PEOPLE'S DEMOCRATIC REPUBLIC OF ALGERIA
Ministry of Higher Education and Scientific Research

Larbi Tébessi University of Tebessa

Nk

A

1A\

== o=
AQuuyd - Lauylll Lngell acoly

uUnibersite Larbi Tebessi - Tebpessa

Faculty of Exact, Natural and Life Sciences
Department of Mathematics and Computer Sciences

Formation Domain: Mathematics and Informatic

i 1
o
1

II | IIII 7 ' IIII i ka III ]
| |'l. ® ¥ i '
' Analysizs 4
I"'. ¥ " .'II y " i, I'I |- My i
"'-,I 1 .' ' ,-"ll ] L I". i 'I ] |
II I b I

| | 1 g I / ..-':l 1
) Intended AL
i ' 1
V| B! To g \
Seéomi‘.yqar Bachelor’s',stn'dé,rlll"t’s }
lu 0 r i ..

.
'|" it
s

" A l\fRatter: Analysis 4"
faas® } Specialty: Mathematics

w d 1
¥
[yl

By

Abderrazak Nabti

2023-2024



Contents

1 Introduction to Topology in R"

1 Vector space . . . . . . . .
2 Open/closed set . . . . ..o
3 Closure, interior, boundary, . . . . . . . . . . .. ... ... .. ... .. ..

2 Function of several variable

1 Functions of several variables . . . . . . . . .. ...
2 Level curves . . . . . .
3 Exercises . . . . .

3 Limit and continuity

1 Limit . . . .
2 Continuity . . . . . . . ..
3 Exercises . . . . .

4 Partial derivatives

1 Partial derivatives of f: R® — R . . . . . . . .. ...
2 Higher order derivative . . . . . . . . .. ... ...
3 Chiane rules . . . . . . .
4 Exercises . . . . . s
5 Differentiability
1 Differentiability . . . . . . . . . ...
2 The Implicit Function Theorem . . . . . . . . . . .. ... ... .. .....
3 Inverse function Theorem . . . . . . . . . . . . ... ..
4 Exercises . . . . . e

6 Extrema

1 Local extrema . . . . . . . . ..
2 Absolute extrema . . . . . . ...
3 Lagrange multiplier . . . . . . . .. ... Lo
4 Exercises . . . . . e

7 Multiple Integrals

1 Double integral . . . . . . . ..
2 Double integrals over general regions . . . . . . . ... ... ...
3 Change the order of the integration . . . . . . . ... ... ... ... ....
4 Volumes and area using double integral . . . . . . .. ... ...

20
20
27
28

42
42
48
o1
54

62
62
67
69
70

84
84
89
90
90



0 3 O Ot

Change of variable in double integral . . . . . . ... ... ... ... ... .. 99

Triple integral . . . . . . . . .. o 103
Triple integrals over general bounded solids . . . . . . . ... ... ... ... 104
Exercises: . . . . .o 109



This lecture note is intended for second-year Mathematics Bachelor’s students. Its aim is
to cover the fundamental concepts of differential calculus for multivariable functions. It
includes topics such as continuity, partial derivatives, differentiability, the implicit function
theorem, and the inverse theorem. Additionally, it offers a comprehensive understanding of
double and triple integrals.



Chapter 1

Introduction to Topology in R"

1 Vector space

Definition 1.1. A vector space consists of a set B (elements of B are called vectors), a field
K (elements of K are called scalars), and two operations:

e An operation called vector addition that takes two vectors u,v € E,and produces a third
vector, written u +v € E.

o An operation called scalar multiplication that takes a scalarc a € K and a vector u € E,
and produces a new vector, written au € E.

which satisfy the following conditions (called axioms).

1. Associativity of vector addition: (u+v) +w =u+ (v + w) for all u,v,w € E.

2. Existence of a zero vector: There is a vector in E, written 0 and called th ezero vector,
which has the property that u+ 0 = wu for all u € E

3. Existence of negatives: For every u € K, there is a vector in E, written —u and called the
negative of u, which has the property that u + (—u) = 0.

4. Associativity of multiplication: (af)u = a(Bu) for any o, 5 € K and u € E.

5. Distributivity: (a+ f)u = au+ fu and a(u+v) = au+av for all a, f € K and u,v € E.
6. Unitarity: 1lu = u for all u € E.

Example 1.2. The space

R" = RxRx---xR
n times

= {x = (v1,29, -+ ,x,), such that z; e R, i=1,2,---n}.

18 n-dimentional vector space.

Definition 1.3. Let E be non-empty set. The function

d:ExE — R, (1.1)
(u,v) — d(u,v)

1s said to be distance if it satisfies the following statements:
(i.) for allu,v € E, d(u,v) =0 <= u=wv.

(i).) Symmetry: for every u,v € E, d(u,v) = d(v,u).
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(iii.) Positivity: for every u,v € E, d(u,v) > 0.
(iv.) The triangle inequality: for every u,v,w € E, d(u,w) < d(u,v) + d(v,w).

Definition 1.4. A metric space is a pair (E,d) where E # () is a vector space and d is a
distance (metric) on E.

Example 1.5. Let E = R", v = (21,29, -+ ,z,) and y = (y1,Y2, -+ ,Yn) - The following
functions

) di(z,y) Z |z; —yi|, for all x,y € R™. Manhattan metric,

n 3
2) dy(z,y) = <Z |z, — yi\2> . for all x,y € R™. Euclidian metric,

i=1

3 =

3) Letp > 1, dy(z,y) (Z |z; — yz-|p> . forall x,y € R". Minkowski metric,

are metrics on R™.

Example 1.6. Let E = R2. The fucntion d : R? x R? — R, with
d(w,y) = /(1 = 9)* + (02— 2)?, for all 2,y € R?,

is a metric on R%. It is known as the Euclidean metric on R?. We denote this metric by ds.
Indeed, we can readily observe that the axiomes (i.)-(iii.) hold. So, we need only to verify
the axiome (iv.). For any x,y,z € R?, we have

d(z,y) = \/(5101 —y1)? + (22 — y2)?,
d(z,2) = /(21 — 21)% + (22 — )2,
d(z,y) = V(21— 11)% + (22 — y2)2.

Denote
ay =1 — 21, QG =2T2— 2, b=z —y, and by =2z —ys.

Then, it yields

d(z,y) = /(a1 +b1)%+ (a2 + by)?

= /D (ar +by)?,

k=1

2
Y ai, and d(z,y) = 1/262
k=1

On the other hand, by Minkowski’s inequality, we have

2 2
\/Z(ak+bk2< Zak Zb%
k=1

k=1

Hence, we obtain

d(z,y) < d(z,z)+d(z,y), foralzxyz¢€ R2.

5



Exercise 1.7. Show that d,(x,y) given by (1.5) is metric on R

Definition 1.8. Let E be a real vector space. A function

E — R

u =l

1s called a norm on E if it satisfies the following properties:

(i.) For allu € E, |lul| > 0. (Positivity)

(i.

(iv.

) For allu € E, |Ju|| =0 <= u=0. (Definiteness)
(iii.) For allu € E, and A € R, ||Au|| = |M|||u]]. (Homogeneity)
)

For allu,v € E, ||lu+v|| < ||u|| + ||v||. (Triangle inequality)

Definition 1.9. A normed space is a pair (E, || -||), where E # 0 is a vector space and || - ||

s a norm on E.

Example 1.10. Let E = R" and x = (1,22, -+ ,x,) € R". The following functions:

n
) Mzl =3 lil,
i=1

) el = (3 o)

) el = (3 le)

4) [lzlleo = max ||

1<i<n

are norms on R".

N|=

. Fuclidean norm,

Exercise 1.11. Show that || - ||o verify the axioms of norm on R™.

It is clearly to observe that the function ||x||2, z € R™ is verifying the three conditions (i.),
(ii.) and (iii.) provided in Definition 1.8. So, we only need to verify the last condition (iv).

Let z,y € R, ie, z = ($171327"' )

xn) and Y= (yh Yo, 7yn) Then7 we have

lz+ylla = llzr+y1, 22+ 2, 0+ ynll2

(s

i=1

Now, by Minkowski’s inequality, we have

Therefore, we have

(

n

D

=1

(@ + yi)2> ’ <

1

(@ + y¢)2>2

(Sr) + (r)

112 + [yll2-

2+ ylla < [lzllz + [lyll2-
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Exercise 1.12. Show that for any x,y € R", the following inequality
= llyll| < e =yl
1$ hold.

Definition 1.13. Let E be a real vector space. Two norms || - || and ||| - ||| on E are said to
be equivalent if there exists ¢y, co > 0 such that

crflull < llull] < eaflull,
for any u € E.
e All norms of R™ are equivalent.
Exercise 1.14. Show that || - ||2 and || - || are equivalent norms on R™.

I have to add the proof of Hélder and Minkowski inequalities

2 Open/closed set

Definition 2.1. An open ball centred at the point a € R™ of radius 6 > 0 is the set
B(a,0) ={z eR* : |z—al <d}. (1.6)

Thus B(a, ) is consisting of all points of R™ that lie within a sphere of radius § centred on
the point a.

Definition 2.2. A closed ball centred at a € R™ of radius 6 > 0 is the set
B(a,§) ={x eR" : |z—a| <d}. (1.7)

The open ball B(a,d) is bounded by the sphere centred at the point a of radius §. This
sphere is defined by

B(a,0) ={z €R* : |z—al|=46}. (1.8)
Example 2.3. Let x = (71, 25) € R? and a = (0,0). Then, we have
B(a,1) = {zeR> : |z].<1}
= {:U eR?* \/m < 1}
= {xER2 : xf+x§<1},

which consists of all points on the interior of the unit circle x3 + x3 = 1. (the circle is not
included in its interior)

Example 2.4. Let v = (11, 23) € R? and a = (1,1). Then, we have

3
B(a,3/4) — {x ER : fe—alh < 4}
2 3
= reR . |Z‘1—1|+‘SE‘2—1|§Z s

and hence, B(a, %) consists of those points in the sequare centred at the point (1,1), with
vertical and horizontal radius of %.



Definition 2.5. A set A C R" is said to be open if for each a € A, there exists o > 0 such
that B(a,0) C A.

Definition 2.6. A set A said to be closed if and only if its complement A€ is open.
Exercise 2.7. Let v € R, and

S={(z,y,2) ER® : z>1~}.
Show that S is an open set of R3.

Let p = (a,b,¢) € S, then ¢ > ~. Moreover, let § > 0, and ||(z,y, 2) — (a,b,¢)|| < 0. Then,
|z —a| + |y — b| + |z — ¢| <. By taking § = ¢ — v, it yields that z > ~, which implies that
B(p,d) C S, and hence, S is an open set in R3.

3 Closure, interior, boundary,

Definition 3.1. A point a is an accumulation point of a set A C R"™, if every open set
containing a ( neighbourhood of a) contains many points of A, i.e., for all 6 > 0

B(a,8) N A\ {a} # 0.

e [t is possible but not necessary that a € A.
e The set of all accumulation points of the set A is denoted by A’.
e Ais closed if A" C A.

Definition 3.2. The closure of a set A C R" is the set A= AU A’

o If a € A, then the point a is said to be adherent point of A.
e a € A if and only if for all 6 > 0, B(a,d) N A # 0.
e A is closed if and only if A = A.

Definition 3.3. Let A CR"™. A point a € A is said to be interior point of A, if there exists
d > 0 such that B(a,d) C A.

e A set of all interior points of the set A is denoted by A°.



Chapter 2

Function of several variable

1 Functions of several variables

Definition 1.1. A real valued function of n-variables is a function f : D — R, where the
domain D is a subset of R". So, for any (x1,xs, - ,x,) € D, the value of f is a real number

f(x17$27 e 7'7;71,)'

Example 1.2. The volume of a cylinder is function of two variable V (r,h) = 7r?h,
where r is the radius and h is the height of the cylinder. Notice that, if r = 2 and h = 12—5,
then, we have V(r,h) = 30w € R.

e o [f we deal with a function of two independent variables, we typically denote them as x
and y. In this case, wee can visualize the domain of this function as a region in the zy-plane.
Moreover, if f is a function of three independent variables, we denote them as z, y, and z,
and hence we visualize its domain as a region in space.

Note that to evaluate functions defined by explicite formulas, we substitute the values of the
independent variables in the formula and calculate the corresponding value of the dependent
variable.

Definition 1.3. The domain of a function f of n-variables, denoted Dy, is the largest set
of R™ in which we can evaluate the function f.

Example 1.4. Given
f(xay) = \/y_xQ'

Determine and visualize the domain of f(x,y).

The function f is defined at (z,y) (i.e., the evaluation of f at (z,y) is a real number) if the
quantity under the square is non-negative, that is, y — 22 > 0. Therefore, we find

Dy:= {(x,y) eR? : y2$2},



and it can be visualized as follows:

Example 1.5. Find and visualize the domain of f(x,y) = In(1 — 2% — y?).

The function f is well-defined if the quantity 1 — 2% — % > 0, or equivalenty x? + y? < 1,
a4yt < 1} )

and hence
Dy := {(z,y) € R?
which is an open unit ball of R%. Thus, it can be visualized as follows:

Example 1.6. Determine the domain of the function f defined by:
f(z,y, 2) = 2%\ 2 — 222 — 492,

The square root is well-defined only for non-negative quanitities. Thus, f is defined when

2z — 2% — 4y > 0, which means
2> 2(z 427}

Dj = {(z,y,2) € R® :
Definition 1.7. The graph of the function of two variables f(x,y) with domain D is the set

of points (xz,y, z) in space, where z = f(x,y) and (z,y) € D.
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Example 1.8. Determine the domain of f(x,y) = /9 — x> — y? and sketch its graph.

The function f is defined when the quantity under the square root is non-negative, (i.e.,
9 — a2 —y? > 0), which is equivalent to 22 + y? < 9. Therefore, the domain of f is the circle
centred on (0,0) with radius » = 3. That is

Dj = {(z,y) € R* : 2° +y* < 9}.
The graph of f(z,y) is as follows:

Example 1.9. Sketch the graph of f : R> — R defined by

fla,y) =a" =y

././/’)I[I,I”’II'
gy
7 "_{'I"t"t

)
L)

Figure 2.1: Graph of: f(x,y) = 2% — ¢?

2 Level curves

Definition 2.1. Let D C R" be the domain of a function f : D — R. Then, for any k € R,
the level set of [ at level k is defined by

Culf) :i={z €D : fla)=k}.

Remark 2.2. If n = 2 we generally have (level curves). If n = 3 we have (level surfaces).

Example 2.3. Consider f : R? — R defined by
flz,y) =52% +y* — 1.

Determine and sketch the level curves of f.

11



By definition the level curves of f are given by the set

Ck(f) = {(l’,y)ER2€D : f('rhy):k}
= {(z,y) eR*€D : 5z’ +y* —1=k}.

Therefore, for £k = 0,1, 2, 3,4, it yields

5r2 +yt =1,
5r2 +yt =2,
5% 4+ y? = 3,
52° 4+ y* =4,
52° +y* =5,

respectively, which are ellipses and are visualized as follows:

3 Exercises

Exercise 3.1. Determine and visualize the domain of each of the following functions:
x2—y Iny

a = b 9

> [(xz\" In(1+x
c ol B d ————,
@ >(5) @ =
(e) arccos(z +y), (f) arcsin(2 —2® —y),

2 — 22 + arctan (2 h sinx +y + y/sinx —
(9) yv 4, y Y,
_ sin(z +y) .
1 .

@) 5 27 2 11 () In(zy)

Solution. (a) The function f(z,y) = ~ f;_y is defined if the quantities under the square

are non-negatives (i.e., x> —y > 0 and y > 0, and further the denominator does not vanish
V¥ # 0. Thus, we have:

Dj:={(z,y) eR* : 0 <y <a?}

12



Figure 2.2: Domain of f(x,y) = 7

(b) The function f(z,y) = \/1% is defined when Iny exists (i.e., y > 0), and /x —y is
defined (i.e. = —y > 0), and the denominator does not vanish, \/x —y # 0. Therefore, it
yields

Dj:={(z,y) e R* : >y > 0}.

Iny

Figure 2.3: Domain of f(x,y) = ot

o0

x n

(c) Notice that f(x,y) = Z () is expressed as the sum of the geometric sequence of
n=0

common ratio r = £. Therefore, the requirement of f to be defined is that |r| < 1, which

means || < 1. Hence, we have

Dy :={(z,y) €R* : || <[yl}.

n x2
(d) Tt is clear that In(1 + z?) is always defined. Hence, f(x,y) = : Oﬂ; ) is well-defined if
the denominator does not vanish, (i.e., zy # 0). So, we have

Dj:={(z,y) € R* : ay #0}.

13



Figure 2.4: Domain of: f(z,y) = (g) :
n=0

ln(1+z2)
Ty

Figure 2.5: Domain of: f(x,y) =

(e) The function f(z,y) = arccos(zx + y) is defined when the quantity x + y is between —1
and 1, (i.e.; =1 <z +y < 1). That is f is well-defined if |x + y| < 1. Hence, we obtain

Dj:={(z,y) eR? : |z +y| <1}
(f) The function f(z,y) = arcsin(2 — 2% — y) is defined at (z,y) if -1 <2 —2? —y < 1,

which is equivalenty to

Dy :={(z,y) eR® : y<3—2" and y>1-2*}

14



Figure 2.6: Domain of: f(x,y) = arccos(z + y).

A

Figure 2.7: Domain of: f(z,y) = arcsin(2 — 2 — y)

(g) Obviously, the function f(z,y) = yv2 — 22 + arcsin (%) is defined if 2 — 22 > 0 and
x # 0, which is equivelently

Dy = {(z,y) €R* : 0 <z <V2}U{(z,y) €eR® : —V2 <z <0}

(h) Noticing that f(z,y) = v/sinz + y + v/sinz — y is well-defined when both sinz —y > 0
and sinx +y > 0, which means —sinz < y < sinz) such that sinx > 0, (ie., z €
[2km, m + 2kw|, k € Z, and the domain is

Dy = {(z,y) € R* : x € 2km, 7+ 2k7] and |y| < sina} .
kezZ

15



Figure 2.8: Domain of: f(x,y) = yv/2 — 22 + arcsin (%)

Figure 2.9: Domain of: f(x,y) = yv/2 — 22 + arcsin (%)

(i) The function f(z,y) = % is defined when the denominator does not vanish, (i.e.,

2?4+ 2y* — 2z + 1 # 0). Notice that
2?42y — 20+ 1= (z — 1) + 29

Therefore, f is defined for all (z,y) # (1,0). Hence, Dy = R\ {(1,0)}.

sin(z+y)

Figure 2.10: Domain of: f(x,y) = pro e

(j) The function f(x,y) = In(xy) is defined at (z,y) if zy > 0. This holds true if both x and

y have the same sign (i.e. either both positive or both negative). Therefore, the domain can
be presented as follows:

16



Figure 2.11: Domain of: f(x,y) = In(zy).

