx"), } =9 (%", T+"), as n — +oo.

17



2.2. EXAMPLE

Allowing the limit to n — +oco, We obtain
WS, Tx) W (S (", Tx")) - LY (X7, Tx),

which again is contradictory.

This implies that 9 (1*, Tx") = 0, namely, we demonstrate that Tx* = x".

Lastly, to demonstrate the fixed point of the map T is uniqueness, Let’s claim
that C, 1 (C # n) are two fixed point of T'.

Then,we get 3(C,n) > 0,a(C,0)>1,a(n,n) > 1.

Moreover, since

a(C,Q)an,n) =1,

We acquire

in which

3,0 (TSN
8GN, =55 Ty
S [1+3(C,0)]
1+9(Cn) 7
S(C+3(n,0)
4s

9 (n,C) 8(1,0)
o 00 o

M(C,n)

max

max{S(C,n), } =39(C,n).

Thus
WEEn) <WE(ECn)-L3ECn),

which is paradoxical. The proof is now complete.

Remark 35. It is noteworthy to observe that the case s = 1 means that (Y, d) is actually
a complete metric-like space and we get the results of [55].

EXAMPLE

Example 36. Given a constant s = 4, Assume Y = R be a b-metric-like space
Define the function 9 : R? —: [0, +00) by .9 (x, ) = (|%| + |#])*.

(Y, 9) is obviously a complete b-metric-like space. Assume that

By = (=00,0], By = [0, +00)

18



CHAPTER 2. NEW FIXED POINT RESULTS ON af—RATIONAL CONTRACTION
MAPPINGS IN -METRIC-LIKE SPACES

and
Y = B; U Bs.

DefineT : Y =Y and o : Y XY — [0, +o0) by

% if %€ (-o0,1)
X i oseloq
Tx = % lf ),CE[ = and o (%, 1) =
-%= if x€][0,1]
-x if x€(1l,+0)
Also, define ¥ :

and T (B2) C Bj.

X+ 1yl + 1, if %,y e [-1;1]

0, otherwise.

[0, +c0) — [0, +00) by W (t) = 3t and L = ¢.Clearly, T (By) C By

Assumex € By, y € Boand o (x,Tx)o (y,Ty) > 1.Ifx ¢ [-1,1]ory & [-1,1], then
o(x,Tx) =0o0ro(y,Ty) = 0.That is, o (x,Tx)o (i, Tiy) = 0, which is a contradic-

tion. Hence x € By ,y € Byand x,3 € [-1,1].
This implies that x € [-1,0] or y € [1,0].
Then,

V(S (Tx,Ty))

IA
(]
—_— o~ —

IN

IA

IA

[+ 191)°

Wl WIR,RWlR,W|

¥

(
(|5C|3 + |y|3), since i € [1,0].
(

S (%, ) =W (Ma(x,)) - LMqa (%, 7).

Consequently, T is a cyclic a; -rational contractive mapping. It is evident that o (0, T0) >

1 and so the condition (ii) of Theorem 34 is satisfied.

When o (x,y) > 1, it means that X, y € [-1, 1], indicating that T is an a-admissible

mapping and o (Tx,Ty) > 1.

Consider {x,} as a sequence in Y such that o (X, Tx,) > land %, — X asn —

+00.

Hence, we have to have x,, € [—1, 1] and so, x € [—

19
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2.2. EXAMPLE

all of Theorem 34 requirements are met as result, and T has a fixed point x = 0 € B;NBa.

20



Some fixed point theorems of rational
type contraction in complex valued

b-metric spaces

This chapter’s goals are to generalize certain findings from the previous lit-
erature and establish a common fixed-point theorem for rational-type contrac-
tions in the context of complex valued b-metric spaces. Lastly, we provide a
compelling illustration to back up our primary findings.

FIXED POINT THEOREMS OF RATIONAL TYPE CONTRAC-

TION IN COMPLEX VALUED B-METRIC SPACES

Theorem 37. Assume (Y, 9) be a complete complex valued b-metric space with a coef-

ficient s > 1,and T : Y — Y be a mappings on Y satisfying the condition

8 (%, Tx) S (%, Ty) + (i, T) 8 (i, Tx)
S, Ty) + 9 (i, Tx) ’

S(Tx,Tiy) < ad (x,9) +b (3.1)

forall, x ,yinYanda,b>0,9(x,Ty)+3(y, Tx) #0withs(a+b) <1.ThenT a
unique fixed point.

Proof. Assume % € Y be an arbitary point in Y. We define by induction a se-

21



3.1. FIXED POINT THEOREMS OF RATIONAL TYPE CONTRACTION IN COMPLEX
VALUED B-METRIC SPACES

quence {X,} in Y such that

Xons1 = Txo,, forall n € N.

Now, we show that the sequence {x,} is Cauchy:

O (k2n+1, Xon+2) = S(Txon, Tx2n+1)

A

ad (X2, Xop+1)
+b8 (X2n, Txon) S (X2n, Thon+1) + O (X2n+1, TX2n+1) O (X2n+1, TX2n)
S (%2n, Txon+1) + 9 (F2n+1, Txon)

ad (X2n, X2n+1)

+b8 (%2, Xont1) O (%20, Xont2) + 9 (X2n+1, X2nt2) O (X2041, X20+1)
S (X2n, Xon+2) + O (X2n+1, X2n+1)

= (a+D) 3 (%2n, X2n+1) -

Thus
O (X241, Xon+2) < (@ + D) S (Xa2n, X2n+1) - (3.2)

By using lemma (22) thus implies

|9 (X2n+1, X2n+2)| < (@ +Db) S (X2n, X2n41)|

(@a+D)|9(X2n, X2n+1)] -

IA

Sincea +b < 1,

|‘9 (X2n+1; 5C2n+2)| < (Cl + b) |‘9 (55211/ 5‘72n+1)| . (3-3)

Thus for any n € N, we get

IN

(@ + ) |9 (Xan, Xons1)| < (@ + D)2 |9 (Xan1, X2n—2)| (3.4)

o < (@ + D)9 (3, %) -

|9 (X2n+1, X2n+2)|

IN

Thus for any m > n,m,n € N,

22



CHAPTER 3. SOME FIXED POINT THEOREMS OF RATIONAL TYPE CONTRACTION IN

COMPLEX VALUED B-METRIC SPACES

|9 (%, X

IA

s |‘9 (J.Cn/ J.Cn+1)| +5s |‘9 (xn+1; xm)'
5 |‘9 (J.Cn; xn+1)| + 52 |\9 (xn+1/ J.Cn+2)| + 52 |\9 (xn+2/ xm)l
S| (tn, Tns1)| + 82 [9 (X1, Xnaa)| + 5% |9 (Fns2, Xnas)|

+53 |‘9 (5(,14_3, xm)l

IN

IN

IA

19 (%, Fns1)| + 82 |9 (Kna1, Xns2)| + 8% |9 (Xnta, Xnss)|

+... + Sm_n_l |\9 (ij_Q, km_l)l + Sm_n |\9 (Xm_l, ij)l .
By (3.4) , we have

19 (X, &m)| < s(a+b)"|9(xo,%1)| + 52 (a+b)"" |9 (o, %1)|
+53(a + D)9 (o, 1) + ... + 5" (@ + D)9 (%o, %1)|

+5"7 (@ + b)) (xo, %1)|
m-n

= > T @+ b9 (o, 1)

i=1
Therefore,

m—n

Z Si+n—1 ((1 + b)i+n—1 |‘9 (5(0/5(1”

i=1

m—=1

= D5 @+ )19 (o, )
p=n

Z [ (a + D)) |9 (%0, 1)| =

|9 (%, %)

IA

[s (a + b))
1-s(a+b)

IA

|8 (J.COI xl)l ’

hence

[s (a + b))

19 Gen )l < 7250

|9 (%0, %1)] = 0asm,n — oo.

Thus {%,} is a Cauchy sequence in Y. Since Y is complete, there exists u € Y
such that x,, - u asn — oo.