Exercise 3.2. Find and sketch the level curves for each of the following functions for
the given values of the constant k.

(@) lzl+yl, k=1,2,3,

(b) 2*-2z+vy* k=1,2,3,
(¢ W(l-2*+y), k=-1,01,
(d)  1—|z]—|yl.k €R,

(e)

e 6 —b5xr—3y, k=-6,0,6.

(a) Notice that f is defined on all of R?. Therefore, the level curves of the function f :
R? — R are given by th equation
x|+ [y = k.

Here, we need to consider the following different cases :
(i) fz>0andy >0, thenz+y=%k = y=—-x+k,
(ii)) fz>0and y <0,thenz—y=%k = y=ux—F,
(iii) If s <0and y <0, then —x —y =k = y=—x—k,
(iv)
Then, the level curve is the boundaries of the squares of centre (0,0) and the corners (£k, 0)

and (0, £k).
(b) To determine the level curves of f(z,y) = 2% — 2z + y?, we solve the following equation:

v) If t <0and y >0, then —x+y=k = y=x+k.

v? —2x 4+ y* =k,

which is equivalent to
(z—1°+y*=1+k.

In this case, the level curves are circles of centre (1,0) with radius v/1 + k.

17



\/

Figure 2.12: Level curves of: f(z,y) = |z| + |y|.

0
\

Figure 2.13: Level curves of: f(z,y) = 2* — 2z + 3%

A

(e) Firstly, f(z,y) = In(1 — 2% — y) is defined when 1 — ? — y > 0, which implies that
Dj:={(z,y) eR* : y<a®—1}.
Next, to determine the level curves of f, we solve the equation f(z,y) = k. That is,
ln(l —a? - y) =k,

which implies directly that
y =+ ed —1.

Therefore, the level curves are the parabolas of equations y = az? +bx +c¢, witha = 1,b =0
and ¢ = e¥ — 1.
(d) The level curves of f(x,y) are given by the equation:

so that
lyl=1—k—|z|, with 0<|z|<1-k.

Hence, f admit level curves only when £ < 1. Therefore, we get for the level curves

y=+(1—k—|z|), with k—1<2<1-k.

18



Figure 2.14: Level curves of: f(z,y) = In(1 — 2% — y).

(e) The level curves of the function f(z,y) =6 — 5z — 6y are given by the equation
6—-5r—2y=Fk or Hr+2y+(6—Fk)=0.

Therefore, the level curves of f are the diagonal lines with slop —%. In particular, the level
curves with £ = —6,0,6, 12, are given by the equations bx +2y + 12 =0, 52 +2y — 6 =0
and bx + 2y = 0, respectively.

19



Chapter 3

Limit and continuity

1 Limit

For the functions of a single variable f : I C R — R, we know that there are two one-sided
limits at xg, i.e.,

lim f(z) and lim f(z),
To—T xoﬁxg
That is indicating that x can only approach xy from one of two directions: the right or the
left.

In the case of functions with many variables, the complexity arises due to the existence of an
unlimited number of distinct curves that can be used to approach one point from another.

Definition 1.1. Let D be an open set of R® and f : D C R* — R. Let xyp € DU JD.
Then, it is said that the limit of f as x approaches xq is € if, for every ¢ > 0, there exists
0 > 0 such that if

re€D\{zo} and ||z — x| <0 = |f(z)—{] <e. (3.1)
In this case, we can write
lim f(z)=¢.
T—x0

Example 1.2. Let f: R* — R be defined by f(x,y) = xy. Show that

lim  f(z,y) = ab

(z,y)—(ab)

for any point (a,b).

Show that  lim  f(x,y) = ab, it suffice to prove that for every € > 0, there exists § > 0

(z,y)—(a,b)
such that
lz.y) — (@b <6 = |oy—ab| <e.

Noting that the distance between (x,y) and (a,b) is given by

R=|(z.9) ~ (D) = V(& —a)* + (s — 0.

20



Therefore, we have
|t —a| <R, and |y—0b <R.

On the other hand, we have

lzy —ab] = [(x —a)(y—b) +aly —b) +b(z — a)
< |z —ally = b +ally — b[ + [b]|x — a
< R*+(la| + bR
= R*+2aR
= (R+a)*—a?

where a = 1(|a| + |b]). Now, fixing € > 0 and demand that R is such that

(R+a))—a*<e = R<Veta?—o.
Hence, it suffice to choose § = ve + a? — a.

Example 1.3. Let f:R?*\ {(0,0)} — R be defined by f(x,y) = Show that

2+2

lim T =0.
o flz,y) =

Here, we need to show that for every € > 0, there exists > 0 such that

2

-y

We have the distance between (z,y) and (0,0) is

R = ||(l’,y) - (0,0)H =V 72 + y2'
Therefore, it yields
lz] < R, and |yl <R.
On the other hand, we have
?|y|
% 4+ y?
1

x? +
|y|

< $2+?J :R7

where we have used the inequalities |2| = V22 < V22 + 4% and |y| = Vy? < Va? + y? to get
the last step. Now, fix ¢ > 0 and demand that R is such that R < . Hence, we can choose
0=ce.

-y
x? + 12

2 ‘

IA

Properties of the limit:
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Theorem 1.4. Let D be an open set of R™ and f,g : D — R. Let o € DU JIU. Suppose
that
lim f(x) =4;, and lim g(z) =/,

T—x0 T—T0

Then, we have

() Jim (F % 9)(a) = Jim, f(2)+ Jim g(x) = b % 6,

T—T0 T—X0

(i) lim (a- f)(z) =a- lim f(z)=a-l;, a € R,

T—T0 T—T0

(i) Jim (f - g)(x) = lim f(2)- lim g(x) = £ - 0,,

lim f(z)
(iv) Jlim. <g (z) = lim g(z) ol g7 0.
T—T0

Strategies to calculte limit :

A. If the fucntion f is continuous at the limit point, then we have

lim f(z) = f(wo)-

T—T0

Example 1.5. Let f : R? — R defined by f(z,y) = —y* +In(z* + y*> + 1). Then, we
have
lm  fz.y) = £0.1) = In(2) — 1

(z,y)—(0,1)

B. Let g be a continuous function at ty. If the fucntion f can be written a a composition
f(z) = g(h(z)) so that z¢ is a limit point

Example 1.6. Evaluate the following limat

cos(zy) — 1
(@:9)=(00) 2%+ y?

We have

cos(zy) —1  cos(zy) —1 (z%y?
22 4 12 o (nyQ 12 4 2

(3.2)

C. Limits along curve

Definition 1.7. A continuous vector function o(t) : [a,b] — R" is called a curve in R™.
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Example 1.8. 0 : R — R? defined by o(t) = (2t,t + 1) is parametric curve in R2.

Definition 1.9 (Limit along curve). Let D be an open set of R" and f : D — R. Supoose
there exists a parametric curve o(t), to < t < b, such that o(t) is in D if t > to and
o(to) = xo. Let v(t) = f(o(t)), t > ty be the value of the function f on the curve o(t).
Then, the limat

lim v(t) = lim f(o(t))

t—tt t—tt

is called the limit of f along the curve o(t) (if it exists).

Example 1.10. Consider the function f(x,y) defined as

3xy

f(xay):m-

FEvaluate the limit of f(x,y) when (z,y) approaching the origin (0,0) along the following
curves

(i) the z-axis,
(i) the y axis,
)

)

(iii) the path y =z,

(iv) the curve y = 2.

(i) Notice that along the z-axis we can write

lim  f(z,y) —hmf(t 0) —hm9 0.

(2,y)—(0,0) 02

(ii) Approaching the limit along y-axis, implies the following

o)/ (#:9) = g J(0.0) = fim 25 = 0.

(iii) By approaching the limit of f(x,y) through the curve y = z, it yields

3t 3
(xyl)lgéoo [, y) =lim f(2,t) = lim o2 =5
(iv) Along the parabola y = 2%, we have
3t° .3t
e {00) fory) = g £(6,6) = i b e Y
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Theorem 1.11. Let D be the open set of R™ and f: D — R. Let xg € D. If

lim f(x)=1¢,

T—T0

then the limit of f along any curve through xo exists and is is equal to £.

Remark 1.12. The result is useful to show the limit of f does not exist or to compute that
value of the limit if we know in advance that the limit exists. But, it cannot be used to prove
that a limit exists since one of the hypotheses of the proposition is that the limit exists.

Therefore, we can establish the following essential criterion for the non-existence of a limit
of functions of several variables:

Corollary 1.13. Let D be the open set of R™ and f: D — R. Let xy € D. If there exists
a curve along which the limit of the function f at the point xo does not exists, or there are
two curves along which the limits of f at xq exist but do not coincide, then lim, ., f(x) does
not exist.

Example 1.14. Show that the following limit does not exist

$2y2
lim .
(m’y)*)(ovo) x2y2 + (l‘ - y)2

Along the z-axis, we have

: : : 2.0 .0
et fay) =i 7(6,0) = g 55y (t—0)2 g =0
On the other hand, the limit along the curve y = x is
-t ¢t
(:c,yl)lg%om flzy) = lig 7(8,8) = limg 224 (t—1)? a = b

The two limits along the differents curves do not coincide (0 # 1), which implies that limit
of f at the origin does not exist.

E. Squeeze principle is given by the following:

Theorem 1.15 (Squeeze principle). Let D be an open set of R and f,g and h : D — R. If

g(x) < f(z) < h(z), forallz €D and lim g(z)= lim h(z) =/,

T—T0 T—T0
then, we have
lim f(z) =¢.

T—T0
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Example 1.16. Show that

2 2_2 3
lim f(z,y) =0, where it rY

(z,y)—(0,0) NI

Let R = +/2? + y?. Then, it yields that |z| < R and |y| < R. Therefore, we could get

o< z?y? — 223y z2y? 4 2|z ]?|y|
T Vet VaZ+y?
3R3
3
<
= /R
= 3Jx?+ 92

Passing to the limit as (z,y) goes to (0,0), we find

0

0< lim z,y)| < lim 2+ 2.
_(Ly)_>(070|f( y)| L y

Hence, by squeeze principle, f(x,y) must tend to 0 as (z,y) — 0.

F. polar coordinates: When dealing with functions of two variables, it’s often helpful to
pass to polar coordinates with aim to reduce the calculation of the limit of a function of
two variables to that of the limit of a function of a single variable. Indeed, any point (z,y)
of R?\ {(a,b)} can be expresssed by its polar coordinates centered around a point (a,b) as
follows:

x =a-+rcosb,
with r > 0, 6 € [0, 27].

y=>b+rsinb,

where 7 is the distance between (a, b) and (z,y). Therefore, we can write

lim x,y) = lim f(a+rcosf, b+ rsinf).
L TG = lim 5 )

Theorem 1.17. [f there exists ¢ € R and a function o(r), r > 0 such that in the neighborhood

of (a,b) we have
|f(a+rcos@,b+rsinf) — 1l < p(r) — 0,

r—0

then, we have
lim )f(x,y) = /.

(z,y)—(a,b

Example 1.18. By using polar coordinate, evaluate the following limit or show that does

not exist:
x>

Iim ———.
(2,)—(0,0) 22 + y?
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Consider

x =rcosf
_ with » > 0, 6 € [0, 2.
y =rsind,

Therefore, we get

' ry? ) r3 cosfsin’ 6 , .
lim — 5 = lim — 5 —5——~ = limr cosfsin” 6.
(.9)=(00) 22 + y*  r20r2(cos? 0 +sin"0) 0
Next, we have
0 <|rcosfsin®f| <r — 0 (since |cosfsin® 0| < 1).
r—
Thus, it yields
xy?

lim =
(2,)—(0,0) 22 + y?

Example 1.19. Prove that the following limit does not exist:

lim —y
(z,1)—(0,0) x2 + 92

First method. Along the z-axis, (i.e., x — 0 and y = 0), we have
2

t
” I)IH%OO f(z,y) —hmf(t 0) —hmt— 1.

Moreover, by passing through y-axis, (i.e., x = 0 and y — 0), we have
2

t
S @) =i £(0,) = lim =25 = —1.

Observe that the two limits do not coincide which implies that f does not admit a limit at
the origin (0, 0).

Second method. By using the polar coordinates, we can write

72(cos? ) — sin® )
li = 20).
(z, )IH%O o)f(x Y) = r%o 72(cos? § + sin? ) cos(29)
Hence, the limit has infinite number of values depending on the choice of 6, which implies
that  lim . f(z,y) does not exist at the point (0, 0).

(z,)—(0,
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2 Continuity

Definition 2.1. Let D be an open set of R™ and let f : D — R. We say that f is continuous
at the point zy € D if

lim f(z) = f(xo).

T—T0

The function f is said to be continuous on D if it is continuous at every point of D.

Example 2.2. Let f : R2 — R be defined by
sin?(z — y)

fy) =9 e+ ]yl

0, (z,y) = (0,0).

Then, f is continuous function at the origin.

In order to demonstrate that f is continuous function at the point (0,0), it suffice to show
that

lim )f(x,y) = f(0,0) = 0.

(z,9)—(0,0

Indeed, we have

fim sin?(z — y) _  fim (z —y)? sin®(z — 23/)
@)= 00)  |z]+]y] @)~00) [z| + |y (z—y)
1

. (x —y)? ) sin
= lim —2~. lim )
(@)—(00) || + |y| @ 0L (z—vy)

sint
where we have used the fact that 111% = 1 to evaluate the second limit. Moreover, we
*)

have 9
0< &=V oy
=] + |y
Thus, we have
— )2 0
(@y)—00) |z] + |y| ~ @ 0)
sin?(z — y)

In conclusion, we have obtained lim
(@y)=00) |z|+ [y
at the origin. Properties of continuous fucntions:

= f(0,0) = 0. That is, f is continuous

The following theorem is a simple consequences of the basic properties of the limit.

Theorem 2.3. Let f and g be continuous functions on an open set D C R™, and a € R.
Then, the following functions are continuous on D:

(i) Sums/Differences: f + g,

(ii) Constant Multiples: « - f,
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(iii) Products: f - g,

(iv) Quotients: f (as longs as g # 0 on D).
9

Definition 2.4. (Epsilon-Delta definition) Let D be an open set of R*. We say that the
function f : D — R s continuous at the point xq € D if for every e > 0, there exists 6 > 0
such that if ||x — 0| < 0 for all x € D\ {xo} implies |f(x) — f(z0)| < €.

The function f is said to be continuous on D if it is continuous at every point of D.

Example 2.5. Using Epsilon-Delta definition show that f : R? — R defined by

1.3

y
flay) =4 g omey) (@y) 7 0,0)
0 (z,y) = (0,0),

18 continuous function at the origin.

Given € > 0, we take 6 = /. If 0 < \/z% 4+ y? < §, then we have
Il

Z, - ) = 22 4 g2
Yy x? + y? Y
3
< x|yl

Now, noting that |z| < /22 +y? and |y| < /22 4+ y2. Thus, we obtain
[f(zy) = 0] < Va2 +y2Va? +42 < 8 =,
which implies that f(z,y) is continuous function at the point (0, 0).

3 Exercises

Exercise 3.1. Find the limit of each of the following functions, or state that it does not
erist : 03 . )
(@ tm Y () sy
(@y)—(1,0) (r —1)2 4y (@y)—>00) 24y
. _ . l 1 3
(© lim sin z smy7 (@) Il x n(2 +x2 )
(@y)—00) T —y (2,9)—(00) y(z2 + y?)
3 493 xysin(z + y)
e lim —, lim ———"
©) o0 22+ Y U) aBoo) Va? +y?
x1y° cos T _ 2y
im — (h)  lim ———
(@)—=(0,0) 222 + b (@y)=(0,0) 22 — y?
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(a) By employing the polar coordinates:

x=1+rcost,
y =rsind,
we may get
2 3 3 3o 39
lim T —lim T —5~ = lim 3r sin? 6.
(@y)>10) (= 1)> +y>  r07r?(cos® 0 +sin”f) 0

Next, it is obviously to observe that
0 < [3rsin?6| < 3r —0.
Thus, we can conclude that
lim 2—y3 =
(@y)—(1,0) (z — 1)% + y?

(b) In this case, we will evaluate the limit of the function along different paths (curves) to
see if the limit exists. Therefore, along the curve z = y?, we have

1 — cost* 1. 1—cﬁ 1

Whereas, along z-axis, (i.e., x — 0, y = 0)), it yields the following
0

lim f(x,y) = hmf(t 0) = hm/z(;/ 0.

(z,9)—(0,0) t—0

| N =

The two limits do not coincide, which leads to conclude that the limit of f(x,y) does not
exists at the point (0,0).

(¢) For all (z,y) € R?, we have

. . THY\ . (T—Y
smx—smy:2cos(?)sm( 5 )

Then, it results

. sin x — sin sinz —siny
lim llm
(2,4)—(0,0) =(0,0)

In the secend limit, we put t = , then t — 0 when ( (0, 0) Thus, it results

(d) By evaluating the limit of f(x,y) along the line y = x, we obtain

. tin(1+¢#%)
. l)m%oof(x vy) =lim f(£,1) = }%T
1 In(1 43!
_ L 0 lim ¢
2t=0 13 t—0
-0
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However, passing through the parabola y = 22, we get

In(1 +¢%)
' s 2y _ kSl
(auyl)lg%o,o) floy) = Hm f(t.6) = ln t3(1+12)
(el 1
= I nw lim
=0 3 t—0 1 4 2
= 1.

Observe that the two limits are differents, and hence the limit of f at the origin does not exist.

(e) We have

|z + yl|lz® — zy + ¥

x? + 92

z® + y° + |zy]
x2 + y?