Assume not, then there exists z € Y such that

19 (u, Tu)| = |z| > 0. (3.5)
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Consequently, by applying the triangle inequality and (3.1), we find

z = S, Tu) < s9(u,Xont2) + 5|9 (Xo42, Tu)|

s (u, 5C2n+2) + 59 (Tu, Tj(:2n+1)

N

$O (U, Xop12) +sad (u, Xon+1)
d (u, Tu) S (u, T)'C2n+1) + 9 (J'an+1, T5C2n+1) 9 (J'an+1, TM)
S (1/[, Tf(fgn.:,.l) + 9 (5an+1, Tu)
sO(u, Xon42) +sad (U, Xon+1)
b S (u, Tu)d (u, kans2) + 9 (Xons1, Xon+2) O (k2n41, Tu)
S (u, Xop42) + 9 (X241, Tu)

+sb

4

it suggests that

|9 (u, Tu)]

s |9 (u, Xon+2)| +sa |9 (u, Xan+1)|
b |9 (u, Tu)| |9 (u, Xon+2)| + |9 (X2n+1, Xons2)| |9 (X241, Tu)|
|9 (1, X2n42) + 9 (Kons1, Tu)|

2]

IN

. (3.6)

Taking the limit of (3.6) as n — oo, we get that |z| = |9(u, Tu)| < 0, a contra-
diction with (3.5). So|z| = 0. Hence

Tu =u.

To prove the uniqueness of common fixed, assume v € Y be a different fixed
point of T that is

v="To.
Then
d(u,v) = 3(Tu,To)
R T (o
= ad(u,v).

Sincea < 1, we have 9 (u,v) =0

Consequently, we demonstrated that T have a single common fixed point in
Y. m|
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CHAPTER 3. SOME FIXED POINT THEOREMS OF RATIONAL TYPE CONTRACTION IN

COMPLEX VALUED B-METRIC SPACES

COMMON FIXED POINT THEOREMS OF RATIONAL TYPE

CONTRACTION IN COMPLEX VALUED B-METRIC SPACES

Theorem 38. Assume(Y, ) be a complete complex valued b-metric space with a coef-
ficient s > 1,and T,S : ¥ — Y be two mappings on Y satisfying the condition

S (%, Tx)® (%,S9) + 9 (1, S) ® (1, T#)

3(Tx,Sy) < ad(x,9)+b S(x,S9) + 9 (i, Tx) '

(3.7)

forall, x ,yinYanda,b > 0,9 (%,Sy)+9(y, Tx) # Owiths (a+b) < 1. Then T

and S have a unique common fixed point.

Proof. Assume %o € Y be an arbitrary point in Y. We define by induction a se-
quence {X,} in Y such that

Xons1 = Txop,

Xopto = SfCQn_H/ forall n € N.
By putting n = 2k, with x = X9, and Y = Xgy41 we get

(T ok, Sxkok+1)

S (Xok41, Xok+2)
O (Aak, Thor) O (X2, Skok+1) + 9 (Xok+1, SXok41) O (Xok+1, Thok)
O (Xok, Sxogs1) + 9 (ok+1, Tx2x)

9 (Yak, Xok+1) O (Xok, Xokr2) + O (Yok+1, Xok+2) O (Xok+1, X2k+1)
9 (Yak, Xok+2) + O (Xak+1, X2k+1)

A

ad (Xok, Xok+1) + b

= ad (Xok, Xok41) + b

= (a+b)S (Xox, Xok+1) -

Thus
S (Foks1, Xorks2) S (@ +b) S (Kak, Xoks1) - (3.8)

If X, = X,+1 forsome n, with n = 2k then from (3.8) ,we have 9 (X2k+1, Xok+2) =

0. So that 5(2k+1 = J'Czk.:,.g.
For n = 2k + 1, utilizing the same justifications as in the case n = 2k, we get

the same result.

Continuing in this way we can show that Xor_; = Xor = Xor+1 = ...
Hence {%,} is a Cauchy sequence.

Now assume that Xof # Xox41 for all n € N.
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COMPLEX VALUED B-METRIC SPACES

Firstly, we want to show that

S (X, Xn+1) S (@a+Db)S(xy-1,%y,), foralln € N. (3.9)

We need to think about two situations.
Casel.n=2k+1,k eN.

From (3.8) we have

8 (&n, Xns1) S (@ +D)S (kn1, %n), n =2k +1,k € N. (3.10)

Case 2. n = 2k, k € N.

From (3.8) we have

A

\9 (5(:714_1, 5(;/1.:,.2) N ([Z + b) \9 (xn, 5C1’l+1) (311)
< O (hn, dns1) S (@+D) S (kn_1, %n), n =2k, k € N.

So from (3.10), (3.11) We determine that

S (X, Xn+1) S (@a+Db)S(%y-1,%y,), foralln € N.

We thus arrive at that (3.9) holds.
Here, we demonstrate that the sequence {X,} is a Cauchy sequence.

By using lemma (22) and (3.8) thus implies

|9 (tn, Xna1)| < (@ +D) S (Xn-1, %)
< (a+b)[9(Xn-1, %n)l
Sincea +b <1,
|9 (%, Xns1)| < (@+Db) |9 (Xp-1, Xn)| - (3.12)

Thus for any m > n,m,n € N,
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COMPLEX VALUED B-METRIC SPACES

|9 (%, X

IA

s |‘9 (5511/ J.Cn+1)| +5s |‘9 (xn+1; xm)'
5 |\9 (J.Cn; xn+1)| + 52 |\9 (xn+1/ J.Cn+2)| + 52 |\9 (xn+2/ xm)l
S| (tn, Tns1)| + 82 [9 (X1, Xnaa)| + 5% |9 (Fns2, Xnas)|

+53 |‘9 (5511+3/ xm)l

IN

IN

IA

19 (%, Fns1)| + 82 |9 (Kna1, Xns2)| + 8% |9 (Xnta, Xnss)|

+... + Sm_n_l |\9 (ij_Q, km_l)l + Sm_n |\9 (Xm_l, ij)l .
By (3.12), we get

|9 (n, m)| < s (a+b)" |8 (ko, ¥1)| + % (a +b)"™ |9 (%o, 1)
+5% (@ + b)Y |9 (%o, X1)| + ... + 8" (@ + b)) (%o, %1)|

+5"7 (@ + b)) (xo, %1)|
m-n

= > '@+ b9 (o, 1)

i=1

Therefore,
m-—
9G] 5 S (@ DS o, )
i=1
m—1
= > sP(a+D) I3 (xo,%1)]
p=n
N [s@+b) o .
P
< pz s D) 19 (o, )| = 1= 19 o, )l
and hence
[s (a + b))

|9 (%, Xm)| < |9 (%0, %1)] = 0asm,n — oo.

1-s(a+b)

Thus {#,}is a Cauchy sequence in Y. Since Y is complete, there exists some
u € Y such that x,, > uasn — oo.

Assume not, then there exists z € Y such that

|9 (u, Tu)| = |z| > 0. (3.13)
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So by using the triangular inequality and (3.7), we receive

z = S(u, Tu) <s9(u,xons2) +5 |9 (X242, Tu)|

s (u, 5C2n+2) + 59 (Tu, 5562”4.1)

N

$O (U, Xop12) +sad (U, Xon+1)
d (M, TM) S (u, S)'C2n+1) + 9 (J'an+1, SJ.CQ;/H.l) d (5(27,.,.1, Tu)
9 (H, 5X2n+1) + 9 (5C2n+1, TM)
sO(u, Xon42) +sad (U, Xon+1)
+sb8 (, Tu) S (u, kons2) + 9 (X2n+1, X2n+2) O (k2n41, Tu)
O (u, Xop42) + 3 (X241, Tu)

+sb

4

which implies that

2] |9 (u, Tu)|

S| (u, Xon+2)| +sa|d (u, Xon+1)|

o op 18 TIONIS (0, o) +18 (anen, Fani2)| 19 Cenor, Tt
|9 (1, Xont2) + 3 (X2n+1, Tu)l

IA

(3.14)

Exceeding the limit of (3.14) as n — oo, we get that|z| = |9(u,Tu)| < 0, a
contradiction with (3.13). So |z| = 0. Hence Tu = u, Similarly, one can also show
that Su = u.

To prove the uniqueness of common fixed, Assume v € Y be a different com-
mon fixed point of S and T that is

v=Tv=_50v.
Then
S(u,v) = 9(Tu,Sv)
S(u, Tu)d (u,Sv)+ 3 (v,Sv) S (v, Tu)
<
s adwv)+b S (u,Sv) + 9 (v, Tu)
= ad(u,v).
Since a < 1, we have
J(u,v)=0.

As such, we established that there is only one common fixed point for T and
SinY.
O
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COMPLEX VALUED B-METRIC SPACES

COMMON FIXED POINT THEOREMS OF CYCLIC RATIO-
NAL TYPE CONTRACTION IN COMPLEX VALUED B-METRIC

SPACES

Theorem 39. Assume (Y, 3) be a complete complex valued b-metric space with a coef-
ficient s > 1,and T,S : Y — Y be two mappings on Y satisfying the condition

Sy, Sy)[1+ 9 (%, Tx)] iy Sy, Sy)+9(y, Tx)
1+9(%,9) 1+9(y,S9) 9 (1, Tx)
(3.15)

8(T#,S§) < ad (&, §) + b

forall, x , yinYanda,b,c > 0,and s(a+b+c) < 1. Then T and S have a unique
common fixed point.

Proof. Assume X% € Y be an arbitrary point in Y.We define by induction a se-
quence {X,} in Y such that

Xons1 = Txop,

Xopto = S5C2n+1, forall n € N.
By putting n = 2k, with x = X9, and Y = X941 we get

S(Txok, Skok+1)

S (Xok+1, X2k+2)
O (X211, Stok+1) [1+ 9 (Gok, Thox)]
1+ 9 (dkok, oks1)

O (Xok+1, SXok41) + 9 (Foks1, Thox)

1+ 9 (X241, Stors1) O (Xoks1, TXok)

O (Xok+1, Xok+2) [1+ O (Xok, X2x+1)]
1+ 9 (Xok, Xoks1)

O (Xok+1, Xok+2) + O (¥ok+1, X2k+1)

L+ 9 (Foks1, Xokr2) O (Xoks1, Xoks1)

= a9 (X2k, X2k+1) + b (Xok41, X2k12) + €O (Kokr1, Xok+2) -

A

a9 (Xok, Xok+1) + b

= a9 (kok, Xok+1) + b

+C

Thus

O (Xok+1, Xok42) S )\9 (%2k, Xok+1) - (3.16)

a
1-(Mb+c

If X, = X,4+1 forsome n, with n = 2k then from (3.16) , we have 9 (X2k+1, Xok+2) =
0. So that J'Cgk.,.l = J'Cgk.,.g.
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For n = 2k + 1, by using the same arguments as in the case n = 2k, we get

the same resulat.
Continuing in this way we can show that Xox_; = Xor = Xor41 = ...
Hence {x,} is a Cauchy sequence.
Now assume that X9 # X041 forall n € N.

Firstly we want to show that

(X, Xpt1) S d(Xy-1,%,), forallm € N. (3.17)

a
1-(+0)

There are two cases which we have to consider.
Casel.n=2k+1,k eN.

From (3.16) we have

.. a . .
d (xn,xn+1) < m&(xn_l,xn), n=2k+ 1,k e N. (318)
Case 2. n = 2k, k € N.
From (3.16) we have
. . a .. ..
O (Xnt1, Xns2) S ms (%n, Xne1) <O (%n, Xn41)

8 (Xp1,dn), n =2k keN (3.19)

N

4+
1-(b+c¢)
So from (3.18), (3.19) we conclude that

O (Xn, Xp41) S O (Xp-1,%,), foralln € N

a
1-(+c)

Thus we obtain that (3.17) holds.
Now, we show that the sequence {X,} is a Cauchy sequence.

By using lemma (22) and (3.17) thus implies

|8 (xn/xn+1)| < ‘(%) 9 (in—llxn)

a . .
(m) |9 (Xp—1, X1)] -

Sincea +b < 1,
19 (tn, Xns1)| < B[S (Xn-1, Xu)] - (3.20)
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Where h =

COMPLEX VALUED B-METRIC SPACES

%<%Sl,becauses(a+b+c)<1.

Thus for any m > n.m,n € N,

|9 (tn, %m)|

IN A

IA

IN

By (3.20) , we get

|9 (Xp, Xm)| <

S |9 (Xy, Xns1)| + 5|9 (Xn+1, Xm)

|9 (A, Xna1)| + 829 (Kps1, Xnao)| + 529 (Xnso, Xm)|
S 19 (%, Xna1)| + 8 [9 (Fnst, Xna2)| + 8% |9 (nra, Fnas)|
+53 |9 (Xns3, Xm)|

S 19 (X, Tnen)| + 57 9 (Furr, Tns2) + 87 |9 (Kps2, Xnas)]

+... + Sm_n_l |\9 (Xm—Q, Xm—l)l + Sm_n |\9 (i‘m—l, Xm)l .

s ()" |9 (%o, %1)| + 82 ()" |9 (x0, 1))
+8% (W)"™2 |9 (R0, X1)| + oo + 8™ L) 2 |8 (4, K1)

+s™T ()™ |9 (30, 11))

m-n

D s S (o, 20)]-

i=1

Therefore,
m-n . .
[ Gin )| < )™ ()T (o, )]
i=1
m—1
= > sP (W19 (o, 1)
p=n
N . s o .
< DP9 o)l = 2 19 (i, 1),
p:n s ()
and hence
s e -
9 G )| < i 19 G )] > 02 11, > oo

Thus {x, }is a Cauchy sequence in Y. Since Y is complete, there exists some

u € Y such that x, —» u asn — oo.

Assume not, then there exists z € Y such that
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|9 (u, Tu)| = |z| > 0. (3.21)

So by using the triangular inequality and (3.15), we receive

z = S, Tu) <s9(u,Xons2) +5 |9 (X242, Tu)|

s (1/[, 5(2”4_2) + 59 (TM, SfCQn_H)

S 89 (u, Xons2) +sad (u, Xon+1)
O (X2n+1, Skons1) [1+ 9 (u, Tu)] O (X2n+1, Skons1) + 9 (Xo2ns1, Tu)
+sb - sc - - - ,
1+ 9 (u, X241) 1+ 9 (X2n+1, SX2n41) O (X2n+1, Tu)
which implies that
lz| = [9(u, Tu)
< s |19 (M,f(fgn+2)| + sa |\9 (u,k2n+1)|

|\9 (5(2;14.1, Sf(fzn+1)| |1 + 39 (u, Tu)|
|1+ 9 (u, Xon+1)|

|9 (X2n+1, SXon+1)| + 9 (X2n+1, Tu)

|1+ 9 (&2n41, Skant1) O (2ns1, Tu)|

+sb

(3.22)

Taking the limit of (3.22) asn — oo, we get that |z| = |[9(u, Tu)| < sc|9(u, Tu)|,

a contradiction since sc < 1. So|z| = 0. Hence Tu = u.

Similarly, we get

|9(u, Su)| <s(b+c)|du,Su)|.

Sinces (b +c) <1, |8(u,Su)| =0 thus Su = u.

To prove the uniqueness of common fixed, Assume v € Y be another com-
mon fixed point of S and T that is

v=Tov=Sv.

Then

S (u,v) 3 (Tu, Sv)
(v, Sv)[1+9(u, Tu)] N S(v,S50)+ 3 (v, Tu)

1+9(u,v) C1+S(U,Sv)8(v,Tu)'

A

ad(u,v)+b
(a+¢c)d(u,v).
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Since0 < a+c¢ <1, wehave d(u,v) =0.
Thus, we proved that T'and S have a unique common fixed point in Y. This
completes the proof.
O

EXAMPLE

The following example illustrates the result of 37.
Example 40. Assume Y = [0, 1]. Define the mapping 8 : Y x ¥ — C by
Sk, 9) =3{lk -yl +ilt -y},
forall x,1 € Y. Then (Y, ) is a complex valued b-metric space with s = 4

To verify that (Y, 9) is a complete complex valued b-metric space with s = 4,

it is enough to verify the triangular inequality condition:

$9E ) = -yl +ile -l
= |g-p+z—zP+ilx-y+z-z
< 2 (|t 2P+ 2= ) + 2 (| - 2+ 1z - 9P
< af(l-z itk -zP) + (12 =910+ i1z - 91|

A8 (x,z) + 9 (z,9)].

Therefore s = 4.
Now, defineT : Y — YasTx = 3,Ty = %,for all x, 7 € Y. Then

(i
S(Tx,Ty) = 8(4,4)
| E T TC R E S 11
30 (1% 1Y) = {|4 4 T 4‘

1
= J{lE-gl+ilx-gP}

S 3., .
S(Tx,Ty) = ZS(x,y),
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3.4. EXAMPLE

Under the condition (3.1) , we have

1s(x ) 1S58 (8 )+ @)

5 _’_ +_ . . x

3 \474 S (%, 7) +9(, %)

Then - .
S(lfl+b):4(z.§):§<l.