3 3
< Y
— x2_|_y2

< x4y

< §|9c + |
= 5 Y
where we have used |zy| < $(2? + y?) to obtain the last step. Now, by passing to the limit
as (x,y) — (0,0), we find
3 0

— i .
T 2@ o 0) Y

:1:3—|—y3
x? 492

0< im
(2,y)—(0,0)

Hence, by squeez princile we have  lim 0 flz,y)=0.

(z,y)—=(0,
(f) We have
lim zysin(e +y) _ lim zy(z +y) sin(z +y)
(@y)=00)  Vr?+y? @y)=00 Va2 +y2  zty
1
zy(z +y) : sin

1m —_— 1m .
(z,9)—(0,0) \/x? + y? =00 x+y

Now, we move to evaluate the first limit. We have

|zy|
VrZ+y?

< 2+

zy(x +y)

= |z +y|

where we have used |zy| < 1(z?+y?) and |z +y| < 2/2% + y?. Next, by passing to the limit
as (x,y) approaches (0,0) we find

xy(x +y) . 2 0
0< m AN AR lim .
T @y)—=00) | Vat+y? | T @ 0) V)
ry(r +y)

Thus, by squeez principle, we have  lim = (0. Consequenlty, it yields that

(@)= (0,0) /2?2 + y?
zysin(z + y)

lim
(z,9)—(0,0)  \/x? + 2
30
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(g9) Let’s approach the limit along the z-axis, (i.,e., z — 0, y = 0), so that
0

: . .0
(x,yl)lir%0,0) f(xa y) - %g% f(ta O) - %%Zfé{_ 0.

Next, by approachinig along the curve x = 3?2, it yields the following

cost? 1

1 = lim f(3,¢) = li ==
ol o F (0 9) = i F(°,8) = lim —— = ¢

Obviously (0 # 1), so that the limit of f at the point (0,0) does not exist.

(h) We will choose two different sequences that both tend to (0, 0), but for which the function
flz,y) = 2 = approaches different limits. So, let us take

nm) = (2.0) and @ = (.2)

Note that both sequences approach (0,0) when n — oco. Therfore, we have
0

lim T,y) = hm Tn,Yn) = lim =0,
w i f@y) = lim f(@n, ya) = lim T
and
—
lim T,Yy) = hm Tn,Yp) = lim —2— = 1.
(2.2)5(0.0) flz,y) = f (@, Un) = n%m#%_#

Observe that the two limits are not equal 0 # 1. Therefore, the function f(z,y) does not
have a limit at a point (0,0).

Exercise 3.2. Consider

PTE

flz,y) = m cos(zy), (z,y) # (0,0),
0, (z,y) = (0,0),

Show that f is continuous function on all of R?.

Solution. Notice that for all (z,y) # 0, the function f is a quotient of two continuous
functions xy? cos(zy) and z? + 2y* and the denominator does not vanish there.

Next, we study the continuity of the function f at the point (0,0). To this end, we need to
show that the following limit exists and is equal f(0,0), i.e

1.3

li _y _ .
(x,y)lg%o,()) 2 + 242 cos(zy) = f(0,0) =0

We have
0< xgcos(xy)' < eyl since |cos(zy)| <1
— |2 +2y2 - 2 +2y27 —
2_l7[ly]
z? +y?’
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where we have used the fact that 22 + 2y% > 22 + y? in the last step. On the other hand, by

using |z| = Va2 < /22 + 32 and |y| = V4% < V22 + y2, we can obtain
T2 /72
0< lm [fwy)l < dim 2V “/M

<~ X
(,9)—(0,0) (w)2(00) " 2 4 2
2

= lim
(z,y)—(0,0)

= 0.
Therefore, we obtain hm f(z,y) = 0= £(0,0), and hence f is continuous function at

—(0,0)
the point (0,0). In concluswn7 f is continous fucntion on all of R2.

Exercise 3.3. Consider f : R? — R defined by:

flag) = { v <y> o (2y) #(0,0),
0, (z,y) = (0,0),

Study the continuity of f on all of R?.

Solution. For all (x,y) € R*\ {(z,0)}, the function f(z,y) is continuous function, since it
is a product of two continuous functions.
Next, we study the contunuity of f(z,y) outside the plan R?\ {(z,0)}, specifically, at the

point (z,0), z € R. To achieve this purpos, we need to show that ( l)m% 0 f(z,y) exists and
z,y)—(z,

is equal to f(z,0), i.e

lim % sin (m) = f(x,0) =0.
(z,y)—(2,0) Y Y /(. 0)
We have

0<

sin (x)‘ <1.
Y

0

Y

Therefore, we have

li

y*sin (x)’ <92 due to the fact that
Y
0< lim
=(z,0)

in (1)
Yy sin | — <
(z,y)—(x,0) Yy

which implies that ( %m% 0 f(x,y) = f(x,0) = 0, and hence f is continuous function at the
 ,y —(x,

point (z,0). Then, we can conclude that f is continuous function on all of R?.

Exercise 3.4. Show that

2+
f(z,y) = msm(mv (z,y) # (0,0),
0 (z,y) = (0,0),

is continuous function on all of R2.
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Solution. The function f is continuous for all (z,y) € R?\ {(0,0)} since f is expressed as
a quotient of two continuous functions (z* + y?) sin(zy) and |z| + |y| and the denominator is
not vanishing.

Recalling that f is continuous at the point (0,0) if

IQ 2

. y .
im ——sin(zy) = f(0,0) =0.
(@9)—=0.0) |z] + |y (wy) = 1(0,0)

We have

2 2
<x+y

0< < o
2]+ ly]

because |sin(zy)| < 1.

2 | 2
ysin(my)‘
[ + [y]

We can easily observe that 22 +y? <= (|z| + |y|)®. Then, we can obtain

1
2 2
0< lim Hsin(my)‘ < lim  (Jz| + |y|). 2]+
(@y)—00) ||| + |y (,9)—(0,0) + Jy
= lim x| +
(WH(&O)(\ |+ lyl)

= 0.

Thus, ( l)irr%O ) f(z,y) = 0= f(0,0) which implies that f is continuous function at the point
'T7y ﬁ K
(0,0). Finally, we may conclude that f is continuous on all of R2.

Exercise 3.5. Study the continuity of:

flry) =9 (x =12 +y*

Hint: Use polar coordinates.

Solution. For all (z,y) # (1,0), the function f(x,y) is continous function because it is a
quotient of two continuous function and the denominator does not vanish.

Now, it remains to investigate the continuity of the function f at the point (1,0). By using
the polar coordinates:

r—1=rcosé,
{ Yy =7rsind,
we can get
lim % T
(2.9)=(10) (z — 1) +y 0 TQW
= rsin®f
= 0.
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Thus, we have ( l)inr%1 ) f(z,y) = f(1,0) = 0, and hence f is continuous function at the
x7y % K
point (1,0). In summary, we have shown that f is continous function for all (z,y) € R

Exercise 3.6. Consider

LY
fay) = { T @) #00),
07 (ZL‘, y) = (O, 0)

Prove that f(x,y) is continuous function at origin.

Solution. To study the continuity of the function f(z,y) at the point (0,0), we must
investigate whether the limit of f(x,y) exists as (z,y) approaches (0,0) and whether it is
equal to f(0,0) 7

We have
| Iy
NGEE I

L lzflyl

= V2 \/lzlly|’

where we have used z2 + y* > 2|z|y?* to get the last step. Therefore, we have

0
1
0< lim |—2 i z].
(z,y)—(0,0) | /2 + y* 7,y)—(0,0)

Thus, we get lim, )0 f(z,y) = f(0,0) = 0. This implies that the function f(z,y) is
continuous at the origin.

Exercise 3.7. Consider

xry . %y
f([E,y) = \/WSHI (1‘2 + y2> ) (l’,y) # (070)7
0, (z,y) = (0,0).

Show that f is continuous function on all of R?.

Solution. For all (z,y) # 0, we can observe that f(x,y) is product of two continuous
functions, and hence f is continuous fucntion on R?\ {(0,0)}. Indeed, the fucntion zy is
continous on R? and the quotient fucntion is continous for all (x,y) 0,0, which im-

m24’,y4

plies that ;?iy‘l is continuous fucntion on R?\ {(0,0)}. Similarly, the function sin (%)
is also continuous on R?\ {(0,0)}.
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Next, we pass to study the continuity of the function f(z,y) at origin. Before going further,
we recall that

int
lim St —
t—0 ¢
Now, we have
. %2
li s < o > li it w2y sin ()
1m —SIN | ———= = 1m . .
(2.)=(0,0) /27 + y* 224 y?)  (@y—00) 22+ yt a2 4 g2 (ﬁg/)

Put t = Z;”izz’/z Then, we can see that ¢ — 0 as (z,y) — 0. Indeed, by passing to the polar

coordinates, we have

%y ) 3 sin? 6 cos 0

lim ————— =lim
(2)—(00) 22+ y2 =0 r2(cos? § + sin” 0)

Thus, we have
0 1
. 22
~ L - ry 0ty ()
lim ————=sin = lim : . 5 .
(2,1)—(0,0) /22 + y* x? + y? (z4)—(0,0) /27 + Yt %—i— Y2 /%222)

Hence, lim g 4)—(0,0) f(2,y) = f(0,0) = 0. Therefore, f is continuous function at the origin.
Finally, we have shown that f is continuous on all of R2.

Exercise 3.8. Consider f(x,y) defined by

(1 — cosy)Va® +y
f(llf,y) = x2+y4 ’ (x7y>7£<070),

a, (l‘,y) = (070)7

Find the value of a so that the function f is continuous at origin.

Solution. The function f(z,y) is continuous at origin if

r(l —cosy)va?+y?

lim — £(0.0) = a.
(z,y)—(0,0) 2 + yt f(0,0)
Recalling that
. 1l—cost 1
lim———" =,
t—0 12 9
We have
! z(1 — cosy)va? + y? y 1— cosy 4>z T o2
im _ m |
()00 22 +yt (@) 00 y? 22+ y!

1

lewyt P
= lim . lim “S—-——7
=70,0) Y2 (zy)—(0,0)  x2+ y?
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It remains to calculate the seconde limit. By using the fact that 2? + y* > 2|z|y?, we can
find

_ el ViR

0<

a? +y* 2|xly?
which implies thta
2 /T2
0< lim A < 0.
(@y)—0©00) | 22+ y?

Consequently, we have

(1 —cosy)va? +y*

lim 0,
(z,y)—(0,0) 2+ yt
and hence, a = 0.
Exercise 3.9. Consider
22°(y +1) +y°
f(.’]}, y> — 2:2:2 _|_ y2 ) (m7y) ?é (07 0)7
a, (z,y) = (0,0).
Find the value of a so that f is continuous function at (0,0).

Solution. Noting that f(z,y) is continuous function at the point (0, 0) if
20°(y +1) +y°

— £(0.0) = a.
(z,y)—(0,0) 2x2—|—y2 f( ) ) a
We have
212 1 2 042
o WDy 2y
(x,9)—(0,0) 222 + 12 (2,9)—(0,0) 222 + 12

Observe that

2%y 20%y| _ 22%y|
222+ 2| T 222 42 T 222
Thus, we have
2 2
0< lim |—Y |<o.
(2,4)—(0,0) | 222 + y?

Hence, we can get
0

22 1 2 22
i 2P WD +y :Mﬂzl'
(zy)—=(00) 222+ y? (0,0 222 + 12

Therefore a = 1.
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Exercise 3.10. Let f(x,y) be defined by

LY

f(xay)zm-

Determine if f can be extended to a continuous function at origin.

Solution. To prove that the function f(x,y) can be continuously extended at (0,0), it is
necessary to demonstrate that lim, ) 0,0y f(2,y) exists.

By using polar coordinates, we can get

I Ty . r? cos@sin @

im ——— = lim

(@)= (0,0) 12 + 32 r—0 12(cos? f + sin” f)
= cosfsind.

Therefore, we can see that the limit has infinite number of values depending on the choice
of §, which implies the limit does not exist. Hence, the function f(x,y) cann’t be extended
by continuity at the point (0, 0).

Exercise 3.11. Consider

[y]

Yy _lu
f(x7y>:ﬁ€ 22

Determine if f can be extended by continuity on all of R?.

Solution. Note that the functions % and % are defined if x # 0 and for any y € R. Thus,
the fucntion f(xz,y) is defined on Dy = R*\{(0,y),y € R} = R* xR. Therefore, the function

f is continous on Dy.

Now, it remains to study the existence of the limit of the function f(z,y) outside the domain
of definition Dy, specoifically at the point (0,y), y € R. To this end, we will consider the
different cases:

e Case y # 0. In this case, we have

y -1y : ly|
im e 2 = lim =€ 22
(z,y)—=(0y) T (z,y)—(0y) T
= lim te?
t—+4o0
= 0.

Thus, ( 1)111%0 : f(z,y) exists and tendsto zero, and hence f(x,y) can be xtended by conti-
x7y ﬁ 7y
nuity at the point (0,y), y € R.

e Case y = 0. In this case, we have

Yy _lvl

lim r,y)= lim Ze 2.
>f< v) (,y)—(0,0) 22

(z,y)—(0,0
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Note that the parabolic path y = 22, gives

Yyl LT L2 _
lim Ze 22 = lim ——¢ 22 = !
z—0 .1'2 z—0 x2
y=c

On the other hand, along the cubic path y = 23, we obtain

. _ly .2 e
im e =2 = lim —e =<2
z—0 gj3 x—0 x2
y=a>
=  lim ze ®!
x—0
= 0.

Therefore, the two limits do not coincide, which implies that lim, 0,0 f(,y) does not
exist, and hence, f cann’t be extended at the origin. Consequntly, we have proved that f
can be extended by continuity on R? \ {(0,0)}, but not on all of R?.

Exercise 3.12. Let f : R? — R be defined by

2
e —1

f(%’y):m~

Determine if the function f(x,y) can be extended by continuity at the origin.

Solution. To answer this question, we need to study the existence of the limit of f at the
point (0,0), i.e.,
e’ — 1
lim ——.
(@9)=(00) 22 + y?
Recalling that

t
-1

lim &~ = 1.

t—0 t
Then, we have

e’ — 1 e’ — 1 ay?
lm —— = im .
(2,y)—(0,0) 2% + y? @y)—00) xy? 224 y?
_ g oy vy

—. 1 —_—
T00  1y? (a)(00) 72+ 1
Now, we will evalute the following limit
2

. Ty
lim ——.
(z.9)—(0,0) 22 4 y2

We have

o<l | o el
= 22 4 g2 72 92

1

Va? + P VaZ

<yl Ry :
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Therefore, it results

xy?

0< —
— x2+y2

lim
77— (0,0)

lim
(z,9)—(0,0)

Consequently, ” I)H% f(z,y) = 0, which means that f can be extended by continyuty at

the origin.

Exercise 3.13. Consider the function

f(z,y) = (22 —y)sin <x2) :

z? — y?)
Could f(x,y) be extended by continuity on all of R* ¢

Solution. The fucntion f(z,y) is defined if 2% — y* # 0. Since 2> —y* = (r —y)(x +y) =0
is the union of the lines y = x or y = —x, the domain of definition of f is given by

Df:R2\{(x,y) € R? suchthat y=zory= —95}.

The function f is continuous function on Dy, since it is product of two continuous fucntions.

Now, it remains to study the existence of the limit of the fucntion f outside the domain
of defintion Dy, specifically, at the points of the type (x,z) or (z,—z). To acheive this
ppurpose, we consider two different cases:

e Case x = 0. Since ‘sm( 2))‘ < 1, we have

0 < |(2z —y)] [sin (:102—$y2))‘ < |22 —y|.
Therefore, we have
0< lim f(z,y) < lim = : (3.3)
(z,y)—(0,0) (z 0)

Thus, ( 1)1rr%0 f(z,y) = 0, and hence the function f can be extended by continuity at the
T,y)—

origin.
e Case x # 0 and (z,y) = (z, ). In this case, we have

lim (22 —y) =0,

(2,y)—(z,2)

and ( %lH(l )% does not exist, which implies that f(z,y) does not admit a limit at
x,y)—(x,x) T — y

the point (z,x), with z # 0.

e Case x # 0 and (z,y) = (z,—z). In the same manner as before, we can show that f

does not admit a limit this point. As conclusion, we can observe that f can be extended by

continuity on Dy U {(0,0)}; but not on all of R?.
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Exercise 3.14. Let o > 0 and f : R? — R be defined by

Ly

f(z,y) = { (22 4+ y?2)’
0, (z,y) = (0,0).

For what value of o will f be continuous function at origin ?

Solution. f is continuous function at (0,0) if
I il
im
(#9)-00) (2 + y?)

From |z| < v/2? 4+ y? and |y| < /22 + ¢, it yieldes

— £(0,0) = 0.

2,2
zy 7ty 2 |, . 2\1-a
0< = (z° + .
=lwe ey = ey~ Y
Therefore, we have
. Yy . 2 2\1—a
0< lim —Z 1< lm (z°+ .
T ()= 00) | (22 +y2)*| T (x7y)—>(0,0)( v)

Now, if 0 < a < 1, then (2% + y*)!™* tends to zero as (x,y) approaches (0,0), and hence we
can see that f is continuous at the origin if o > 1.

Exercise 3.15. Let o > 0 and let f : R? — R be given as

Y
flzy) =4 a2 +y% (@
0, (z,y) = (0,0),

Determine the value of a that would make f continuous function at origin.

Solution. Recalling that f is continuous at the point (0,0) if
lim vy

(z,y)—(0,0) m = f(O, 0) =0.

If a = 0, then along the path y = 0, we have

lim f(z,y) = 0.
y=0

On the other hand, the diagonal path y = x gives

. 1
lig f(z,y) = 5.
y=x
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Therefore, the two-path test tells us that f(z,y) cannot have a limit at the origin, and hence
f is not continuous at this point.

Let a > 0. By using polar coordinates, we can obtain
r® cos® 6.r% sin” §

li = i
(z, )m%o 0) f(@.y) rlv—rér(lJ 72(cos? 0 + sin® )

= lim 7% cos® #sin®0.
r—0
Vo

Since | cos® @ sin? 4| < 1, we have 0 < )r“ cos® @ sin? 9‘ < r®. Thus, it yields

0< lim‘r cos® 6 sin® 9‘ < hmr
r—0 —0

If & > 0, then lim r® =0, and hence lim  f(x,y) = f(0,0) = 0, which implies that f is
r—

(z,y)—(0,0)
continuous at the point (0,0) if o > 0.
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Chapter 4

Partial derivatives

1 Partial derivatives of f: R" — R

Definition 1.1 (Partial derivatives at a point). Let f : D C R™ — R be a function of several

variables x = (x1, 2, -+ ,x,). If the following limit exist
0 he;) — _ . .
—f(x) = lim f(x + he) f(x)) where e; is the i-th unit vector,

then it is called the partial derivative of f with respect to x; at the point x.

Example 1.2. By employing Definition 1.1, evaluate the partial derivatives of

flz,y) =22° + 6zy — y*.

The partial derivative of f with respect to x, is given by

o —
5;”($7y) _ i @ y) = f(y)

h—0

_ 2(x + h)®+6(x + h)y — y? — 22° — 6xy + y°
— h
. 22%h + 6xh? + 2h3 4 6yh
= lim
h—0 h

= lim (22° + 6zh + 2k + 6y)
h—0
= 222 + 6y.
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Analogously, the partial derivative of f with respect to y, is given as

. 2234 6x(y + h) — (y + h)* — 223 — 62y + ¢*
= lim
h—0 h
6xh — 2yh + h?
= lim
h—0 h
= llllir(l) (6x — 2y + h)

= 6x — 2y.

e Although the results obtained using Definition 1.1 are correct. However, finding the partial
derivative utilizing this approach is not very practical. Instead, for practical calculations, we
can calculate the partial derivatives in the same way as ordinary derivatives, assuming that
all other variables except the one we are calculating with respect to are treated as constants.

Example 1.3. Let f(x,y) defined by
flz,y) =2* +19* + sin(x3 - 2y>, for all (x,y) € R%.

Find the partial derivatives of f on all of R?.

To find the partial derivative of f with respect to x, we will fix the second variable y and
then evaluate the derivative of the f with respect to z to find:

0
af(:c, y) = 2x + 32% cos(z — 2y),
x
and in the same manner the partial derivative with respect to y is given as
of

7 — _ 3_
8y(av,y) 2y QCos(x 2y).

Definition 1.4. Let f : D C R" — R where D s open of D. If all partial derivatives af
1=1,2,--- ,n exist for every x € D and are continuous on D, then we say f is contmuously
dz’ﬁer@ntmble function on D and hence, we write f € C'(D) and say f is of class C* on D.

Example 1.5. Consider

AP+ ), (zy) #(0,0),
It ’y)_{ 0, (,y) = (0,0),

Prove that f is of class C' on R?).
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To show that f is of class C!, it suffice to prove that its partial derivatives exit and continuous
on all of R%. First of all, notice that for all (z,y) € R?\ {(0,0)}, the function f € C! since
f is expressed as the product of two functions of class C' on R?\ {(0,0)}. Indeed, for all
(z,y) € R?\ {(0,0)}, we have

aof 2 2 2 2333?/2
— =2 1
5. (©y) = 2zy* In(x +y)+x2+y2,
and of 02,
— 9201 2 2 -y
*ay(x,y) 2y In(z +y)+7m2+y2,

Hence, % and g—; are continuous function on R?\ {(0,0)}. Moreover, at the point (0,0) , we

have
0 2 02 2 2
— 021
g(0,0) = lim f (1, 0) M: lim B~ - 07 In(h” + 07) = lim 9 =0,
ox h— h h—0 h h—0 h
and similarly, we have
0 2 12 2 2
— Ch2.]
6)—f(o,o)zhmf(o’h) HOOT_ gy OO 0
ay h—0 h h—0 h h—0 h

Therefore, it follows

2$3y2
af 2zy% In(2? + y*) + ——, , 0,0),
0, (z,y) = (0,0),
and
2$2y3
of 227y In(2? 4+ %) + ——", , 0,0),
8y(x7y)_ -Tyn(aj y) 22 + ¢ (:U y)#( )

0, (x,y) = (0,0).
Now, we need to show that % and % are continuous at the point (0,0). To thi s end, we

will evaluate the limit of both %(x,y) and g—;(x,y) when (z,y) approaches (0,0). So, we
have

af 22312
lim —(x, = lim 2zy* In(z? 4 o> —1—}
() —(0,0) 8:6( v) w00 |7 ( V) 2 4 y?
2[)’23y2
= lim 2zy*In(2?+¢%)+ lim ——2—
wa)m00) Y ( V) (@)= (0,0) 22 + 2
0
2 2 2 3,2
= lim % lim  (2® £42n(2” +y°) +  lim %
(z,y)—(0,0) = + Y= (2,y)—(0,0 (z,y)—(0,0) = + Yy
of
= 0=—(0,0),
55 0> 0)
2242 3,2
since lim ——— =0and lim 5 ; = 0 by passing to the polar coordinates.
(z,y)—(0,0) = + ¥y (z,y)—(0,0) = + ¥y
Analogously, we obtain
of 2223 of
lim —(z,y)= lim 22z%yIn(z®+y?)+ =0=—=—(0,0).
(2.4)=(0,0) 8y( v) @007 (" +47) z? +y? 8y< )
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Thus, the partial derivatives % and % are continuous at the point (0,0). In conclusion, we

have shown that f is of class C' on all of R2.
Directional derivative:

The partial derivative is a special case of the directional derivative which we will now define.

Definition 1.6 (Directional derivative). Let D be an open set of R™. Suppose that f : D —
R and let v € R™\ {0}. If

0, (@) — tim L 1) = (@)

t—0 t

exists, we call it the directional derivative of fin direction v at the point x € D.

Remark 1.7. Observe that if v is one of the unit coordinate vectors, then we recover the
notion of partial derivative.

Example 1.8. Evaluate the directional derivative of f(x,y) = x*> + zy at (1,2) in the
direction of v = (%, %)

Let v = ( L %) Then, by applying the Definition 1.6, we find

S

fl+ G2+ d) - f1L2)

9;(1,2) = lim

t—0 t

_ hm<1+¢t§>2+(1+¢t§>(2+¢t§)—<12+1'2)
t—0 t

= lim%%_252
t—0 t

Hence, the rate of change of f(x,y) = 2% + zy at the point (1,2) in the direction v is %

Example 1.9. Fuvaluate the directional derivative of f(x) = ||x||2 at the point z € R™\{0}
in the direction v.
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D=

Let v € R*\ {0} and |[|z|» = (Z xf) . Then, we have

i=1

fz +tv) - f(=)

Dflz) = %1—[501 t
_ i et ol — i
t—0 t
1 1
n 2 n 2
<Z($Z + tvi)2> — (Z $Z2>
— lim i=1 =1
t—0 t
Z(l’z + tUi)Q - Z 1’12
— lim i=1 . =1 .
t—0 n 3 n 2
t |:<Z(IEZ + tvi)2> + (Z xf) ]
=1 =1
Z:v %—22522:1311Z tZZUZQ fo

) 5

S,
- 4T

<Zx> Htz

ollzlla

If v = e; we recover the formula = )
Oz;  lzll2

Definition 1.10. Let D be an open set of R". Let f : D — R and assume that all its
partial derivatives exist at x € D. We call the vector field V f(x) € R™ defined by

Viz) =

the gradient of f at x.

Example 1.11. Gwen f(x,y) = 3@ %) sin(z® + y2). Determine V f(x,y).
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We have f defined on all of R%. Then, for all (z,y) € R?, we have

0
8;;(5177 Y) 3@—y?) (3sin(z? + y?) + 2z cos(z? + y?))
Vf(:v,y) = 8f - 3(z—y?) . 2 2 2 2 ’
e ) \oweeos) (Bsinta 1 47) - costa? +47)
Example 1.12. Given
2?(y — 1)
0,1),
fog) - { e @00
0, (x,y) =(0,1).
Determine V f(x,y).
For (z,y) # (0,1), we have
0 o) oy —1) [2* +2(y — 1)7]
Vf(aja y) = gjf‘ | = <x2 * (ZA_ 1)2)%
7(1‘,y) 3
oy @+ (-1}
For (z,y) = (0,1), we have
o
VIO = | 57
7(07 1)
dy
So, we have
of . f(0+h,1)— =
o001 = I h - %5% —
and
0h24'
a—f((), 1) = lim JO.1+h) = = llm +h2
dy h—0 h h—0

Hence, we have

0
st <0) |

Definition 1.13 (Partial derivatives for vector-valued functions). Let f : D C R* — R™.
We say that the i-th partial derivative of f at x € D ewists, if it exists for all components
fi, fo, -+ fm- In that case we write

ofr
Bxi

Ofa
af ox;
&ici :

Ofn
ox;
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Definition 1.14 (Jacobian matrix)). Suppose that f : D C R™ — R™ and that all partial
derivatives exist at x € D. Then the (m X n)-matric

@ @ - e

(@) Gl e g
3(f)(x) =

Tor(@) Gle) - @)

1s called the Jacobian matrix of the function f at the the point x.

If n =m, we call det{J}(f)(x) the Jacobian determinant of f at .

Example 1.15. Consider f: R?* — R3 given by
f(z,y,2) = (42° + y, zsin(2x — ), 2y2* — ).

Find the Jacobian matrix of f.

By Definition 1.14, the Jacobian matrix of f is 3 x 3-matrix and is given as

ofi Ofi Of
875131 Tyl 87; 8 1 0
Ofs Ofs Of .
I )y, 2)=| 3z o o |=|[ % cos(x —y) —zcos(x —y) sin(2xr —y)
dfs Ofs Of . 9
e By o 1 2z dyz

2 Higher order derivative

The partial derivatives of a function f : D C R®" — R with respect to z;, i = 1,--- ,n, are
functions of x = (x1, 29, -+ ,x,) € D. Therefore, we can extend the idea of partial derivatives
of secobd order, whenever they exist, by using the process of partial differentiation iteratively

fore,7=1,2,--- ,n as follows:
0 f o (0f

Moreover, by repeating the process of partial differentiation we could obtain third (and
higher) order partial derivatives, if they exist. For example,

T
Oz 0x;0x2""  Ompdx; \ Oz, '

fori,7,k=1,2,--- ,n.
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In the case when n = 2, for a function f(z,y) : D C R? — R, if the following limits exist

0*f 0 (of o @t hy) = )
@(x,y) = % <8x) (z,y) = lim Y ,
0 f o (Of Sy +h) = G(x,y)
@(fﬂ,y} = (‘7y (6y) (7,y) }Lln% h )
L) = o () o =iy 5@+ hy) = 5y(0y)
Oxdy YT b oy K h ’
o2 f 0 (of L@y th) -y

then, they are called the second order partial derivatives of f(z,y). The last two are refered
to as the mixed second order partial derivatives of the function f(z,y).

Example 2.1. Given
f(z,y) = 32 + 2zy + v’ sinw.

Fuvaluate the second order partial derivatives of f.

The partial derivative of f with respect to x is given as

of

5 (z,y) = 62 + 2y + 3° cos

and the second order partial derivative of f with respect to x can be obtained as

o0 f o (0f
@(x,y) = 895(8:;5) (z,9)

= é?x (6x—|—2y+y3c0sx)

= 6—y’sina.
In the same manner, the partial derivative of f with respect to y reads

0
ag/c(x, y) = 2z + 3y*sin

and the second order partial derivative of f with respect to y is given as

5y = 2 (%)

= Gay (235 + 3y?sin x)

= 6ysinz.

ayg (I‘,y) - aiy
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Moreover, the mixed second order partial derivatives of f are givens as

02 f 0 (of
s = 5 () @)

= ;y(% + 2y + y® cos z)

= 2+ 3y*cosz,

9 f 0 (of
stz = 5 (5) @)

= aa(Qm + 3y*sin 1)
x

= 24 3y*cos .

and

Notice that, in this case, we have ggx(x, y) = aajgy(x, Y).

Definition 2.2. Let f : D C R* — R. If the second order partial derivatives %,
7 7

i,j=1,2,---.n, all exist and are continuous on D, then we say that f is of class C* on D
and we write f € C'(D).

When, for each positive integer k, all the k-th order partial derivatives of f exist and are
continuous on D, then we say f is of class C*, and we write f € C¥(D).

Moreover, a function f is of class C*°(D), if f has all its partial derivatives of all orders,
that is, f € C>*(D) if f € C*(D) for all k =1,2,---.

Theorem 2.3 (Schwarz Theorem ). Let f : D C R" — R be of class C* on D. Then the
mized partial derivatives are interchangable, i.e.,
o0 f
awi&vj

_ %
N 3:133-8372-’

()

for all x € D.

Example 2.4 (Partial Derivatives are not always Interchanable). Consider f : R> — R
defined by

2% — 42
— 0,0
f(w’y){ Wl @) £0.0),
0, (z,y) = (0,0).
Then, we can show that f € CY(R?), but aa;gy((),()) + 86?/25;(0,0).

Indeed, we have




and

4 422 4
or y){x‘” SV £ 0.0,
oy’

(22 + 12)?
(z,y) = (0,0).

Therefore, by using the polar coordinates, we obtain:

8f< ) ot 4a?y? —y* 0
11 — X = 1m =
)00 0z Y T @yision” (2% 4 y2)? ’
and
. af . ot — dg2y? — ot
lim ——(z,y)= lm =z 55— = 0.
(2.9)=(0,0) Oy (@y)—00 (22 +y?)
Therefore, f is of class C' on R2. However, noticing that
2 910, h) — 2L(o-07"
af(O,O = lim 2:(0. 1) M:lim— =—1,
0yox h—0 h h—0 h
and o
77 (0,0) = lim (1 0) — G670 _ lim 1
0xdy "’ b0 h Chs0h
and obviously, gafx(o, 0) # aa;gy(O, 0).

Corollary 2.5. Suppose that f € C*(D). Then all partial derivatives up to order k can be
interchanged.

3 Chiane rules

If f:R*" — R™ and g : R* — R”, then there exists a conmposit function h : RF — R™
defined by h(z) = f(g(z)), and also we can write h = f o g.

The chain gives a formula for the derivatives of the composite function h in terms of the
derivatives of f and g. We start with some special cases:

e k=m =1, and n = 2. In this case, we have f : R? — R, (z,y) — 2 = f(z,y) and ¢ :
R — R2 ¢+ (g1(t), g2(t)). Therefore, we have h : R — R2 ¢+ z = h(t) = f(q1(), g2(¢)).
Then, we have the following theorem:

Theorem 3.1. If f and g are differentiable functions, then so is the composite h = f o g,
and the derivative is given by

D =02 00, 00) + L (010,200

Example 3.2. Given z = f(x,y) = 2% + y* + zy, with x = \/t and y = cost.
FEvaluate ‘é—f.
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We have
dz of dx L of of dy
dt Ox dt ' Oy dt
1
= (2x+4+y)—= — (v + 2y)sint

2Vt

cost
= 1+—) — \/¥+2cost sint.
( 2\/5) ( )

Example 3.3. Consider z = f(x,y) = 2%y + 3zy*, with v = sin(2t) and y = cost.

FEvaluate Z’j att=0.

We have
dz  Ofdr Of dy
dt Oz dt  Oydt
= 2(2xy + 3y*) cos(2t) — (2% + 12xy®) sint.
Note that, if t = 0, it follows that x = 0 and y = 1. Then, we have
dz B
dt li=g
e k=m =1, with n > 2. In this case, we have z = f(xy, 29, ,x,), with 21 = ¢1(t), 22 =
g2(t), -+ ,x, = g,(t) and the compisite is given by

2= h(t) = fg1(t), 92(t), -, gn(t)).
Therefore, the chain rules says:

dh(t) _ dgi(t) 0f | dgat) OF  dga(t) OF
d(t) dt Oz dt 0wy dt Oz,
k =m =n = 2. Tn this case, we have f : R? — R?, (z,y) — (21, 22) with z; = fi(z,y)
and zy = fo(x,y). Moreover, we have g : R*> — R?, (¢,s) — (x,y), with = = ¢,(¢, s) and
y = ga(t, s). Therefore, the composite h : R? — R2, (,5) > (21, 2») is expressed as
21 = hl(tv S) = fl(gl(t7 5)792(ta S)):

22 = ha(t,5) = fa(g1(t, 8), 9a(1, 5)).

Thus, we have

0% _ Ohy og 0fi 092 ofi

B 00T o)y )+ G 695, ()
0z _ O, . _Ogi, . Of 09 (; o9
55 = 75 (18 = 5y (B9)gn (t:8) + 52 8) 5t ),
Ozy  Ohy B % dfs % %
B ) = ) gy () () (),
822 ahg 391 af2 892 8f2

T = a5 19 = 5y (b9) 5 (s + TR )5 M)
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This can also be written as a matrix product as follows:

0z 0% 0z 0z Jr Oz

ot 9s | [ oxr oy ot  Os

9% % | 9n 0= 9y % ’
ot s or Oy ot 0Os

which is equivalently

J(h)(t,5) = I(f)(g1(t; 5), g92(t, 5)) I (9) (¢t 5).

In the general the case, if f : R* — R™ and g : R¥ — R" are differentiable then the
composite function h = f o g : R¥ — R" is differentiable and

J(h)(x) =JI(f)(g(x)) I(g)(z) .

In other words the derivative of a composite is the matrix product of the derivatives of the
two elements. All forms of the chain rule are special cases of this equation

Example 3.4. Consider f : R> — R given by f(z,y,2) = vyz and g : R* — R defined
as g(t,s) = (t*s,1,¢e").
Find the partial derivatives of h = (t,s) = (f o g)(t, s).

Consider x = t?s, y = 1 and z = e'*. Therefore, it yields

oh _ gt s) 3f 892 893( s)0f
alts) = T 8- 6%

— 2t86t5+t2 2 St

Analogously, we find
Oh gt s) 3f 892 393( s)of
ds (t.s) = 0s (9x ds 8,2'( 2

= % 4 t3se.

We can also write

J(W)(t,s) = I(f)g(t;s)) I(9)(E, 5),

1X2 matrix 1x3 matrix 3X2 matrix

equivalently,

(G0, 5w0) = (ott9). 50000 2g0.0)) | iee) 00,0

2ts 12
= (ets,tQSts, t2s)) 0 0
Sets tets

— (2t86t8+t2 2 st t26t5+t386 )
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4 Exercises

Exercise 4.1. Given
22y
f(z,y) { (@2 +y2)? (z,y) # (0,0),

Evaluates the partial derivatives of f on R2.