It is easily and clearly verified that the map T satisfies contractive condition
(3.1) of Theorem 37 with the coefficients s = 4,a = % and b = i.
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Common fixed point theorem for

multi-valued generalized contractive

mappings

The common fixed point theorem for multi-valued generalized contractive

mappings, including control functions of two variables, is the main goal of this
chapter.

COMMON FIXED POINT THEOREM FOR MULTI-VALUED

GENERALIZED CONTRACTIVE MAPPINGS

Theorem 41. Assume(Y,9) be a complete b-metric space with coefficient s > 1, and
T,S : Y — CB(Y) be generalized rational contractive mappings on Y satisfying the
following conditions:

(a) ¢ (STx,y)< ¢ (%, 7)) and ¢ (X, STy) < ¢ (%, )
@ (STx, ) < @ (x,)and @ (x,STy) < @ (%, 7)
Y (STx, ) < ¢ (%, 1) and ¢ (x, STy) < (%, )

() ¢ (%, 7)+259 (%, §) +s¢ (X, 7) < 1.
then T and S have a unique common fixed point.
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4.1. COMMON FIXED POINT THEOREM FOR MULTI-VALUED GENERALIZED
CONTRACTIVE MAPPINGS

Proof. Assume Xy € Y be an arbitrary point in Y.We define by induction a se-
quence {X,} in Y such that

Xons1 = Txay,

Xopto = S.’J'Czn.:,.l, foralln € N.

Now by (1.2), we have

O (Txon, Skons1) < H(Txoy, Skons1) < @ (X2, X2n41) D (X2, X2n41)

+@ (X2, X2n+1) [D (X2n, SX2n+1) + D (X2n+1, TX2n)]

(4.1)

) (o, §) D (%24, Tx2,) S (X241, TX2p41)

¢ (X211, X2n+1) D (X211, X2141)

+@ (X2n, X2n4+1) [D (Y20, X2n+2) + D (X241, ¥2041)]
D (%2n, X2n+1) O (X2n+1, X2n+2)

IN

1+ 9 (kon, Skons1) + D (k2n41, TX2n) + 9 (X2n, X2141)

+1 (%20, X2n+1)

IA

O (X2n, X2141) D (X2n, X2n41) + @ (X2, X2n+1) [D (X2n, X2n+2)]
D (20, X2n+1) O (X2n+1, X2n+2)

1+9 (-’.C2n/ 552n+2) +9 (5(271/ 5C2n+1)

¢ (%2n, X2n+1) D (X2n, Xan+1)

+5@ (X2, X2n+1) [D (X2n, X2n+1) + D (X2n41, X2n+2)]
D (%21, X2n41) O (X241, X2n+42)
s + 9 (X241, X2n+2)
O (X2n, X2n41) D (X2n, X2n41) + 5@ (X2, X2n41) D (X2, X2n41)

+1 (%2n, X2n+1)

IA

+s1 (X1, X2n+1)

IA

149 (%2n, X2n+2) + D (k2n41, X2n+1) + O (X2n, X2041)

+5@ (%2n, Xon+1) O (X2n+1, X2n+2) + 5P (X2n, X2n41) D (20, X2n41) -

Proposition 1 yields the following conclusion:
O (k2n+1, X2n+2) < @ (X2n, X2n+1) D (X2n, X2n+1) + 5@ (X2n, X2041) D (%21, X2n41)

+5¢@ (%2n, Xon+1) D (X2n+1, X2n+2) + 5P (X2n, X2041) D (20, X2041)
< @ (%o, *2n+1) D (X2n, X2n41) + 5@ (X0, X2n41) D (%20, X2n41)
+5¢ (%0, X2n+1) D (¥2n+1, X2n+2) + 5P (X0, X2n+1) D (X2n, X2n+1)
< @ (%o, 1) D (k2n, X2n41) + 5@ (%o, X1) D (21, X2n11)

+s@ (%o, X1) S (X2n+1, Xons2) + 5 (%o, X1) D (%2n, X2n41)
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CONTRACTIVE MAPPINGS
which implies that
O (552n+1/ J.52n+2) <AD (5(2n/ 5C2n+1) . (4-2)
Where A = (P(xo’x1>T_ﬁg&§};:r)s¢(xo’xl) €[0;1).
A similar computation verifies that
9 (J.Cn/ -".Cn+1) <AD (xn/ in—l) . (43)

Hence, by Lemma , we obtain that {X,} ,is a Cauchy sequence in (Y, 9) .By

completeness of (Y, 9) there exists u € Y such that lim, . X, = u.

Now, we show that u is a fixed point of T. From (1.2), we have

S(u, Tu) < s[9(u,Skont1)+ H (Sxopn+1,Tu)] <

> (1/[, Sx2n+l) + (P (Ll, 5C2n+1) 9 (1/[, 5(2n+1)

+@ (U, X241) [9 (1, Sxop11) + 9 (X241, Tu)]
. S(M,TM)S(XQ +1,SfC2 +1)
P (1) 2141) TE500 5 Tm 49 Garer Ti) £ 9 ForsD)

O (1/[, 5C2n+2) + (P (1/[, 5‘72n+1) O (u/ 5‘72n+1)

IA
%)

+@ (1, k2n41) [O (1, X2n12) + O (X2p41, Tu)]
. S(M,TLI)S(XQ 1,5C2 2)
Y (1) X2041) TE500 R 2) 75 o1 T+ 90 T D)

O (U, Xop2) + @ (u, X1) S (U, X2441)

IA
)

+@ (u, x1) [9 (U, Xo2n+2) + 3 (k2n41, Tu)]
. S(M,TM)S(X n+ ,X n+ )
(4, %1) T30 T 79 Gt T+ S (1 o)
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Taking the limit as n — oo, we get

S(u,u)+p(u,x1)d(w,u)+ @, x1)[Sw,u)+9wu,Tu)
S . S, Tu)d(u,u)
—H?b (u’ xl) 1+9(u,u)+S(u, Tu)+9(u,u)

so (u,x1)d (u, Tu)
[qb (u,%1) +2s@ (u, x1) + s (u, 5c1)] S(u, Tu)
< S(u,Tu).

S (u, Tu)

IA

IA

IA

which is a contradiction. Thus, u is a fixed point of T. Similarly, we can also

show that i is a fixed point of S, by using
S (u, Su) < s[9(u, ¥an+1) + H (X241, Su)] . (4.4)

Now, we prove that u is a unique.We assume that there exists another com-
mon fixed x* of T and S, i.e.,

e F(T)NFE(S).
where x* # X.Now, from (1.2), we have

3 (%, %)

9 (T#x,5x%%) < H(Tx,Sx%)
G (x, 1) (%, 1) + @ (%, 7)) [ (%, S%7) + 9 (x7, Tx)]  (4.5)

o 8 (%, T%) 9 (¥, T%")
W) IS E e 9@ T+ 9 (5. ©)

[¢ (&, %) +2¢ (%, %)] 9 (%, 1)
[¢ (x,%7) +25¢p (%, %7)] 9 (%, 17).

IA

IA

Since ¢ (%, X*) + 25¢ (¥, %*) < 1, we have
9 (%, %) =0. (4.6)

Thus, x = x". m]

Corollary 42. [73]Assume(Y, 9) be a complete b-metric space with coefficient s > 1,
and T : Y — CB(Y).

If there exists a control function ¢ : Y X Y — [0; I] such that:

* ¢(Tx, 7)< ¢(%,§) and ¢ (%,59) < ¢ (%, §);
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s ¢(X,y) <L
* 3(Tx,Ty) < ¢ (x,9) 9 (%, ¥);

then T has a unique fixed point.

APPLICATION

In this segment, we showcase a typical instance of utilizing fixed point tech-
niques to examine the existence of solutions in integral equations. To sum up,
we present an overview of the background and notation utilized in this context.

Assume Y = C ([0;I]; R) be the set of real continuous functions defined on
[0;I], where I > 0, and Assume d : Y X Y — [0, c0) be given by

S (%, ) = Xo<t<1 |X (£) = H ()",

forall x, 7 € Y. Then(Y, 9) is a complete b-metric space.