Let (z,y) € R*\ {(0,0)}. Then, the partial derivative of f with respect to z is

of

)
ax (fl}',y) -

(22 + 12)2

Furthermore, the partial derivative of f with respect to y is given by
of x?y?(32* — y°)

7(1'7 y) -

ox (22 +y?)?

Next, if (z,y) = (0,0), we have

h203

of . . f(h,0)—=f(0,0)  @mor—0
A
In a similar way, we can get
af
——(0,0) = 0.
5,0.0)

Hence, we write

% (CL’Q +y2)2

T { BV () # (0.0),
0, (z,y) = (0,0),

and
x2y2(3x2 . y2)

%(x’y) — { . (mQ_’_yz)Q ) (xay) 7é (O=O>’

Exercise 4.2. Consider the function [ given by
22%y sin (1) #0
f(fE, y) — y y2 Y y 9
0, y = 0.

1. Is f continuous fucntion on all of R? ?
2. Bvaluate the partielle derivatives of f on R2.
3. Study the continuity of % and %ch on R2.

54



Solution. 1. When y # 0, the function f is continuous since it is written as the product
of two continuous functions on R x R\ {0}.
Let y = 0. Then, f is continuous function at the point (zg,0) if

lim = f(x0,0) =0.
R P (%0, 0)

We have | .
0 < |22%ysin <2>’ < 227yl (since sin<2> <1).
) ()
Next, by passing to the limit as (z,y) approaches (xg,0), we can find
0< i oaysin (4 )| < 1 !
im in(— im .
= etz | VN2 )| T et Y
Then, by squeez principle it yields
1
lim 2z%ysin () = f(z9,0) =0,
e 27 VS 3 ) = F(70.0)
which implies that f is continous function at the point (g, 0).
2. If y # 0, we have
0 1
aﬁ(f& y) = dxysin (y2> ,
and of . .
%(l’, y) = 2.’13'2 sin (y2> -+ cos <y2>:| .
If y = 0, we have by definition
0
of e @+ 5, 0) — flag 0
gg 70 0) = Jim h
2 R)2-0-sin (L
b (xo+ h) sin (0)
h—0 h
= O,
and
0
of _ f(2o, 0+ h) — flae 0]
—(x0,0) lim
Jy h—0 h
2a5 - (0+ h) - sin (5
o 240 (0+ h) sm(h)
h—0 h
= 0.
Consequently, we have
. 1
LL’ 07 y - 07
and .
g(% - 222 |sin <y2) + cos (ZJQH .y #£0,
% 0, y=
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Exercise 4.3. Verify that f : R* x (0,+00) — R given by

1 7x2+y2
f(xv Y, t) - %6 :
0 af?  of?
satisfies the heat equation: 6{ = 8; + 652

Solution. Firstly, we have

af 1 ( 1 l‘2+y2> _a?4y?
= e @

ot 2r \ 2 442

Moreover, we have

Therefore, we can get

o*f 1 ( 1 x? > _ 22442
Y = [ + — ] e 4t
ox? 27 22 442

Similarly, it yields that

2 2
ﬂ — i (_1 _|_ y) 67 122?/2 .
dy?> 27

212 442
Thus, it follows

which implies that f is satisfying the two dimensional heat equation.

Exercise 4.4. Given

flz,y) = xzeryQ (z,y) # (0,0)

0, (x,y) = (0,0).

1. Prove that f is of class C' on R2.
2. Show that %(0,0) and %(0,0) erist.

3. Show that %gy and % are not continuous functions at origin.

Solution. 1. Firstly, it is obvious to see that f is of class C' function on R?\ {(0,0)}
because f is expressed as a quotient of two C! functions and the denominator does not
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vanish. Moreover, for any (z,y) # (0,0), we have

OF (o2t
9z Y = (22 + y2)2’
and

of 27 (22° +4°)

oy = it
Next, we move to show that f is of class C' function at (0,0). To do that, we need to show

that the partial derivatives of f are continuous at (0,0). So, we need to evaluate g—i and %]yc
at the point (0,0). Thus, we have

4
of o f(h0) - fO07" ke 0
e
and 0 iy
of o f0,h) — O e B
gy (00) = Jim P B L R

On the other hand, we have

of 2| x|y
< |ZL S i A
222 + 2 (2* + y?)?
— (x2+y2)2

= 2ya? 4y
where we have used |z| < /22 + y2 and y* < (2% + 3*)2. Therefore, it follows that

af 0

0< a—x(x, y)| < lim + 2.

lim <
(z,y)—(0,0) (z, ,0)

0
Thus, by squeez principle, it yields that  lim —f(a:, y) = 0. Moreover, we have
(2y)—(0,0) Ox

0< ’gz{(:v,y)‘

2|x3(22° + 2¢°)
(22 + 2)?
WP )
= (22 + 2)2

= 4dya? 42

Similay as before, we can show that lim —~(x,y) = 0. Consequently, f is also C*
(2.)—(0.0) Oy

function at (0,0). In conclusion, f is C' function on R

2. We have
9 2.03- (2h,22
ﬁ(o,o)z2 o (0,0) = lim M—hm +0 _1im9—o
8$8y ox 8y h—>0 h—0 h—0 h
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Similarly, we have

af 72h2&4
o/ (0,0) = oy (af) (0,0) = lim e M— lim =—— +h2 =

ayax or h—0 h—0 }LLI(I] h

(O 0) exist and they coincide (i.e.

02
Hence, %afy(o 0) and 2 Dy

3. For any, (x,y) # (0,0), we have

’ Qy 81(0 0) 8:v8y(0 O)

O f

@.q) = o2 f 83y
azdy Y T Byor

)= G

Furthermore, approaching the limit along the line y = z, it yileds the following

2 6

: f z
1 _— lim—-—— = —1
(w,y)lg%o,o) 8$8y(x’ y) = 250 26 7 0.

Hence, the functions 8‘9 g and a f are not continuous at the point (0, 0).

= 0.

0).

Exercise 4.5. Let f be of class C* function, and consider g : R> — R given by

g(u,v) = flu+v,u—v).
2
g
m(u,v).

Evaluate

Solution. Setting u =« + v and v = u — v. Then, we have

99 _ owof _ f _
51 %2/8 (u+v,u v)—l— aV(ujtvu v)

or, R | _
o (u+wv,u v)+av(u+v,u v),

and

gi :%X/gi(ujtvu v)+%g£(u+vu )

_of of
= au(u—I—v,u—v)—av(u—l—v,u—v).
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Therefore, it yields that

0%g
Oudv

<u7 U) =

2 2
= %X/af(u%—v u—v)+%aigu(u+v,u—v)

1

u~|—v,u—v) %82‘70@%—1} u—v)

ov?
2
= —fu+vu )+8a(,‘)f (u~+v,u—wv)
92 92
o°f o°f
—8uav(u—|—v,u—v)—87(u+v u—v).

Since f € C2, by Schwarz Theorem, we can observe that 86\/28fu = B‘fgv. Consequently, it

results:

8% 02 f 02 f

auav(u,v) auz(u—i—v u—v)—w(u—i—v u—v).

Exercise 4.6. Let f be of class C%, and g : B® — R be defined by g(v.y,2) =
f(“(%% Z)7U<x7y, Z)) with © = y;y_f and v = Zg—x'

xz3

1. Demonstrate that

2. Assume that [ satisfies g + 28‘18’:} + 2 811 = 0. Ezxpress g in term of x,y,z and the
first partial derivatives of f.

Solution. Firstly, we have

& Oy 2 )
oz dxou Bz v’
10f 10f

Thus, we have

99 _ 1 (9f af
= (s + S ww)
Next, it follows
99 _ owas,, . ovos
o~ agau Ut g, e,
0
o
30z ov’
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and hence, we have

o9 _ 207
or  y3ou
Similarly, we find
g9 _ 3 0f
0z  ZA0v
Therefore, it yields
dg y*0g 2*0g of of of of
27 —_—— [ — —_— —_— —_— —_—
$8x+26y+382 (8u+8v>+8u+8v
= 0.
2. We have 5 1 rof F
9 _ _* (9] 95
ax xQ (a ( 7v)+a (U,’U)>.
Then, it follows that
Po_ 2 (U OF) L[S 00 RS 0u T 0
0z 22 \0u  Ov 2?2 |[0x du?  Ox OvOu  Odxdudv  Ox Ov?
Noticing that % = % = —x%, and from Schwarz Lemma, we have aajgv = aizgu. Therefore,
we can get
0
Po 20000y (P Ty
0x? 23 \Ou  Ov xt dudv — Ov?
2 (0 0
(2. 20).
23 \Ju  Ov

Exercise 4.7. Let f : R?> — R be of class C* such that

’f
0x?

2 f

+ a0 for all (z,y) € R%.

Af(z,y) = -5(x,y) (z,y) =0,

Consider z : R? — R given by
z(u,v) = e"cosv + f(u+v,u—v).

Euvaluate Az(u,v) for all (z,y) € R%

Solution. Suppose z = u + v and y = u — v. Then, it follows

O ey 2105 L 0001
Bu 0 T YT 5y B Ou Oy

_ of of

= e"cosv+ aI(u,v)—i— ay(u,v),
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and

P2 ey s O80T 00 O 00 0 0y
gz Y T T 500 T Gudydr | Oudrdy | Ou Oy
" 0 f 0 f 0 f
= e"cosv+ %(u,v) + Qﬁmay(u’v) + a—yQ(u,v).
Analogously, we can find
9z _ —e"sinv + 9z0f , Oyof
o Jvdx  Ov v
= —e'sinv+ g‘;(u,v) - gi(u, v),
and
P L e PP P 0r By
gz Y T T YT 5 e T e Oydxr  Ovdxdy  Ov Oy?
w o*f o*f 0*f
= —e"cosv+ w(u,v) — anay(u,v) + a—yz(u,v).
Therefore, it follows that
02z 02z 0 f o0 f
52 W)t gl = 2 (W(U,U) + 33/2(%?}))
= 2Af(z,y)

= 0.

In conclusion, we have Az(u,v) = 0, for all (u,v) € R2.

Exercise 4.8. Show that u(z,y) = fﬁ; satisfies the following partial differential equa-
tion:

ou ou
95%(% y)+ y@<x’ y) = 3u(z,y).
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Chapter 5

Differentiability

1 Differentiability

Definition 1.1. Let I be an open interval of R. A real-valued function f: I — R is called
differentiable at the point a € I if

o 10 = F(@)

r—a xrT — Q

exists. If the limit exists, we call it the derivative of the function f at the point a, denoted

f'(a).

Definition 1.2. Let D be an open set of R™. The function f : D — R is differentiable
at the point xo € D if f has a good linear approximation near xo, (i.e., if a good linear
approzimation of f near the point xy exists).

A good linear approximation of f at xg is also called a linearization of f at x.
Suppose that f : I — R is differentiable at a in the sense of Definition 1.2. Then f has a
linearization at the point a: there is a real number 7 such that the function L(x) defined by

L(x) = f(xo) + n(z — o)
is a good approximation of f near the point g, i.e.,

o 1) = L@

Tr—a €xr — xo

=0.

Therefore, we have

f(z) = f(wo) = n(z — a)

0 = lim
T—rT0 €r — ajo
~ lm f(z — f(x0) }
T—T0 T — X
On ther hand, we can write
0

hmw:hm flo—f —n| +n=nmn.
T—a xr — xo Tr—a €T — J;O



In other words, lim M
r—a x — xo

and hence n = f’(x¢). The linearization L(x) of f at xy can therefore be rewritten as

L(z) = f(a) + f'(a)(z — a).

Note that the graph of L is the graph of the equation y = f(a)+ f'(a)(z —a) which is exactly
the straight line tangent to the graph of y = f(x) at (a, f(a)).

exits, so f is differentiables in the sense of Definition 1.1

Conversely, let us assume that f is differentiable at the point a in the sense of definition
1.1. Let L(z) = f(a) + f'(a)(z — a) be a linear approximation of f near xo, but is it a good
approximation ?

Setting x = a + h. Then, we have

i J@ =L@ flath) = f(a) = hf'(a)
h—0 h h—0 h
h) —
~ lim fla+ 2 fla) tim /()
f(a)

= f'(a) = f'(a) =0,

which is implying the definition of "good approximation” of f near xy. Therefore , f is
differentiable at x( in the sense of Definition 1.2.

Let us try to extend the concept of a good linear approximation at a point of function of
two variables.

Definition 1.3. Let D be an open set of R2. We say that f : D — R is differentiable at
(a,b) € D if f has a good linear approzimation L(x,y) near the point (a,b), that is there
exist (n1,1m2) € R? such that

L(ZE,y) = f(CL, b) + 7]1(113 - CL) + 7]2(9 - b)
Because L is a good approximation of f near the point (a,b), then we have

)~ flah) = m =)= my—b
(z,y)—(ab) \/(3; —a)? + (y — b)?

= 0. (5.1)

Appraoching the limit (5.1) along the z-axis, (i.e., z — a and y = b), we then obtain
o f) ~ fah) —m(x—a)

r—a |x_a|

=0,

which is implying that

lip L0820 = flab) (5.2)

r—a T —Q

Note that the left-hand side of (5.2) is exactly the definition of %(a, b). Therefore, it can be
observed that this partial derivative exists and it has the value 7;.

Similarly, by approaching the limit (5.1) along the y-axis, (i.e., ¥y — b and z = a), we can
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show that the partial derivative g—i(a, b) exists and it has the value 7. Thus, f is differentiable
at the point (a,b) if

z,y) — f(a,b) — %L (a,b)(x — a) — %(a _
i J@9) —fleb) - gabe—a) - g@by-b 53
(z,y)—(a,b) \/(x —a)?+ (y—b)?

Remark 1.4. Note that the limit (5.3) is implying that the graph of the funtion f(z,y)
concides with the graph of the plane L(x,y) = f(a,b) + %(a, b)(z —a) + %(a, b)(y —b) as
(x,y) approaches the point (a,b). Therefore, we can introduce the following definition:

Definition 1.5. Let D be an open set of R%. Let f : D — R. Then, the plane in R3 defined
by the equation
of af

2(z,y) = fla,0) + 5~ (a,b)(z — a) + afy(y —b)

is called the tangent plane to the graph of function f at the point (a,b).

Example 1.6. Find the equation of the tangent plane to the surface given by z = 22> —
y* + By through the point (—2,2,14).

Therefore, if f is differentiable at z((a,b), the linearization L of the function f at the point
zo = (a,b) can be written as follows:

L(w9) = fla.b) + G a.b) + 5 )

or equivalenty as
L(Z‘,y) = f(a’a b) + Vf(a, b) : (JZ‘ - 1;0)'

Consequently, we can introduce the following definition of differentaibility of functions of
two variables:

Definition 1.7. Let D be an open set of R?2. We say that f : D — R is differentiable at
zo = (a,b) € D if

fz,y) = fla,b) =V f(a,b) - (x — xo)

=0.
(m,y)—)(a,,b) \/(:U — a)2 + (y _ b)2

Example 1.8. Given

2 2\ . 1
f(x;y) — { (I‘ +y )Slﬂ (\/m> s ([L’,y) 7é (070)7
0, (z,9) = (0,0).

Then, f is differentiable at origin.
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In view of Definition 1.7, f is differentiable at the point (0, 0) if

o ay) - 7(0,0) - 52(0,0)z — 9L(0,0)y
(z,y)—+(0,0) Vv +y?

To end this, we will first calculate the partial derivatives %(0,0) and 3—5(0,0). By the
definition of the partial derivative with respect to x, we have

= 0. (5.4)

of L f(h,0) — fes07"
%(0,0) = lm h
2 1
_ }lbiII[l) (h +0)sm( T’Hﬂ)

1

which follows from squeez principle: 0 < ‘h sin <|h|

)| < bl —> 0, since [sin(u)] < 1.
h—0

Similarly, we have

0
ox h—0 h
— lim (0 + h2) sin ( O}i-hQ)
h—0 h

Now, since the partial derivatives exist, we pass the show that (5.4) holds. So, we have

0
fley) — HOO7S S0 - SO0y )

lim =

(z,y)—(0,0) va?+y? (2,4)—(0,0) /22 + 12
1
= lim /224 y?sin ()
(@,y)—(0,0) Y Va2 +y?

= 0,

by using the squeez principle again: 0 <
(z,9)—(0,0)

\/.’,UQ_’_yQSin(\/le—_i_yQ)‘S\/{L'2+y2—>0.
Hence, f is differentiable at the origin.

Similar to functions with one variable, we can state the following theorem that ensures that
differentiability implies continuity.

Theorem 1.9. Let D be an open set of R™. If f : D — R s differentiable at xo € D, then
f s continuous at xg.

Theorem 1.10. Let D be an open set of R™. If f : D — R 1is differentiable at xq € D,
then every partial derivative of the function f exists and is finite at xg.
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The analogy between differentiation for functions of one variable and for functions of several
variable is not a total analogy. For functions of one variable if the derivative, f’(x), can
be computed, then the function f is differentiable at x,. The corresponding assertion for
functions of two variables is false. which stands to reason after considering for a moment
what it takes to compute the derivative, 6f ~(, y), 2 o L(z,y), of a function of two variable. To
find %(a, b) one need only know the Values of the function, f, along the z-axis, (i.e., x — a,
y = b) and to find g—g(a, b) one need only know the values of f along the y-axis (i.e., y — b
and = = a). Consequently, the values of f at points not on these two lines play no role in
determining the derivative of f. However these values certainly are taken into account when
determining whether or not f is differentiable at (a,b); that is, if the graph of f has a tangent
plane at the point (a,b). For example, let consider the function

Ty
T T 9o xz, 07 0 )
f(w7y)={932+y2 #9) = (0,0
0, (z,y) = (0,0).
Note that the partial derivatives of f exist at the origin, that is
of of
—(0,0)=0 d —(0,0) =0.
ax( Y ) Y an ay( Y )

But f is not continuous at the point (0,0). Indeed, appraoching the limit of f along the line
y = x, we obtain
21

wl)gnoo)f(x y) =lim f(¢,) = lim -5 = o

On the other hand, if we approach the limit along the z-axis, we find

t-0
(a:yl)lg%oo fwy) = lim f(80) = lim o e 240 0

Obviously, the two limits do not coincide, and hence f does not have a limit at the point
(0,0). Therefore, f is not continuous function at this point and according to Theorem 1.9,
f can’t be differentiable at (0,0). You might suspect that if f is continuous at (a,b) and
the first order partial derivatives exist there, then f may be differentiable at (a,b) but that
conjecture is false as the following example shows. Let

Ty
Ty T,y 7é 070 )
f(x,y>={¢m 7 0.0
0, (z,y) = (0,0).
The partial derivatives of f exist at (0,0), that is
of of B
50000 =0, and 5(0,0)=0.
Moreover, we have
lim f(z,y) = s = limrcosfsing = 0,

(z,y)—(0,0) ,y)% (0,0) \/132 —|— y? r20
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which follows from squeez principle : 0 < |rcosf@sinf| < r — 0. Hence, f is continuous
function at (0,0). However f can’t be defferentiable at (0,0). Indeed, we have

0 0 0
- f(x,y>—M—W—2W:

000z 0) b @)
(z.y)—(0,0) \/(x —0)2+ (y—0)

(24)—(0,0) /22 + Y2

By evaluating the limit along the x-axis, we obtain

T At ) L )
@00 Vo' +y?  eoba?y? a0 402
and by approaching the limit along the line y = z, it results
. 1

im =2 —lim—"— =lim——— = —.
@y)=00) Va2 +y? o002 y? eo0x? £ a2 2

. fz,y)
Therefore, lim ————=
(z,9)—(0,0) V2?2 + y?

The natural question to ask then is under what conditions can we conclude that f is differ-
entiable at (z,y). The answer is contained in the following theorem:

does not exist and hence f is not differentiable at (0,0).

Theorem 1.11. Let D be an open set of R™. If the partial derivatives of f exist and are
continuous on D, then f is differentiable on D.

Example 1.12. Given

f(x,y)z 5174+y2’
0, (z,y) = (0,0).

Find the region in which f is differentiable.

2  The Implicit Function Theorem

We start with a simple example. Consider S = {(z,y) € R? such that 2%+ y? =1},
which is just the unit circle in the plane. Can we find a function y = y(x) such that
2? +y(x)? = 1 7 Obviously, in this example, we cannot find one function to describe the
whole unit circle in this way. However, we can do it locally, that is in a neighbourhood
of a point (a,b) € S, as long as b # 0. In this example we can find y explicitly: it is
y(r) =+1—22if b >0 and y(xr) = —v/1 — 22 if b < 0 both for |z| < 1. Notice also, that if
b = 0, we cannot find such a function y, but we can instead write x as a function of y.The
Implicit Function Theorem describes conditions under which certain variables can be written
as functions of the others. In R? it can be stated as follows:
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Theorem 2.1 (Implicit Function Theorem in R?). Let D be open in R% Let f : D — R
be is continuously differentiable. Suppose that there exists a point (a,b) € D such that
f(a,b) =0 and g—i(a, b) # 0. Then there exist open interval I x J € D such that :

(i) For every x € I the equation f(x,y) = 0 has a unique solution in J which defines y as
a function y = o(z) in I;

(ii o in C" with derivative

Example 2.2. Show that the equation xe¥ + y> — 1 = 0 has a unique continuously
differentiable solution y = p(x) near the point (0,1).

FEvaluate the derivative of ¢ at x = 1.

Let f(z,y) = ze¥ + y*> — 1. Then, note that f € C'(R?) and f(0,1) = 0. Moreover, we have

of ’ of y
agc(x,y) eY and o (x,y) = xe! 4+ 2y

Then, %(0, 1) # 0, so by implicit theorem thre exists an implicit function ¢ : I — J, such
that y = ¢(x) and 1 = ¢(0).
we have

Hence, it results:

Theorem 2.3. Let D be an open set of R"™™. Let f € C*(D,R™) and (xo,y0) € D such

that f(xo,y0) = 0. If Dy f(xo,y0) is invertible then there exist open neighbourhoods U of x
and V' of yo and a function o € C*(U, V) such that

{(z,y) eUxV : flz,y) =0} <= A{(z,y) :xelU y=0p)}.
Furthermore, we have

Dp(z0) = — (Dyf(xo,yo))il D, f(x0,0)-

Example 2.4. Consider the system of equetions

4P+ 2 -T=0,
zy+yz+axz+2=0.
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Let f:R® — R? such that f(x,y,2) = (fi(z,y,2), fo(x,y, 2)), where

{ filz,y,z) =2+ >+ 2% = 7,
folz,y,2) =2y +yz + 22 + 2.

Note that f(2,—1,0) = (0,0). Set u = (y, z). Then, we have
afl( Y, 2) 8f1 (x Y, )) _ (33/2 3,2 >

Duf(xayaz):<8}/( Ty, 2 ) 8f2(l‘ Y,z ) T+ 2z x—l—y

Therefore, we have

Duf(2,—1,0) = (3 (1)) and  det Dy, f(2,—1,0) = 3 0.

Thus, the Implicit Function Theorem implies that there exist open neighbourhoods U € R
of 2 and V € R? of (—1,0) and a continuously differentiable function p(z) : U — V, with
©(2) = (—1,0), such that

fl,y,2) =0 <= o) = (e1(2), p2(2)).
for all z € U, y € V. Furthermore, the derivative of ¢ at o = 2 is given by
#(2) = —(Duf(2.-1,0))" Daf(-2,1,0)

: ( ) (%)
=3 9 (5)
()

3 Inverse function Theorem

Definition 3.1 (Diffeomorphism). Let f : U C R" — V C R", for U and V are open
in R™. We say that f is a diffeomorphism if and only if is bijective, that is there exists
f71iV—U, and if f € CY(U,V) and f~' € C'(V,U).

Theorem 3.2 (Inverse function Theorem ). Let D C R™ be open, let f € C'(D,R") and let
xog € D. If Df(xq) is invertible, then there exists an open neighbourhood U of xo such that
f(U) is open and f : U — f(U) is a diffeomorphism. Furthermore, we have

Df~ (f(x0)) = (Df(x0)) "

Example 3.3. Consider f : R> — R? given by

flzy) = (2% = 2zy, 2 +y).

Is f locally invertible at the point (1,—1).
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Let f(z,y) = (fi(z,y), f2(z,y)) = (2* — 2zy, z +y). Firstly, note that f € C'(R?). Next, we

have
’ Ly G2(zy) 1 1)
and

Df(1,—1) = G 1‘)

Since det Df(1,—1) = —3 # 0, the Jacobian matrix D f(1,—1) is invertible. Moreover, we
have

ooyt =g (7).

Therefore, f is locally invertible at the point (1, —1).

4 Exercises

Exercise 4.1. Gliven

{wmm@@y (2,) # (0,1),
0, z,y) = (0,1).

~—~

Prove that f is differentiable at origin.

To claim that f is differentiable at the point (0,0), we need to apply the Definition 1.7
directly. Therefore, let us evaluate the following limit:

i) lé)
(,y)—(0,0) Vaz +y?

To do this, we will firstly calculate the partial derivatives of f at (0,0). So, the partial
derivative of f with respect to x at (0,0) is given by

OF (0.0) = fim Lm0 —LOO_ B0 sin ()

or" "’ h—0 h h—0 h h—0 h

Similarly, the partial derivative of f with respect to y at (0,0) is expressed as follows:

OF (0,0) = tim JO1) —LOOY O hin (gri) _ O

By — h = i h =

Then, we have

0

0 o 0 B)
(y)=(0,0) vVt +y? (@y)—(0,0) /22 + 12 22 +y2 )
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Note that

ry 1 |y
Sl 37— <
Vg ey VT
vt +yiva® 4+ y?
= a2ty

where we have used: |sinu| < 1, || < /a2 +y? and |y| < Va? + y? to get the last step.
Next, by passing to the limit as (z,y) approaches (0,0), we obtain

<

0< lim
(z,9)—(0,0)

C(:ysin<1> < lim F 20
V)| T g

This implies that  lim = 0. Hence, f is differentiable at (0, 0).

Ty i 1
Sin
(2y)—(0,0) /22 + 12 <x2 + y2>

Exercise 4.2. Consider f(x,y) defined by

fla,y) = V]zy.

Prove that its partial derivatives at the point (0,0) ezist but f is not differentiable at
(0,0).

The partial derivative of f with respect to = at (0,0) can be obtained as follows:
af

O (0. 0) — pim £ (2 0) — BT

8:[ h—0 h o h—0 h h—0 h

Similarly, the partial derivative of f with respect to y at (0,0) is given by

0
— v/[0-h
g((), 0) = lim f(07 h) W: lim | | = lim 9 = 0.
dy h—0 h h—0 h h—0 h

Therefore, the partial derivatives of f at the point (0,0) exist.
Now, we move to study the differentiability of f at (0,0). To this end, we will evaluate the
following limit

0
0 0
L Jy) - ey el ey ]
(,4)—(0,0) VI +y? (@.9)—0,0) /22 + 32

Therefore, we can observe that along the line y = x, we have

. |zy| R 1
lim =1 = —

— — 111N = .
(@y)—00) V22 + 32 1=0/212 /2
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On the other hand, going along the z-axis, we obtain

lim ﬂ = lim ti() =0
(z,y)—=(0,0) /22 + y* =0 /12 4 (2

Therefore,  lim [y

(2.9)=(00) /2% + ¢2
(0,0).

does not exist. This implies that f is not differentiable at

Exercise 4.3. Consider

1. Evaluate the partial derivatives of f on all of R2.
2. Is f differentiable ?

Solution. 1. For all point (z,y) # (0,1), we have

of 2y —1) (22 +2(y —1)2
O (4. y) = (y—1)| ( i )L
0a @+ (-1
and
O (o) = ——
oy Y T @y -pE
At the point (x,y) = (0, 1), with the help of definition, we can get
0 h2-0
h,1) — /T
Q&Qn:hmﬂ’) j@ﬂlﬂm:hmﬂﬁﬁ:hmgza
ox h—0 h h—0 h—=0 h h—0 h
and
of F(0, 1+ h) — o7 SE g 0
=2(0,1) = lim 2= "2 = lim = lim Y22 = Jim — = 0.
dy h—0 h h—0 h—=0 h h—0 h

Therefore, we can write

g(mjy) _ { x(y—l)[z2+2(y—1)2]7 (,y) # (0,1),

(a2+(y—1)2) 2

0, (z,y) = (0,1),
" of e S CROR S (Y
oy "= { N =0
2. Observe that for any (z,y) # (0, 1), the partial derivatives % and % are continuous func-

tions. This is because they are the quotient of continuous functions and their denominators
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do not vanish at those points. Thus, f is differentiable for any (z,y) # (0, 1).

Next, we move to study the differentiability of f at the point (0,1). To this end, let us
evaluate the following limit:

0
- f(h k) — fo:2 2o 1yn W N (U8
(h,k)—(0,0) Vh2 + 12 (hk)—(0,0) /% + 12
lim ﬂ
(h,k)—(0,0) h2 + k2

We have )

— | h2 + k2
< 5. Next, by passing to the limit when (h, k) goes to (0,1),

h2
!

which follows by using ;75
we obtain

+k2 >~

h2k
)| B2 k2
h2k

Hence, by squeez principle, it yields 11 o TR = 0. Therefore, we conculde that

1. 0
im !
=(0,0)

0<

m
(h,k)—

(hk)>(0.0) NIEST -
which means that f is differentiable at the point (0,1). Consequently, we deduce that f is
differentiable on all of R2.

Exercise 4.4. Define

| 2Es (my) #(0,0),
[z, y) = { 0. @) (0.0

1. Study the continuity of f on all of R2.
2. Evaluate the partial derivatives of f at the origin.
3. Determine the region in which f is differentiable.

Solution. 1. Observing that ;f;fy% is continuous everywhere except at the origin because it

is written as the quotient of continuous functions and its denominator never vanishes.
Next, we say that f is continuous at the point (0,0) if ( l)ur% )f(x,y) = f(0,0) = 0.
z,y)—(0,0

Therefore, passing through the curve x = y, we have

tsint 1. si 1
" )1Ir%00)f(x y)—hmf(t t)—lg% 572 2hgyﬂ0 =5

On the other hand, by passing throug the z-axis, we obtain
tsin 0 .0

" l)m%oo f(z, y)—hmf(t O)—hm L o7 :1%?2:0‘
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The two limits do not coincide. Thus, f does not admit a limit at the point (0,0) and hence
f is not continuous at the origin.

2. The partial derivative at (0,0) with respect to x is given by

OF (0. 0y — i 41 0) — SO0 0

Y R T
and the partial derivative at (0,0) with respect to y is given by

Of (0 o) — i L0 — SO0 GEEE 0

L A Ve

3. Note that f € C!' (R?\ {(0,0)}) because the partial derivatives of f exist and continuous
for any (z,y) # (0,0). However, since f is not continuous at the point (0,0), f is not
differentiable at this point. Thus, f is differentiable on R?\ {(0,0)}.

Exercise 4.5. Gliven

zyln(z® +y°),  (z,y) # (0,0),
0, (z,y) = (0,0)

[z, y) :{

1. Show that f is continuous function on all of R?.
2. Find the partial derivatives of f on all of R2.
3. Study the differentiability of f on R?, and calculate its differential (if it exists).

Solution. 1. The function f(z,y) is continuous on R?\ {(0,0)} because f is product of two
continuous functions.

Next, we say that f is continuous function ath the origin if ( l)irr%O 0 f(z,y) = £(0,0) = 0.
m7y % k)

To this end, by using the polar cordinate, we can obtain

lim  zyln(z?+v?) = limr?cosfsinfIn(r?(cos®H + sin’ 0
(z,9)—(0,0) Y ( Y ) o ( ( )>

= limr? ln(rz) sin 6 cos 6.
rv—>90

Note that
0 < |r? 1n(7‘2) sin @ cos 6] < |r? ln(r2)|, (since |sinfcosf| < 1).

By passing to the limit as r goes to 0, we find
0

0 < lim [r*In(r?) sin 6 cos 6| SW
r—0

Thus, by squeez principle it yields: h_I)I(l) r? ln(rQ) sin# cos @ = 0. Therefore, we have

lim ayln(2? +y®) = £(0,0) =0,

(z,9)—(0,0)
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which means that f is continuous function at the origin. Consequentley, ir results that f is
continuous on all of R2.

2. Firstly, the function f is well-defined for all (z,y) # (0,0), so f admits partial derivatives
with respect of x and y. Therefore, we have

of 2 2 2x2y

%(x,y) :yln<x + vy ) + m>
and of o
_ 2 2 ry

a—y(:r;,y) = xln(a: +y ) + e

Next, the partial derivative of f with respect to x at the origin is given by

Of (o o v F(h,0) —_fLo-67"
o500 = im n Aty

and similarly, the partial derivative of f with respect to y at the origin is

a? 07 (Jf,y) - )
and ,
g(l’ y) _ xln(:(:2 + y2) + fiﬁly27 (I’,y) 7& (07 0)7
0y~ 0, (z,y) = (0,0).
3. Note that the partial derivatives % and % are continuous functions on R?\ {(0,0)},
which implies that f differentiable on R? \ {(0,0)}, and hence, we have
af of
depf(h k) = —(z,y)h+ =—(z,9)k
() (B, k) oyl + 5@ y)
2%y 21
_ 2, 2 2, 2
= e o)+ s e (e ) -

To investigate the differentiability of f at the point (0,0), we wil study bthe following limit:

0
09 0 5
L Jlry) - S0t SR Sty ()
(z,y)—(0,0) Va2 +y? (2,9)—(0,0) /22 4 32

1 2 2

(z.y)—(0,0)  x?+y?

By using polar coordinates, we obtain

i zyIn(x?® + y?) Y r? cos 6 sin 0 In(r?)
im ="’ = lim
(@y)—=(00)  a* +y? v \/7“2(0052 0 + sin* )
= lim2cosfsind-rinr
r—0
Vo
= O7



which follows from 0 < |2cos@sinf - rlnr| < 2|rlnr| and lim7In7 = 0. Therefore, the
function f is differentiable at the origin, and thus

of
Ox

(0, O)h+g(0 0) = 0.

d,0)f(h, k) = Dy

Exercise 4.6. Consider f(x,y) defined by

z?(x—y)
w2+yg bl (x’ y) % (07 0)7
0, (z,y) = (0,0)

f(w,y)Z{

Discuss the continuity of f at origin.

Evaluate the partial derivatives of f on all of R2.

Study the continuity of the partial derivatives at origin.
FEvaluate the directional derivative of f at the point (0,0).
Is f differentiable at the point (0,0).

SR e

1. We have

2*(x — y)
lim x lim ————~.
(2,4)-(0,0) fla) = (29)=(0.0) 22 + y?
Note that
?(x—y)| 2?4 y?
S 2 | S e | = yl.
e+ y T4 +y
By passing to the limit as (x,y) approaches (0,0), we find

2(x — 0
0<  lim M < lim =Y.
(zy)—(0,0) | °+y (z 0)
. . r?(x —y) .
Thus, it follows from squeezprinciple that: lim ———* = 0, which means that

(zy)—(0,0 22+ y>?
( l)lm0 ) f(z,y) = f(0,0) = 0, and hence f is continuous function at the point (0, 0).
x, —)

2. For all point (z,y) # (0,0), we have

g(x ) = x(2® + 3zy — 2y3)
og Y T (22 4 y2)? ’
and
g( )_2x2(y—:p)_ x?
oy T @R T By

Next, the partial derivative of f with respect to x at (0,0) is given by

?(h=0)
Of 0.0y — piy {0 — 2O Tk
S A T
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Similarly, the partial derivative of f with respect to y at (0,0) can be obtained as follows

- 0 02-(0—h)
g(o 0) — lim f(07 h) W : 02+h% _ 1. 9

oy’ h—0 h h—0 h h—0 h

Therfore, we can obtain

xX 1'3 XYy — 3
Of (o) = s (x,y) #(0,0),
N 1, (z,y) = (0,0),

and

af( y) _ %zzfy;g)cg - x2$+2y27 (l’, y) 7é (07 0)7
Ay 0, (x,y) = (0,0).

3. First, in order to study the continuity of %(x,y) at (0,0), we need to evaluate the
following limit:

, of . z(2? + 3wy — 2y3)
lim —(z,y)= lim
(z,9)—(0,0) Oz (2,y)—(0,0) (22 + )2
Therefore, by approaching the limit along the x-axis, we find
of of
= = lim —(¢,0
oS 32 Y T a0
t4
= lim— =1.
t—0 t4

On the other hand, by approaching the limit this time along the y-axis, we obtain

) of of
(x,yl)liz%o,ﬂ) %(l‘, y) - lg% ox (O t)
= lim 9 =0.
t—0 t4

Obviously (1 #0), then % does not admit a limit at (0,0), and hence, af is not continuous
at (0,0).