Consider the integral equation

I
X(t)=pt)+ /\/O f(t,s)K(s,x(s)) fort,s € [a,b]. (4.7)

Where A is a constant, K : [0; I|XR — Rand p (t) : [0;I] — R are two continuous
functions and f : [0;1] X [0;I] — [0, o) is a function such that f (%,.) € L' ([0;I])
forallt € [0;1].

Consider the operator T : Y — Y defined by

I
T(fc)(t)=p(t)+A/0 £ 5K (s, % (s).

Then we prove the following existence result.

Theorem 43. Assume Y = C ([0;1]; R) .Assume that:

e there exists a continuous function ¢ : Y X Y — [0; I] such that

¢(Tx,y) < ¢ (x,y) and ¢ (%,5§) < ¢ (%, §)
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4.2. APPLICATION

e there exist X (f,5) : Y XY — [0,00)and a : Y X Y — [0, o) such that if
a(t,s) > 1for x,y €Y, then, for every s € [0;I] and some A > 0 one has

K(s,x(8) K5, § ()] < &G i) x(t5) (12 (6) =i $)),
I
/Of(t,s)fc(t,s) !

forallt,s € [0,I]. Then the integral equation has a unique solution.

IN

A/

[©e]

Proof. Define T: Yx Y — Yby T (t) = [, K(s,%(s))ds for t,5 € [0,I]. So Y is
fixed point of T if and only if its a unique solution of the integral equation. So
for all x, 7 € Y we have

S(T#,Tj) = [Tx-Ty|" < (A/Olf<t,s>1<<s,x(s>>ds—A/OIf(t,s>K(s,y<s>>ds)m
< ‘A / 9K (s, (5) - K (s, §5))]ds )m
<[ S IK (s, ()] ds - |I<(s,y<s>>|]ds)m
< A/OIf(t,smb(x,y)%x(t,s><|x(s>—y<s>|>ds)m
L \
</ qb(x,y)w(s)—y(s)nds)

¢ (x,9)9 (%, 7).

Hence, all the assumptions of Corollary 1 are satisfied, and T has a unique
fixed point in Y Which is a solution of the integral equation . m]
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Some fixed point results in the new

b,(0)-metric spaces with applications

As a generalization of metric space, rectangular metric space, and b-metric

space, rectangular b-metric space, polygonal metric space, and b, (s)-metric space,we
provide the new idea of extended polygonal b-metric space, also known as b, (s)-
metric space. Furthermore,

We prove several fixed point findings under Banach’s contraction condition.
for b,(0)-metrics spaces.

NEW DEFINITIONS AND PROPRIETIES

Definition 44. Assume Y be a non empty set, 0 : Y X Y — [1, +00) is any function
and v € N is a fixed integer. The mapping S¢ : Y XY — [1, +00) is called an extended
b, (0)-metric function if forall X, y € Y and for all distinct points X1, X2, -+ , Xp—1, Xy €
Y\ {x, 17}, it satisfies the following assertions

(01) So(x, 1) =0ifand only if x = i
(02) So(x, ) = do(y, x
(03) So(x, 1) < O(x, 1) [Sa(x, x1) + Sg(k1, X2) - - + Vg(Xv—1, X0) + So(%0, ¥)]

Then, the pair (Y, S¢) is called extended polygonal b-metric space of order v or simply
extended b, (0)-metric space.
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5.1. NEW DEFINITIONS AND PROPRIETIES

Remark 45. It is obvious that both the class of the b,(s)-metric spaces and extended
b-metric spaces are special cases of the extended b,(0)-metric spaces for 0 = s > 1 and
v = 1, respectively. This shows that this type of generalized metric spaces contains all
previous spaces exposed in section. It is worth noting that the work in some of generalized
spaces is essentially harder.

Assume us expose some examples of this type of new spaces.

Example 46. Assume Y = F (E, C) be the set of complex-valued function defined on
the non empty set E and q > 2 is a fixed positive integer. Define 0 : Y X Y — [1, 00)
and 8¢ : Y XY — [0, 00) as follows

O, 7) = (v + D)7 + x| + || and So(x,7) = |x — )|7.

Then, the pair (Y, S¢) is an extended polygonal b-metric space of order v, where v is any
fixed positive integer.
Proof. Observe that the assertions (01)-(02) are obviously fulfilled. Furthermore,
we have
\99(56,]'/)= |x_y)|q = |5C_551+551_5C2+"‘+5Cv—1_5cv+5cv_]./|q
So(t, ) < (Ix = x| + |31 — Zo] + -+ + X0 — §])°
So(x,7) < @+ D)7 (J& = 21| + &y — %o T+ -+ + |10 — 717)
ok, i) < ((U F DT 1) (1= 20l + [ = w2l 4 Lo - 1)

&= x|+ g —do|T+ -+ % — )7
On the other hand, we have
% — &1 T+|5y = do| T+ H ko — YT < (L4 || + X)) (J% = %07 + |2y — &l T+ + |20 = 7]7) .
Consequently, we get the assertion (03) as follows

So(, 1) < ((v L) 1) (1 = 1] + |1 — ol + -+ + |0 — 1)
+ (L4 x|+ Y] (|5 = 0|7 + |1 = d2| T+ + |50 — 7])
8ol 9) < ((©+ D77+ 2]+ 13) (1% = 0l + |1 = 2l + - + [0 = 717)

Dok, 17) < O(x, 1) (S(%k, X1) + (X1, X2) + - - + (X0, 1)) .
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Hence, the desired result is obtained. O

Example 47. Assume Y = Z. Define the functions 6 : Y X ¥ — [1, 00) and ¢ :
Y XY — [0, o) as follows

p1| i s ..
ok, i) = (2v + 2) )| , 'zfx;ty7
1, if i =y

and So(%, 1) = |* — y)|P with p is an odd fixed integer. Then, (Y, ¢) is an extended
by (0)-metric space for v > 1 is any fixed integer.

Proof. It is obvious that (01) and (0:) are satisfied. Assume us checking the as-
sertion (63). For this, we need to prove the following inequality |a + b|f*! <
|a + b|F |aP + bP| forall a,b € Rsuchthata = 0or|a| > 1and b = 0 or |b| > 1.
It is obvious that for 2 = 0 or b = 0, the inequality is satisfied as an equality.
Assume |a| > 1 and |b| > 1. Then, we get the desired result

Pl ja+bP*!

S - |aP +bP| = |a +b|P |aP +bP|.
|a? + b7

la+0b |aP + bP| <

(%
1, Assume us setting a = x + ) X;
i=1

For all x,7 € Y and for a fixed integer v >

and b = -7 — Z x;. Then, by denoting @ = Z Xi, we get
i=1

- =lt+o-g-al <+ -7-alf|& + o) + (-7 — )|

=P =t -+ —do o+ Ee — Y |+ @) + (-1 (v + @)
Using Jameson inequality, we obtain

=P < @+ 1P (15 = 2P+ (5= FalP o+ 50— 1) X [P (6 + @F — g - o)

=+ P27 (| = a2y P+ [Ey = dof - [ — 9IP) 2P - 9P

It follows from the latter inequality

So(x, ) < |x—p)If <

[P =9P o o
(U"‘l)pl?pll )| (1 = 1P + 51 = &2l - + |20 = yIP)

So(%x, ) <

(20 +2)"7 || )” (1% = 21 ]P + [51 = H2f - + |40 = §IF)

So(x, 1) = 0(x, §) (d(x, &1) + (k1 — X2) + - - D(dkp—1, Xp) + (&0, §))

43



5.2. FIXED POINT IN THE NEW b,(6)-METRIC SPACES

where 6(x,7) = (20 +2)7! |T:__yy)p||

achieved. O

> 1. Hence, (03) is satisfied. The proof is

Remark 48. If we consider 9¢(x, ) = |x — )|’ with p is an even fixed integer, then
by following the same procedure, we can show that (Y, 9¢) is a b,(0)-metric space with

_1 |xP+9P
o+2p B2 iy,

“&”:{1, Fioy

We state now a fixed point theorem in these generalized b,(0)-metric spaces
which extends [85, Theorem 2.1] with a direct, short and different proof than
that given by Mitrovic and Radenovic for theorem 2.1 in [85].

FIXED POINT IN THE NEW b, (0)-METRIC SPACES

In these generalized b, (0)-metric spaces, we now prove a fixed point theorem
that extends [85, Theorem 2.1]. Our proof is direct, concise, and distinct from
the one provided by Mitrovic and Radenovic for theorem 2.1 in [85].

Theorem 49. Assume (Y, 9¢) be a complete extended b, (6)-metric space so that 3¢ is
a continuous functional. Assume us consider the mapping T : Y — Y satisfying the
following Banach contraction inequality

So(Tx,Ty) < Adg(x,¥) forall x,7 € X. (5.1)
where A € [0, 1) is a fixed real number,and M €.Z,.. Assume that for each %, we have
O(x,, xm) < M.

where the sequence {x,},—o = {T" %0}, Then, T has a unique fixed point.

Proof. Assume %y € Y be arbitrary.3k € N such that AFM < 1.Define the se-
quence {i,} by X,11 = Sk, for all n € Z, Where S = T¥.We get

96(Sx,Sy) < AF 9¢(x, ) forall %, i € X.

Assume us prove that {x, } is Cauchy sequencein Y. If X,, = %, for some n,then
X, is afixed point of S. Now assume that &, # X,4; foralln € Z, and in order to
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simplify the expository,Assume setting 3 (&, X,+1) = 99, and 0 (X,,, X)) = Opm.
From (7) ,we get

‘99 (J.Cn/ -’.Cn+1) = \99 (an—1, an) < /\kSG (jcl’l—ll J'Cn)

89, < A*9,_,.
Repeating this process, we obtain
86, < AF"9q,. (8)

For the sequence {x,},we consider 3¢ (X, X,;) such that m = n + pg + 1 where
g € N. Assume denote®,, ,,, = 8?;01 On+jp,m-

Using (602)-(03) and (8) ,we derive by induction and since O(x,, X,,) < M :
‘96 (Xn,xm) S 61’!,111 (8971 + ‘96n+1 + 89n+2 + + 89n+p—1 + ‘96 (J.Cn+p/ xm))
< Qn,m (Aknseo +Akl’l+1‘990 +Akl’l+2‘990 + . +/\kn+P_1\960)

+ Op,m X Opap,m (SQW + 90,1 F V6ipan T oo+ 90,00y T (Xnv2p, xm))

80 (Xn, ¥m) < O (/\”kSQO F ARGy A Dkg o Ly A<”+P—1>k890) +
O X Onspm (/\“‘ﬂ’)ksgo + Ak g ApRkg )\<”+2P—1>k990) +
+ ot 90,87 O A Zf _ AamDrek

e 1 () 0 107 ()

N @ (/\(n+(q Dp)k (1 /\(7"”)"))
Ak

1 — A(p+Dk
<Akn8@0( A ) Z /\zpks] l+1 n+(]‘—1)p,m

Taking the limits in both sides of the latter inequality,obtain

S (&, k) < Jo,

1_/\(p+1)k
lim ¢ (i, &m) < lim AM9g, (—)

n;m—oo n;m— o0 1 — Ak

i=g1 -
ipk gj=i+1 ,
Z A ‘9]':1 Ons(j-1yp,m | -
i=0
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=q-1 .
We note that the series > APk 8;.:1+16n+(j_1)p,m with positive terms converges
i=0

according to the ratio test. Indeed,by putting U; ,, = A’ kS;ZHGnJF(j_l)p,m, we
get

Ui+1,m _ A(H—I)p Qn,m X 6n+]g,m X ----9n+ip,m X 6n+(i+1)p,m

- = Apk9n+i m
Ui,m /\lpen,m X 6n+p,m X ....6n+ip,m P ’

since, A0 (Xn,%m) < 1.Hence lim 3J¢ (%, X;) = 0 and consequently {x,}
n,Mm— o0

is Cauchy sequence. Since, we deal with a complete space, it follows that there

exists u € Y such that lim x, = u.

n——moo

We now prove that u is a fixed point of S,so it’s a fixed point for T. Indeed,
for any n € Z,, we have :

‘96 (Su/ u) <0 (Su/ u) [‘99 (u/ J.Cn) + ‘99 (xn/ J.Cn+1) +...+ ‘96 (xn+p—2; xn+p—1) + ‘96 (er-p—]./ Su)]
<0 (Su, u) [‘99 (Ll, Xn) + ‘9611 + 89n+1 + ‘99n+2 +...+ 86n+p—2 + ‘96 (an+p—2/ Su)]

< 0(Su,u) [S0 (1, k) + Son + Son+1 + Sons2 + oo + AXO (Xpap—2, ) g (Xpsp—2, 1]

By letting n — oo we get 9 (Su,u) < 0. Since 9 (Su,u) > 0, it follows that
9 (Su,u) = 0. This shows that Su = u ,i.e. u is a fixed point of S. it remains to
prove the uniqueness, by the usual way. For this, Assume v be another fixed
point of S. According to (1) we have

96 (11, v) = 9¢ (Su, Sv) < A6 (1,v) 9¢ (u,v) < ¢ (1,),

Therefore, we derive 3¢ (1,v) = 0,i.e., u = v,and consequently there is a unique
fixed point for S,(i.e. unique fixed point for T) . m]

Remark 50. This theorem extends many other results obtained under the same contrac-
tion condition in some specific generalized metric spaces. For example:

e If O(%,1) = 1 and v arbitrary positive integer, we obtain the first part of [82,
Theorem 2.2] in polygon metric spaces.

e IfO(x,1) =s > land v = 1, we obtain for b-metric spaces.

* IfO(x,y) =s > landv = 2, we obtain [84, Theorem 2.1] in rectangular b-metric
Spaces.

e IfO(x,y) = s > 1 and v arbitrary positive integer, we obtain [85, Theorem 2.1]
for by(s)-metric spaces.
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Example 51. Assume us consider X = [O, r , the functions 8¢ : Y X Y — R, and
0 :Y XY — [1, +oo| defined for all X, 1 € Y as follows
So(x, ) =|x —y)|F fora fixed integer p > 2.
O(x, ) = (v + 1)V + & — )|, withv > 2 is every fixed integer.

By Jameson'’s inequality, we obtain
So(k, y) =[x - =% —%1 + &1 —Fa+ -+ % —
So(x, ) < [|% — &a] + [%1 — Xa| + - + |0 — P[]
So(k, 7) < (0 + 1P |5 = 51]P + |1 — Zolf + - + 50 — Y]
So(%,7) < ((U + 1P+ | - 9)|) [I% = 21 ]P + |51 — %ol + - + &0 — 97|

So(x, ) = 0(x, y) [S(x, k1) + Sk, X2) + -+ + (o, )]

It is worth noting that the pair (Y, 9¢) is a complete bg(v)-metric space. Assume us

denote
2 _
y = min (—, @ +1)! p) <1,
e

and consider the family of mapping Ts defined by Tsx = sin(6x with 6 € 10, y[ . Observe

that
d< N+ )P = (+1) ! <57

Now Assume us prove that Ts is a contraction with respect to the metric S¢ with con-

traction coefficient A = 6P < 1. Indeed, from Lagrange mean value theorem, we have
0(Tsx, Tsy) = |Tsx — Ty Y|P = [sin(6x — sin(6y)|P < OF [x — )P = 6P So(%, 1)

On the other hand, Assume us consider the sequence {x, } ;o = {T" X} ;= in Y starting
from every x € Y. We have %, > 0and X, —X,_1 =sinXx,_1 —%, <0, forevern € N,
and consequently the sequence is decreasing. It follows that the sequence {&n},—q =
{T"x},_, is convergent in the complete usual metric space (Y, ), where the distance
8(x, 1) = |x — )| for all (%, 1) € §> Therefore, forall 0 < 6 < y, we get :

lim  O(in, im) = lim ((v 1P 4, — xm|)
n,m—o0

n,m— oo
1 1 1
. . . — p—1 -po — - - _ - .
pa, OCEn Tm) = (@ + 17 <87 = m = s = 1

47



5.2. FIXED POINT IN THE NEW b,(6)-METRIC SPACES

It follows that for 6 € 10, |, all conditions of theorem 49 are satisfied. Hence, for every
6 € ]0,y[, there exists a unique fixed point for the mapping Ts. This fixed point is

obviously x = 0.