In the same manne as before, to investigate the continuity of at the origin, we will firstly
evaluate the following limit:

22%(y — ) 7
($2 + y2)2 3:2 + y2
We can observe that along the the line y = =, we have

o of L of
oo oy Y = B gy Y
0 tw 1

fing {(2152)2 TR T Ty
Next, if we approach the limit along y-axis, it yields

g(:v,y) =

lim = lim
(z,y)—(0,0) Ay (z,y)—(0,0)

_ Y

. [0 0
- %l—m{t‘l_t?} =0

7

lim —
(z,5)—(0,0) Y



Note that the two limits do not concide. This implies that % does not have a limit at (0, 0).
Therefore, %5 is not continuous at the origin.

4. The directional derivative of f at the point (0,0) in the direction of v = (hq, hy) is given
by

0
D,f(0,0) = ]imf(t+h1,t+h2) — flo:-0)

t—0 t
213 (t(hy — he))

im
=0 t(t2h? + t2h3)
hi(hi — ho)

Ry
Note that, if v = (1,0), then D f(0,0) = %(0,0) = 1; and if v = (0,1), we have
Do) f(0,0) = §£(0,0) = 0.
5. To check the differentiability of f, we need to show that

lim =0.
(z,1)—(0,0) Va?+y?
e2(@—y)
22442
22442
Therefore, we have
1?2 xTr—
A e L ay(z+y)

lim —F———= 1 —_
(z,9)—=(0,0) /x? + y? (2.9)=0.0) (22 + y2>g
We can see easily that the limit along the path y = x is given by

) ry(r +y) ot 1
lim 2% =1lim— = —.
@n)=00) (72 4 ¢2)3 =023 2

This means that f is not differentiable at the point (0, 0).

In this exercise, we have seen that f is continuous at (0,0) and all directional derivativesof
f at (0,0) exist, but f is not differentiable at (0, 0).

Exercise 4.7. Let f : R?> = R given by

s (wy) £ 0,0),
few _{ 0, (z,y) = (0,0)

1. Evaluate the partial derivatives of f at the origin.
2. Is f differentiable at the point (0,0) ?
3. Is f of class C' function at (0,0) ?
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Exercise 4.8. 1. Show that the equation
Inz+es =1

defined in the neighborhood of the point (1,0) can be expressed as an implicit function
y = () such that ¢(1) = 0.

2. Write the equation of the tangent to the curve y = (x) at 1.

Solution. Notice that the function: f(z,y) = Inz+e* — 1 is defined on D; = R, \ {0} x R.
Then, f is of class C'(Dy) function. Therefore, for any (x,y) € Dy, we have

of B e

T

Therefore, we have g—g(l, 0) =1+#0and f(1,0) = 0. Hence, by implicit function Theorem,
there exists an open interval I containing 1 and a unique function ¢ : I — R of class C*([)
such that ¢(0) =1 and f(z, ¢(x)) = 0.

2. The derivative of ¢ with respect to x is given by

ﬂ(‘1'73/) o)
Sﬁl(x):_gj(x ) =e =z .
(w,y

So (1) = —1. Hence, the equation of the tangent to the curve y = ¢(x) at x = 1 is given as

y = lTH - 1)

= 11—z

Exercise 4.9. Consider the function f : R3 — R given by
f(z,y,2) = 2° + zyz + v* + 3w2* — 2
1. Show that the equation f(z,y,z) = 0 is defined in the neighborhood of the point (1, —1)

is an implicit function z = p(z,y) such that p(1,—1) = 1.
2. Give the equation of the plane tangent to the surfuce z = p(x,y) at the poin (1,1).

Solution. 1. The function f is of class C'(R?). Therefore, we have

0
—f(x, y,z) = zy + 1222°,

0z

Hence, it follows %(1,—1,1) = 0, and f(1,—1,1) = 0. Then, by the implicit function
Theorem, there is an opn set U of R? containing (1,—1) and a unique function ¢(z,y) :
U — R of class C! such that ¢(1,—1) =1 and f(x,y, p(z,y)) = 0.
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2. The equation of the tangent plane pf the surface z = p(z,y) at the point (1, —1) is given
as

B dp dp
= pl=1)+ L) = 1)+ LD+ )
Observe that:
a ﬂ x’ y? Z
Wolry) = im0
X &(‘(Ea Y, Z)

5t + yo(x,y) + 3¢ (x, y)
xy + 12¢3(z, y)

Thus, it follows that: 92(1, —1) = —L. Furthermore, we have
% 0 ) — g(ry.2)
dy L(x,y,2)
zp(z,y) + 3y°
zy + 12¢%(2,y)
Hence, we have g—@(l, -1) = —%. Therefore, we find
Y
_ _4
19 Yo .
¢ = Q=T oA (@ - 1) + 5oy + )
_ 4w 4
TR TR T

Exercise 4.10. 1. Show that the equation
ot dzy 4+ 22— 3yz2 —3=0.

allows to express z as a function of p(x,y) in the neighborhood of (1,1,1).
2. Evaluate %2(1,1) and g—i(l, 1).

Solution. Note that the function f(z,y,2) = 2* + 4ay + 2% — 3yz? — 3 is of class C! on R
Then, we have

0
8J2:(x, y,2) = 2z — 6yz,
and at the point (1,1), it follows that %(1,1,1) = —4 # 0. Since f(1,1,1) = 0 and

%(1, 1,1) # 0, the implicit function Theorem implies that there exist an open set U of R?
containing (1, 1), and a unique function ¢(z,y) : U — R of class C! such that ¢(1,1) =1
and f(x,y,¢(z,y)) = 0.
2. We have

D o (2,9, 2) 3% + 4y

2 Y = T T TR ey




Hence, we get

Op 7
—(1,1) = -.
Moreover, we have
D 5 (@, Y, 2) 4z — 3% (z,y)

Hence, we get
Op 1

Exercise 4.11. 1. Show that the equation:
cos(22 + y) + sin(z + y) + €Y = 2

defined in the neighborhood of the point 0 is an implicit function y = @(x) such that
»(0) = 3.
2. Show that the function @ has a local maximum at the point 0.

Exercise 4.12. Consider the following system of two equations:

22 4+ 2y + u? +0v? = 6,
223 +4y? +u+0v? =9,
1. Show that near the point zo = (1, —1,—1,2), (u,v) can be expressed as differentiable

function of (x,y).
2. Compute % and % at the point (1,—1).

Define f : R* — R to be f(x,y,u,v) = (fi(z,y,u,v), fo(z,y,u,v)), such that
filz,y,u,v) =2+ 22 +u* +0* =6, and fo(z,y,u,v) = 22 + 4> +u+0* - 9.

It is clear that f is of class C! on R*. Moreover, we have

2u 1
= det ( 1 2v>
Z0
Since f(1,—-1,-1,2) = 0 and D(,.)(1, —1,—1,2) # 0, by implicit function Theorem there ex-
ist an open set U of R? and a unique function p(z,y) : U — R2, p(z,y) = (¢1(z,y), p2(x,9)),
of class C' such that ¢(1,—1) = (—1,2) and f(z,y, p1(z,y), p2(z,y)) = 0.

2. In order to find %, and g—;, we will differentiate both sides of each equation with respect
to x, then we obtain

of Of
D(u,v)f(xa:%uav) = det <5’}‘2 5?}2) = —97&0
ou ov

zo

2z + +2udt + 205 =0,
622 4 9% 4 20%Y =0
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Therefore, by applying Cramer’s method, we can find

—2r 1
ou ‘—6:52 2v| 622 — 4av
dr  |2u 1 duv —1 7
1 2v

and hence, we have %(17 -1)= %. Similarly, it follows

2u —2x
v 1 —62% 2z —122%u
Or  |2u 1 dyv —1 7
1 2v

and hence, we have §%(1,—1) =

Exercise 4.13. Consider the system of equations:

{ Py Y =T,
Ty + TY2 + V1Yo = —2,

1. Demonstrate that near the point xo = (2, —1,0), we can write (y1,y2) as a continuously

differentiable function of x, p(z) = (p1(z ),cpg( ).
2. Calculate yy(z) and yh(x) at the point (2,—1,0).

Solution. Define f(x,y1,v2) = (fi(x,y1,¥2), fo(,y1,92)) such that
Az y,ye) =2 vyl +y5 =7, and  fo(x,y1, 42) = 2y + 22 + Y112 + 2.

Obviously, f is of class C* on R3. Therefore, it yields

gfl gfl 3y2 3y2
D(y Y )f(xaybyQ) det ( Y1 a‘%) — det < 1 5 ) .
- 8y2 Oy2 T+Y2 T+ Y

Thus, we obtain

3 0
D(yl,y2)f(2a_170) = det (2 1) =3 7§ 0.

Observe that f(2,—1,0) = 0 and Dy, 4,)f(2,—1,0) # 0, then implicite function Theorem
implies that there exist an open neighbourhood I C R and continuously differentiable func-
tion o : I — R?, ¢(z) = (p1(x), p2(x)) such that p(—1,0) =2 and f(x, p1(x), p2(x)) = 0.

2. By differentiating both sides of each equation with respect to x, we get

322 4 3y?dL 4+ 3y3de —
(2 +y2) 9 + (2 +y1) %2 + yy + 42 = 0.
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By employing the Cramer rule, we can get

—3x? 3y3
dyg |-y sty =2 =Pyt v
dx 3y; 3Yo (z+y)yi — (x+1)y5
rT+Ys T+ Y1

Thus, ¥}(2) = —%. Similarly, by using the Cramer rule again, we find

3y? — 322
dy, [T +ya Y1 — Y| z® + 2%y — iy + U}
dx 37 3y (x +y)yi — (v +y2)y3
Tty T+ Y1

and hence, we have y5(2) = 3

Exercise 4.14. Verify that the system of equations:

322 + 2y? — 3xy + 4uv = 6,
y?+v? —av+yu=0

can be expressed as function of (u,v) (i.e., x = v1(u,v) and y = @s(u,v)) near the point

(1,1,1,1), and compute
0*x
—(1,1,1,1).
8u8v( L1 1)

Exercise 4.15. Given that f(x,y,z) = 0, where f has continuous non-zero first-order

partial derivatives in R3.
Show that
Ox Oy 0z

S Scaet

Oy 0z0xr
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Chapter 6

Extrema

1 Local extrema

Definition 1.1. Let f: D CR" — R, for D open. We say

(1) f has a local minimum at xo € D if there exists a neighborhood U(xy) C D such that
f(x) = f(x0), for every z € U,

(ii) f has a local mazimum at xo € D if there exists a neighborhood U(xy) C D such that
f(z) < f(xo), for every x € U.

Remark 1.2. (i) Minimal and mazximal value are also called extremum value.
(ii) IfU = D, then the local minimum (maximum) of f is global.
Moreover, we have the following important result when f is C! function.

Theorem 1.3 (Necessary condition for a local exremum). Let f : D CR" — R, for D open,
be a C' function. If f has a local extremum at xo € D, then V f(xy) = Ogn.

Definition 1.4. Let f: D C R" — R, where D is open. We say that interior point xqg € D
18 a critical point of f if either

(i) Vf(zo) = Ogn, or

(i) Vf(zo) is undefined (i.e., the gradient does not exist at x).

Example 1.5. Find the critical point of the function

f(z,y) = 22° — 32y — 122 — 3y%.

To find the critical point of the function f : R? — R, we need to solve Vf(z,y) = Oge.

Therefore, we have
r(x —y—4x 0
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Thus, we have the following system
x(r—y—4)=0,
22 42y = 0.

So, when z = 0 we find that y = 0 from the second equation of system (1). Next, when
x —1y —4 =0, then we deal with the following system

r—y—4=0,

22+ 2y = 0,
By substituting x = y + 4z in the second equation of system (1), we find 2% + 2x — 8 = 0,
and hence x = 2 or x = —4 which implies that y = —2 or y = —8. Therefore, f has three

critical points,
0,0), (2,-2), (—4,-38).

Definition 1.6. Let f : D CR"™ — R, for D open. A saddle point of f is a critical point at
which the function f does not achieve a local extremum value.

Theorem 1.7. Let f : D C R? = R, for D open, be C? function. Let xo be a critical point
of f. Let P(\) be the characteristic polynomial of the Hessian matriz of f at the point xy.
Let \;, i = 1,2 the roots of Py(\). Then, we have

(i) If the roots are strictly positives, \; > 0, then f has a local minimum at xq.
(ii) If the roots are strictly negatives, A\; < 0, then f has a local mazximum at xg.

(iii) If the roots do not vanish but have different signs, then f has neigher a local minimum
nor a local maximum at xoy (Here, we say that xo is saddle point).

(iv) If at least one of the roots vanishes, then f may have a local minimum, a local maxi-
mum, or none of the above (the second-derivative test is inconclusive).

Example 1.8. Find all critical points of the function

1
flz,y) = gwg +ay® — 2 — y*

and determine whether f has a local minimum, mazimum, or saddle at them.

Note that f is a polynomial, and hence f € C!(R?) (i.e., its partial derivatives are continuous
on R%. Therefore, to find the critical points of f, we will solve the following system

a(ry) =2 +y* - 22 =0,
Vizy) =0 <+ {gf

(6.1)
5y (@,y) =22y — 2y = 0.

Therefore, the system (6.1) is equivalent to
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{x2+y2—2x:0, {x2—|—y2—2x:0,
or

r =1, y=0.

We can easily observe that the solutions of the first system are {(1,1),(1,—1)}, and the
solutions of the second system are {(0,0), (2,0)}. Hence, f has four critical points.

Next, the second-derivative test can be applied because f € C*(R?) (i.e., the second partial
derivatives of f are continuous on R?). That is

’f
0x?

0% f

of
a2 b Geay

0x 0y
)

0
(z,y) = 8y£x (z,y) = 2y.

(x,y) =2x — 2, (r,y) =2x—2, an

e Critical points (1,41). The Hessian matrix of f at (1,+£1) is given by

Hoo f(1, £1) 2L+l (1, £1) (0 2)
ess ) - o o2 - .
gz (LD (1, 1) 2 0

Then, the characteristic equation of H.sf(1,+1) reads

Py(\) = det (_QA _2A> =X\ —4=0

Ths roots of Py(\) = 2 are A\; = —2 and Ay = 2, they do not vanish and have opposite signs.
Therefore, (1,+£1) are saddle points.

e Crtical point (2,0). The Hessian matrix of f at the point (2,0) reads

212,00 2(2,0 2 0
Hessf(0>2) = < %93” ((2’0)) 882{?((2’0))> - (0 2) '

Oyox dy?

Next, the characteristic equation of Hes,f(2,0) is given by

Pg(/\):det<26)\ 29)\>:(2—/\)2:0.

Hence, the characteristic equation P»(\) has one positive root of multiplicity 2, A\ = Ay = 2.
Therefore, the function f has a local minimum at the point (2, 0).

e Critical point (0,0). The Hessian matrix of f at this point reads

_( 5H0.0) 550,00\ _ (-2 0
Hessf(oao) - <%f (0’0) 682(3” (070)> o ( 0 —2) '

Oyox y?

Then, the characteristic equation of Hf(0,0) can be expressed as

Py() = det (_20_ M A) —(—2- )2 =0.

Thus, the equation P,(A) = 0 has has one positive root of multiplicity 2, A\; = Ay = —2.
Hence, f has a local maximum at the critical point (0, 0).
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Corollary 1.9. Let f be satusfy the hypotheses of Theorem 1.7. Denote D = ab — ¢, where

0% f 0% f o*f
and c¢=

= @(%)7 b= aTJQ(xO)a axay@‘))

Then, we have
(i) f D >0 and a > 0, then f has a local minimum at x,
(ii) If D > 0 and a < 0, then f has a local maximum at o,
(iii) If D < 0, then z; is saddle point of f,

) If

= 0, then the second derivatives test does not give any information about the
nature of the critical point x;.

(iv

Example 1.10. Consider f defined by

flzy) = (2" +3y°) (2 — 2® — o).

1. Find all the critical points of f.
2. Identify the nature of the critical points provided.

1. Note that f € C'. Therefore, to find the critical points of f we need to find where
Vf(z,y) = 0. Therefore, we have

ﬂ(a: y)=4z(1—2*—-2y*) =0
Vi(z,y) =0 <= ’ ’ (6.2)
gi (z,y) = 4y(3 — 22% — 3y*) =0.
This system can generate four different scenarios as follows:
exr=0andy=0.
ez =0 and 3 — 222 — 3y? = 0. In this case, by substituting x = 0 in the second equation
we find y = -1y = —1.
ey =0and1—2%—2y% If we plug y = 0 into the second equation, we obtain z = —1 or
r =1
e 22 +2y? = 1 and 222+ 3y* = 3. It follows from the first and second equations that y* = —1,
which is impossible in R2.
As result, f has five critical points: (0,0), (—1,0), (1,0); (—1,0), (1,0).

Next, since f € C%(R?), we can apply the second-derivative test. Therefore, we have

2 f

o/ (2.1)
Oxdy "’ 4

Oa?

0
(z,y) =4 — 12? — 8y, a"];(x,y) =12 — 82 — 36y%, and = —16xy.
Y

e The critical point (0,0). We have

of
Oy?

f
a=-5(0.0)=4>0, b=

0*f

=12
9,200 =12 =55

——(0,0)=0, = D=48>0.
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Since D =48 > 0 and @ =4 > 0, f has a local minimum at the critical point (0, 0).

e The critical points (0,£1). Here, we have D = 96 > 0 and a = —4 < 0. Then, f has a
local maximum at the points (0, £1).

e The critical points (£1,0). In this case, we have D = —24 < 0. Hence, the critical points
(+1,0) are saddle points of f.

Exercise 1.11. Given
f(z,y) =2° — 3zy® — 3z + 1.

Identify the nature of the critical points of f.

The critical points of the function f are given by the following system of two equation:
3r2 +3y*—-3=0,
6zy = 0.

From the second equation, it yields that x = 0 or y = 0. If z = 0, further, it follows from the
first equation that y = +1. On the other hand, if y = 0, it follows that x = 41 Therefore,
f has four critical points: (—1,0), (1,0), (0,—1), (0,1).