Example 52. Assume Y = [-1,1]. Define 99 : Y XY — Ryand 0 : Y XY —
[1,+co[, forall &, € Y as So(x, ) = |x — §)|° and 6(x, ¥) = 9 + |%| + |7|. Using
Jameson's inequality, we get

So(k, ) = |x =) = |& = &1 + &1 — & + %o — Y> S O[|% — &1| + |¥1 — K| + |22 — #[]?
So(k, ) < (9 + || + [§]) [|% — 1| + &1 — &2| + %2 — ¢|]
So(x, ) = 0(x, i) [9(x, &1) + S(d1, x2) + 9(k2, )]

Then, (x,9¢) is complete b o(0)-metric space with v = 2. Consider the mapping T :
Y — Y suchthat Tx = — for every x € Y. Then, we get

. . 313
x3 y3

6 6

I : , Ly.s g3 _ 1. 93 .
80(T%,Ty) = |Tx - Ty|* = =S |¥ -y = gl +xy + [ k-9

1 1
90(Tx, Ti) < S X - ) = g\99(5c,y).

. . .. . 1 .
This shows that the contraction condition (5.1) holds with A = 3 < 1. We also easily
. 3”
seen that T"x = x—_Qfor alln > 2and x € x = [-1, 1]. Thus, we obtain
GAx3"

lim  O(T"%,T"%)= lim (9+|T"%| + |T"x]|)
n,Mm— 00 n,Mm—>00

: |%| %]

n.s. m

" r}llm . O(T"x, T"x) = . r}llm . (9 + pYETE + pYRETE:
li O(T"x, T™ 9<64= 1— !

L (T"%,T"x) =9 < ST

Consequently, all conditions of theorem 49 are fulfilled. Therefore, the mapping T has a
unique fixed point in ¥ = [-1, 1].

EVALUATION OF THE ORDER OF CONVERGENCE TO THE
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FIXED POINT IN THE GENERALIZED b,(S)-METRIC SPACES

In the following theorem, we give an evaluation of the order of convergence
to the fixed point in the generalized b, (s)-metric spaces which is not considered
by Mitrovic and Radenovic in [85]. Notice that the first part of theorem 53 is ex-
actly the full statement of [85, Theorem 2.1] and a direct consequence of theorem
49.

Theorem 53. Assume (Y, 9) be a complete b,(s)-metric space with coefficient s > 1
and T : Y — Y be a mapping satisfying the following contraction inequality

(Tx,Tiy) < AS(x, 1)) (5.2)

forall x,y € Y, where A € [0,1) is a fixed real number. Then, T has a unique fixed

point C. Moreover, if sA” < 1, the error of approximation of the unique fixed point C by

the convergent sequence {X, } = {T"xo}, from the start point X, € Y is given as follows
sSAT(1-A9) SA"I (X1, x0)

(i, C) < T SAU)S(J'CLJ'CO) S T-) A=A (5.3)

foralln € Z,.

Proof. The existence of the fixed point C of T' is ensured by the previous theorem
49 or by theorem 2.1 in [85] as a particular case of theorem 49 for O(%, ) =s > 1
forall ¥, 7 € Y. Assume %, € Y be arbitrary and define the sequence {%,} given
by %41 = Tx, for all n € Z,. If %41 = X, for some integer n, then C = %, and
9(%ky, C) = 0 verifies the inequality (5.3). Assume us assume that %, # X, for
all n € Z, and setting 9, = 9(X,, ¥,+1). From (5.2), we get

S(Xn, Xn+1) = S(TXn_ll TXn) S /\d(x;/l_ll Xn), i.e. Sn S ASn_l.

By induction, we obtain
d, < A"Yy. (5.4)

For the sequence {X, }, Assume us consider 9(X,, X,,) such thatm—1 = n+vg+p,
where g € Nand p € 0,n — 1. Using the contraction inequality (5.4) and from
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(5.2), we obtain by induction

‘9(5571/ xm) <s [‘9(5571/ xn+1) + \9(5571+1/ J.Cn+2) R 8(xn+v—1; J'Cn+v) + S(Xnﬂ)/ xm)]

v—1 v—1
Sy, Xp) < stn+i+s2 Z\gn+v+i +19(7.Cn+20155m)]
i=0 i=0
v—1 v—1 v—1
Sy, Xpm) < s Z Snsi + s? Z Snrori + s Z Snto04i + (X na30, Xm)
i=0 i=0 i=0
vl v—1 v—1
Sk, xm) <8 Z Opsi+ o+ Z Snt(g-2)0+i + s1 Z Snt(g-1yori T H(Fn+go, xm)]
i=0 i=0 i=0
g-1 -1 v—1
Sk, &p) < s 8n+(k—1)v+i + 51 Z 8n+(q—1)v+i + qu(xnﬂ;q/ Xn)
k=1 i=0 i=0
L]—l v—1 v—1
S(dn, km) < ok (k= 1)U+18 + g7 Z ANt 1)v+18 + sTATHIY 9 (0, xp)
k=1 i=0 i=0
q v—1
S, Xm) < S Z sk Z A= (5AP)T A1 kg, )
k=1 i=0
iy, m) < S ( A's (S/\”)(k_l) +(sA”)T A" (o, xp)
k 1
. . n (SAU AV n
(X, X)) < 59A + (SAT)T A" S (%o, %p). (5.5)

Now one can observe that when 7 is fixed and m tends to infinity, it follows
that g tends also to infinity. Hence, by making m tend towards infinity in the
inequality (5.5), the estimate (5.3) follows immediately. |

Example 54. Assume Y = {a,b,c,d,e, f} and consider the generalized metric d :
Y XY —— R, defined for every x € Y as follows

Ha,b)=5
Ha,c)=9(a,d)=98(a,e)=9(,c) =30b,d) =3,e) =3(c,d) =9(c,e) =8(d,e) =1
8(a, f)= 90, f) = 9(c, ) = 9(d, f) = 8(e, f) = 6

Assume us consider T : Y — Y the mapping defined as follows

Th = c, z'fxe{a,b,c,d,e},
a, ifx=f.
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Then, (Y, ) is an hexagonal metric space (by(s)-metric space for v = 4 and s = 1).

Moreover, for all X,y € Y, we have
S ... .
S(Tx,Ty) < ES(x,y).

It follows that T wverifies the Banach contraction condition of theorem 53. Therefore,
according to theorem 53, the mapping T has a unique fixed point, which is clearly x = c.
It is worth noting that (Y, 9) is not a metric space or a rectangular metric space. Indeed,

we have
5=9(a,b) > Sa,c)+9(c,d)+3(d,e)+8(e,b) = 1+1+1+1 =4 > d(a, c)+3(c,d)+3(d, b) = 3.

Now state for the extended b,(0)-metric space, another variant fixed point
result which is analogue to fixed point theorem obtained by Hicks and Rhoades
[83] and extended recently by [11] for extended b;(6)-metric spaces. Before this,
we need the following definition given in [11] and corrected here, since there is
a simple mistake of notation in the statement as it is presented in the previous
mentioned paper [11, Definition 6].

Definition 55. ([11]) Assume T : Y — Y and for some %o € Y, Assume O(%o) =
{x0, Txo, T?xo,- -~ } be the orbit of %o. A function G : Y —> R is said to be T-
orbitally lower semi-continuous at & € Y if {k,} C O(%¢) and %, — & implies
G(¢) < 1}1@)2}0 G(xy).

Now we are ready to state our result.

Theorem 56. Assume (Y, 9¢) be a complete extended b, (0)-metric space so that 3¢ is
a continuous functional. Assume us consider the mapping T : Y — T and assume
there exists xy € Y such that

9¢(T?z,Tz) < A 9¢(Tz, z) for ever z € O(xy), (5.6)

where A € [0, 1) be a fixed real number such that

1
. n . m 3 .
n,nl11£oo O(T"xo, T"xg) < 0

Then, lim T"xg = C € X. Moreover, C is a fixed point if and only if G(x = 9¢(Tx, %

n—oo

is T-orbitally lower semi continuous at C.
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Proof. For %y € Y, Assume us consider the sequence {%,} such that x,,,; = Tx,
for all n € Z,. Following the same procedure as in the proof of the previous
theorem 49, we derive that {x, } is a Cauchy sequence. Since (¥, ) is a complete
space, it follows that T — C € Y. On the other hand, by successively applying
inequality (5.6) for z = g € O(x(), we get forall n e N

So(T" 1z, T"z) < A9e(T" k0, T 1 x9) < --- < A" 9g(1, o).

Now Assume us consider the function G : ¥ — R defined by G(x = 9¢(T'%, X
and assume that C is a fixed point of T such that lim %, = C with &, € O(xo).

n—oo

Since lim inf 9o(T"*1ig, T"%() > 0, then we get

n—oaoo

G(C) = 3(TC, C) = 0 < lim inf G(y).

Conversely, assume that the function G is T-orbitally lower semi continuous at
C. Then, we have
90(TC, C) = G(C) < liminf G(%,) = liminf 9(T"* i, T" %)
n—oo n——oo

< lim inf /\nS@(Xl, 5(0) = 0.
n—oo
Hence, 9¢(TC, () = 0 & TC = (, which shows that C is a fixed pointof T. O

Remark 57. If O(x, 7)) = 1 is a constant function, then theorem 56 corresponds to [83,
Theorem 1]. Furthermore, when we deal with the extended b-metric space, i.e. v = 1,
then theorem 56 reduces to the main result of Kamran et al [11, Theorem 3]. It follows
that theorem 56 extends and generalizes [83, Theorem 1] and [11, Theorem 3] for more
general spaces.

Example 58. Consider the same b,(0)-metric space (Y, S¢) given in example 51 and
we also define the same family of mapping Tsx = sin(0x forall x € Y = [O, g], with

the parameter 6 € 10, y[, where y = min (%, (o + 1)1_”). Assume us check the

contraction condition (5.6) of theorem 56. In fact, according to Lagrange mean value
theorem, for all x € Y, we get

S0(T2%, Tox = |T2x — Tsx|" = |sin(0 sin(6%) — sin(6%|”

< |6sin(6x — 6x|P = OF |sin(6x — x|P = 6P 9¢(Tx, %).
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Consequently, for every 6 € 10, y|[, there exists a fixed point for the function Ts. Howeuver,
and unlike theorem 49, theorem 56 does not allows us to deduce the uniqueness of the

fixed point for the mapping T on Y = [0, g]

APPLICATION

In this section, we derive the conditions under which we can ensure either the
existence of a solution of the Fredholm integral equation or a local solution of the
ordinary differential equations in the b,(6)-metrics spaces and in particular for
the by (s)-metric spaces. First, consider the following Fredholm integral equation

given as follows:
b
x(t) = / K(t,u,x(u))du + h(t) fort,u € [a,b], (5.7)

where K, h € C([a,b],(0,)). Assume us define the function § : Y X ¥ —
[0, 00) by

S(x, )= sup |x(t) —y(#)|", for n > 3is a fixed integer.
tela,b]
Consequently, the pair (Y, 9) is a complete b,(s)-metric space with v = n and
s = n"! > 1. Applying either theorem 49 with 0(x,%) = s = n"! > 1 for
%, 1 € X or theorem 53 with s = n" 1 > 1, we obtain the following result.

Theorem 59. Assume that for all x,1 € Y and a > 1 a fixed real number, we have

1

K, () = Kt u, j@)l < 25—

%) = y(u)l, (5.8)
forall t,u € [a,b]. Then, the integral equation (5.7) has a unique solution.

Proof. First, we define the mapping T : Y — Y as follows: for all t € [a, b]

b
Tx(t) = / K(t,u, x(u)du + h(t).

Then, x is a fixed point of T if and only if it is a solution of the integral equation
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(5.7). On the other side, for all X, iy € [a, b], we have

b n
Wﬂw—TwnWs(/|K@umw»—K@u4w»mﬁ

< (s 500 - 0l

1 (Y
< G s [
sa—iS(x,y).

By putting A = - € [0, 1), it follows either from theorem 49 or theorem 53 that

T has a unique solution. |

Remark 60. It is worth noting that if a(b — a) < 1, then the kernel K(t,s, x(s)) is
not necessarily a contraction function with respect to the variable x. In this case, the
condition (5.8) is weaker than the usual working condition of contraction used in many
papers (see e.g. [11]).

Now Assume us define the metric 9g : Y X Y — [0, o) given by

So(x,7) = sup |x(t) — y(t)|" forn > 2is a fixed integer.

tela,b]

We also consider the function 0 : Y X Y — [1, o) defined as follows:

O(x,7) = sup (n" '+ |x|+|y|) forall %, € X and n > 2.
te[a,b]

Then, (Y, 9¢) is a complete extended polygonal b-metric space (b,(6)-metric

space for v = n). Hence the following result derives from theorem 56.

Theorem 61. Assume that for all X, € Y and a > 1 a fixed real number, we have

|[K(t,u, Tx(u)) — K(t,u, x(u))| <

L |
2l —a) |Tk(u) — %(u)| for ever u,t € [a,b]and i € X.

Then, the integral equation (5.7) has at least one solution.
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Proof. We have

n

b
[T2x(t) - Tx(t)|" = |T(Tx(t)) - Tx(t)|" < (/ |K(t,u, Tx(u)) — K(t, u, %(u))| du

P Yo !
< ([ (s e - g0 )

Ly N i
“(aw=a) ameo-sor ([

1
< — sup [%(t) - y(H)]"
" telab] y

n

1

By putting A = ain € [0, 1), it follows from theorem 56 that T has a solution. 0O

The same observation of remark 60 may be done.

Now, we apply theorem 56 for the resolution of the differential equation of
first order x = f(t, x), where f : D = R X E — E are bounded mapping, i.e., it
maps bounded sets in D to bounded sets in E, where E C R. More precisely, we
seek sufficient conditions for the existence of local solutions x € C! (I, E), where
I C E an interval such that ¥(tp) = %o where t; € I. By integrating both sides,
any function x satisfying the differential equation must also satisfy the integral

equation

t
#(t) =0+ | flu,(u)du. (5.9)
to

Assume us define the mapping T : Y — Y as follows: Tx(t) = /t; f(u,x(u))du
for all t € I. Then, x is a fixed point of T if and only if it is a solution of the
integral equation (5.9). For this, we use the same previous metric Jg(%, ) =

sup |%(t) — ()" for n > 2 and the function 0 : Y X Y —> [1, o) defined as

tela,b]

follows: O(%,7) = sup (n"~'+ x| +|y|) forall X,y € Y, where Y = C' (R, E)
tela,b]

is the set of all differentiable functions on some interval | of R. So we shall use

theorem 56 to establish existence of local solution of this initial value problem.

Theorem 62. Assume % € Y be the constant function such that x(t) = o forall t € R
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5.4. APPLICATION

and Assume us consider the following initial value problem

{ *=ft%) (5.10)

i(to) = #o.

Where f : D = R X E — E are bounded mapping and E C R. Assume that for every
function ¢ € Y such that ¢(tg) = Xo, we have

lf(t, To(u))— f(t, p(u))] < A|Te(u) — @(u)| forevery t,u € 1

where A < 1 is a real positive constant and I some interval such that ty € 1. Then, the

problem (5.10) has at least a solution on some interval | C I containing t.

Proof. For all ¢ € Y such that ¢(tg) = %o, we have

n

t n t
|T2(p(t>—qu<t>|”s( / If(u,TQO(u))—f(u,(P(u))ldu) s( [ Aot - pwidu

to

< (At —to))" sup ITo(u) — )" .

Hence, 9¢(T?¢@, Tp) < (A(t —ty))" 9o(Te, @) for n > 2 a fixed integer. In order
to apply theorem 56, we must have (A(t — ty))" < 1, which leads us to impose
the requirement t € ]to —A L+ A7t [ From theorem 56, we conclude that the
integral equation have a solution & € X on the interval | = [to — A%t + A7!].

This proves that the initial value problem admits a local solution on the interval

J. o

Remark 63. It is clear that if we impose the well known Cauchy-lipschitz condition for
the function f with respect to the metric 9, then we can use similarly either theorem 49
for O(x,7) = s = n"! or theorem 53 for s = n"~! to establish the existence and the
uniqueness of a local solution of the initial value problem (5.9) in the polygonal b-metric
space.
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Conclusion and perspectives

CONCLUSION

The study of single-valued and multi-valued fixed points for various types
of contractions in different classes of metric spaces are the focus of this thesis.
In addition to our newly developed class of metrics spaces, b,(s) and b,(0), fur-
nished with numerous examples. We have examined the existence of an integral
inclusion’s solution as an application, such as initial value issues, voletra, type
and Fredholm type integral equations.

PERSPECTIVES

We'll examine the following problems as examples in the future:

* We will try to apply the obtained results to study the existence of a fixed
point in complex valued polygonal metric spaces

* We intend to explore alternative pairings of the different contractions in
order to enhance our findings and discover fresh ones.
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