Next, we move to apply the second-derivative test. First, we have

Vizy) =0 <= {

92 92 2 2
Ff f o°f _ 07 _
e The critical point (—1,0). Ath this point, we have
0 f of 0 f
a= 8x2( 1,0)=-6<0, b= 0y +5(=1,0) = =6, C—iaxay(—l,O)—O, — D=236>0.

Since D =36 > 0 and a = —6 < 0, at this point f has a local maximum.
e The critical point (1,0). Ath this point, we have

*f of >’f
1 p—
=550 =6>0 b= S

Since D = 36 > 0 and a = 6 > 0, at this point f has a local minimum.

,0) =6, (1,0)=0, => D=36>0.

e The critical point (0,—1). Here, it follows that
_O*f of o?
0,—1 0 =
] 02 D=0 =55
Since D = —36 < 0, (0, —1) is a saddle point of f.

9 0,-1)=0, b=

(0,-1)=—-6, = D=-36<0.

e The critical point (0,1). Here, it follows that

o of 2
== 5 (0,1) =0, ¢ &E@y(o’ ) =6, = 36 < 0

Since D = —36 < 0, at this critical point f has a saddle point.

9 0,1)=0, b=
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2 Absolute extrema

Definition 2.1. Let f: D C R" — R. We say
(i) f has a an absolue (global) minimum at the point x € D, if f(x) > f(xo), for allz € D,

(ii) f has a an absolue (global) maximum at the point x € D, if f(x) < f(xy), for all
x €D.

Theorem 2.2. Let f be a continuous function in a closed and bounded set D. Then,
(i) f has a mazimum and a minimum in D.

(ii) The absolute extrema must occur at critical points inside D or at boundary points of
D.

Example 2.3. Find the absolute extrema of f(x,y) = 22*+y—3zy in the region bounded
by the lines: y=z+1, y=ox—1,y=1—x andy = -1 —x.

1. Find the critical points of f in D.
In order to determine the critical point of f we need to solve the following system :

dxr — 3y =0,

Vi(@,y) =0 <= {1—335:0.

It follows that f has a unique critical point (%, %). Obviously, it is inside the region D.

2. Analyzing the boundary of D.

The vertices of the region D are (1,0), (0,1), (—1,0) and (0, —1). Thus, they can be con-
sidered as possible maxima or minima. Furthermore, one has to consider also the constraint
extrema of f at each line.

For the first line y = 1 — z, it follows that:

g(x) = f(x,1 —z) = 52> — 4o + 1.

%, and hence, y = 1 —x = g That is,
the point (%, %)) is a point to be considered as a possible extrema. For the other lines, by a
similar reasoning, we can determine the other points to be considered as a possible extrema

as follows: (—1,0) , (2,1), (—%, %)

3. Choose the maximum and minimum values.
Now, we compare the value of the function at each point obtained as follows:

(a.0) GO0 =L0) [0, (L[

fla,b) | 2 1 2 2 1 3

Therefore, ¢'(z) = 10z — 4 = 0 implies that = =

=
SN

5

Then, the absolute (global) maximum of f(z,y) is 3 and occurs at the point (2,1), and the

absolute (global) minimum of f(x,y) is —% and occurs at the point (—%, —%).
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3 Lagrange multiplier

The Lagrange multiplier method is a technique used to find the extrema of a function f :
D C R" — R subject to a constraint of the form g(z) = 0. If we consider functions f two
variables, we can explain the geometric interpretation of the Lagrange multiplier method as
follows: determining the extrema of f(x,y) subject to a constraint g(z,y) = 0, it means
finding the extrema of f(z,y) when the points (z,y) restricted to lie on the level curve

g(r,y) =0.

Theorem 3.1 (Critical point subject to a constraint). Suppose that f: D C R* — R has
a local extremum at the point xq in the set defined by A = {x € D : g(x) = 0}. Moreover,
suppose that g has continuous partial derivatives on a neighborhood of xo and Vg(xy) # 0.
If f is differentiable at the point xq, then there exists a number X € R such that

Vf(xo) = AVg(w).

The number X\ is called a Lagrange multiplier.

Example 3.2. Find the extrema of f(z,y) = x +1vy subject to the constraint x> +y> = 1.

The lagrangian function associate with this problem is given by

L(z,y,A) = f(z,y) + Ag(z,y)
= z+y+ A2+ -1).

Next, we move to solve VL(z,y,\) = 0. That is :

1+2\z =0,
VL(z,y,A\) =0 <= 142 \y =0,
2?2 42 = 1.
From the first and second equations, we find z = —ﬁ and y = i, respectively. Then, by

substituting them into the third equation, we obtain A = i\}i' Hence, we get the solution

(x,y) = (\g, \Zf) and (—?,—?).
Notice that the constraint is a closed and bounded curve, and hence, we can only consider
the points in the curve 22 +y? = 1. Therefore, we can evaluate the value of f at these points
to determine the extrema values of f subject to the constraint g(x,y) = 0. Son, we have
f (\f \f) = 21/2, and f( f \[) —2v/2. Thus, f attaints its minimum on z?+y? = 1

22
at the point (—L —%) and f has a maximum on z? + y? = 1 at the point (—i, —%)

4 Exercises
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Exercise 4.1. Determine and classify the critical points of each of the following func-
tions:

(a) flz,y) =2 +y*+ay+az—y+1,
(b) flz,y) = (22 + )™ V",
()
(d)
)
)

Solutions. (a) The critical points of the fucntion f(z,y) = 2% +y* + 2y + * — y + 1 occur
when Vf(z,y) =0, (i.e., Z(z,y) = 0 and af(x y) = 0). That is

2r+y+1=0,
20+ —1=0.
Therefore, by elimination we find that 2(1 — 2y) + (y + 1) = 0, and hence, we obtain y = 1
and then x = —1. Thus, f has only one critical point (—1, 1).
Next, we have
O f
0z?

02 f
82

0*f
0xdy

“L-1,1) =2, Zi(-1,1)=2, and (-1,1) = 1.

Thus, we get D =ab—c? =4—1=3 > 0. Since a > 0 and D > 0, via the second-derivative
test f has a local minimum at the critical point (—1,1).

(b) To determine the critical points of f(z,y) = (2% + y*)e*" ", one needs to solve the
following system equations:

{ 8 (2,y) = 20(a® + y> + D)e”* ¥ =0,
2

Then, it can be observed that f has three crtical points (0,0), (0,—1) and (0, 1). Next, via
the second-derivative test, we determine the nature of this critical point as follows:

e For the critical point (0,0): We have

_O*f

2 2
—(z,y)]  =[(a®+2)(2* +y°) + 82> +2]e” ¥ =2,
- Ox (0,0) (0,0)
and
82f 2 2 2 2 x2—y?
b:—aZ(a:,y) :[(4y —2)(z* +y*) — 8y +2]e = 2.
y (0,0) (0,0)
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Moreover, we have

02 f

c= app @ V)| = el 1 =0

(0,0) (0,0)

Therefore, D = ab — ¢ = 4 > 0. Notice that @ > 0 and D > 0, then f has a local minimum

at the point (0,0).

e For the critical points (0, £1): We have
_O*f 4 _O*f

4
a= w(o,il) = E’ b= TyQ(O,ﬂ:l) = —g, andc =

0 f
oxdy

(0,£1) = 0.

Thus, it results D = —g < 0. Then, (0,41) is saddle point.

(c) First, we detremine the critical points of f(x,y,z) = 2zy* — 4xy + 2% + 2*> — 2z. The
equation V f(z,y, z) = 0 gives

%(Jc,y, z) =2y* — 4y + 2z = 0,
g—;(x,y, z) =4dxy — 4x =0,
%(z,y,z) =4z—-2=0.

From the third equation, it yields z = 1. Next, from the second eqution, we have z = 0 or
y = 1. So, by bluging x = 0 into the first equation we find y =0 or y = 2, and if y = 1, it
yields that x = 1. Thus, we get three critical points: (0,0,1), (0,2,1) and (1,1, 1).

Nox, we move to classify the critical points. To this end, we find and evaluate the Hessian
matrix of f at each critical point. Therefore, we have

9?2 9?2 0?
Shwy,2) g(y,2) Fh(ey,2) 2 dy—y O
2 2 2

Hesof (2,y,2) = | ak(zy,2) Ghwy,2) $L(ry2) | = -y 4z 0
0?2 0?2 9?2
2Ly ) By LAy 2) 00 2

Here we go:

e The critical point (0,0, 1): The Hessian matrix at this point is given as

2 —4 0
H..f(0,0,1)=( -4 0 0
0 0 2

Then, the characteristic equation of Hesf(0,0,1) is expressed by

2-A -4 0
P(A)=det| —4 -\ 0
0 0 2-2A

So, P(\) = (2 — A)(A\? — 2\ — 16). Thus, it yields \; = 2, Ay = 1 — /17 and A3 = 1 + /17.
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e The critical point (0,2,1): The Hessian matrix at (0,2, 1) is given as:

0
0.
2

Then, the characteristic equation of H.sf(0,0,1) is expressed by

O = DN
S O =

Hessf(07 07 1) = <

2-X 4 0
P\ =det| 4 -\ 0
0 0 2-2A

Similarly, we have P(\) = (2 — A)(A\?> — 2\ — 16), and hence, \; = 2, A\, = 1 — /17 and
A3 =1+ /1T.

e The critical point (0,1,1): The Hessian matrix at (0,2, 1) is given as:

2
Hessf(oa 07 1) = 0
0

O = O

0
0
2
Then, the characteristic equation of H.sf(0,0,1) is expressed by
2—X 0 0
P(X\) = det 0 4-X O
0 0 2-2A

Therefore, P(\) = (2 — X\)?(4 — A). Then, it yields A\; o = 2, A3 = 4.
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Chapter 7

Multiple Integrals

1 Double integral

Let f(x,y) be a continous function defined over the rectange

R = [a,b] X [¢,d]
= {(z.y) eR? : a<az<bh c<y<d}.

Let P be the partition of the rectange R into subrectangles R; ;, ¢ =1,--- ,n, j =1,--- ,m,
where
Rij =i ziva] X [y, 951], i=1,- n, =1 m,

such that

r; =a+ 1Az andy; = c+ jAy,
with

Ax = b-a and Ay = d_c,

n m

so that there are n x m partitions of the rectangle R.
Assumsing f(x,y) > 0. Then, the graph of f(x,y) is curved above the the rectange R, and
at the point (x,y) the highest of the surface is given by z = f(x,y). Now, over each partition
R;;, we constarct a cube whose height is given by z = f(z};,y;;) and base AA = AzAy,
where

{(l’;}ay:]) € Ri,j71 <i<n,1<j< m}
is the collection of sample points. Therefore, the volume of each cube is given by: f(z7, y;)AA,
and hence, the volume under the graph of f(z,y) is then approximately

n m

VeSS fal g AA,

i=1j=1

Now, by taking limit as Az — 0 and Ay — 0. The height z = f(z,y) is nearly constant
over each rectangle. Then, the sum approaches a limit, which depends only on the base R
and the surface above it. The limit is the volume of the solid, and it is the double integral
of f(z,y) over the rectange R, and hence we write

/ /R Flz,y)AA = ﬁljcngZZf(ﬂff,yj)AA.

y—01=17=1
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Figure 7.1: Partition of the ractange R

The double integrale / / f(x,y)AA can be expressed as follows
R

//Rf(x,y)da:dy, or //Rf(x,y)dydx_

Properties of Double Integrals:

0 [y +a@psa= [[ fanai+ [[ gepaa,
(ii) //Rozf(x,y)AA:a//Rf(x,y)AA, a € R,

(i) If f(z,) > g(z,y) for all (z,y) € D, then [[ f(z,)AA > [[ gz, y)Aa
R R
Theorem 1.1 (Fubini’s Theorem). If f is continuous function on the rectangle
R:{(x,y)ER2 ca<z <y, cgygd}

then, we have

//Rf(x,y)AA: /ab/Cdf(I,y)dydx = /Cd/abf(m,y)dxdy.

Example 1.2. Evaluate the double integral

//R(x —3y*)AA,

where R =[0,2] x [1,2].
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By Fubini’s Theorem, we have

/L@—&ﬁAA :u[Aﬂx—@%@m:
- .Af(xy——yg)jdx
=[-8 -1l
- Aix—7mx

2 2
- (5

= —12.

0

o If f can be expressed as f(z,y) = fi(z)f2(y), and we are integrating over the rectangle
R={(z,y) eR? : a <x<b, c<y<d}, then, we have

//Rf(x7y)AA = //Rfl(l”)fa(y)AA

_ (/b fl(m)dx> (/d fz(y)dy) :

2 Double integrals over general regions

Double integrals over non-rectangular regions have the same meaning as double integrals
over rectangles. Given a function f(z,y) and a region D in the zy-plane, the double integral

/ / f(z,y)AA gives the volume of the solid that is bounded by the graph of the function f
D

and the region D. Fubini’s Theorem still applies, which means that we can compute these
integrals using iterated integrals.

Theorem 2.1 (Fubini’s Theorem (Strong Form)). Suppose that f is continuous function on
a Tegion
D={(z,9) ER* : a<z <y, p1(z) <y < pa()} .

I renaa= [ sepdsas= [ [ e

Similarly, we have

Then, we have

Theorem 2.2 (Fubini’s Theorem (Strong Form)). Suppose that f is continuous function on
a region

D={(z,y) €R? : c<y<d, (y) <a<(y)}.

I fwaa= [ sty = ][ p(egas
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Example 2.3. FEvaluate the double integral // z2e™AA, where
D

1
D:{(m,y)€R2 c0< 2 <2, 2x§y§1}.

Observe that D = {(x,y) ER? : 0<2 <2, %a: <y< 1}. Then, we have

27 /1
// r?eWAA = / / 2™ dy
D 0 %ac

_ /O " e B

= /02 {xe‘” —xé} dx

1.2
= {xex—e”—eﬁ]

dx

y=1

2

0
= 2

Example 2.4. Fvaluate the double integral: // 7AA, with
1+ 22+ y?

mathst:{(m,y)ER2 0<z <1, \/1—I2§y§1}.

We have:

//Dl+:c2+y At = /ol{
|

1y y=1
= / —1n(2+$2)——1n(2)} dx
0o L2 y Viez2
Ly
= )y gl +2)
1 In(2)
= Z[(x +2)1n(m +2)—x —1] 0— 1
3.3 1
= —ln-——.
4 2 4

3 Change the order of the integration

e If the limits of integration in a double integral are constants (i.e., integrating over a
rectangle R = [a,b] X [¢,d]), then the order of integration can be changed, provided the
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relevant limits are taken for the concerned variables. That is

/ab /Cdf(x, y)dydx = /Cd /abf(:c, y)dxdy.

e When the limits for inner integration are functions (i.e., integrating over general region
D), the change in the order of integration will result in changes in the limits of integration.

That is
b rea(z) d ria(y)
// f(w,y)dydxz// f(x,y)dzdy.
a Jo1(x) c JYi(y)

Example 3.1. Change the order of the integration and evaluate the following double

integral:
/ / (x + y)dzdy.

By changing the order of integration, the region

D={(r,y) eR* : 0<y<3, 1<r</4—y}

becomes
D={(r,y) eR* : 1<2<2 0<y<4-—2°}

Therefore, we obtain

4—x2
// :E—i—ydxdy—// (x + y)dydx

Then,
2 pd—z? 2 [ pd—2?
/ / (x 4+ y)dydx = / / (x +y)dy| dz
1 Jo 1 Jo
2T 27 |y=4—=2
= / Ty + v dz
0 | 2] ,=

-
= / x—x3—4x2+4x+8}dx

0o |2
5 .4 r=2
= %Z—m3+2x2+8x}
=1
B 241
= 5

4 Volumes and area using double integral

Example 4.1. Find the volume of the solid bounded by the planes x =0, y =0, 2 =0,
and 2z +y+ 2z = 6.
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The solide is a tetrahedom with the base on the xy-plane and the height z = 6 — 2z — 3y.
The base is teh region D bounded by x = 0, y = 0, and 2z + 6y = 6. Therefore, the region
D can be given as

2
D:{(:c,y)e]R2 : 0§x§3,0§y§2—3x}.

Then, the volume is

<
I
S—

31 p2— 2/3x
{/ —2r — Sy)dy} dz
0

y=2—2/3z

dx

3

Il
S—

{6y — 2wy — = 2}

y=0
3 2
g r — 3)%dx

I
(@)
D)

Example 4.2. Find the area between the parabola y = 4x — 2% and the line y = x.

Given, y = 4z — 22 and y = x. Then, we can get z(3 — x) = 0, which impliies that x = 0, 3.

Therefore, we have
3 43z —22
A = / { / dy) dx
0 T

y=4x—2?

3

= /y dx

= / Sx—x

B |:2 13} r=3
3 3 20

_ 9

2

5 Change of variable in double integral

In the following, we consider the change of variables in double integrals. Note that, for
multi-variable domains, the change of variable is a transformation. Typical examples con-
sist of changing the two-dimensional Cartesian coordinate into the polar coordinate and
changing the three-dimensional Cartesian coordinates into cylindrical or spherical coordi-
nates. Generally, a transformation 7" is a mapping from the uwv-plane into the zy-plane, say
(x,y) = T(u,v). T is called one-to-one if no two points have the same image. When T
is one-to-one, we write 7! for the inverse transformation of T that maps points from the
xy-plane into the uv-plane.
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Definition 5.1. The Jacobian of a transformation (x,y) = (g(u,v), h(u,v)) is given as

oz

or.y) _|ou 5| _0xdy Ovdy
o(u,v) % % C Oudv  Ovou

Theorem 5.2 (Change of variables in double integrals). Let (z,y) = T'(u,v) = (g(u,v), h(u,v))
be a continuously differentiable transformation of the plane that is one to one from a region
D’ in the uv-plane to a region D in the xy-plane. If the Jacobian of T is non-zero on D, then

we have:
[, e miate = [ ot it G2

e We use the notation dA(z,y) and dA(u,v) to denote the area element in the (x,y) and
(u,v) coordinates, respectively.

dA(u,v).

Example 5.3. Use the transformation given by x = 2u+ v and y = u + 2v to compute

the double integral // (x — 3y)dA, where D is the triangulare region with vertices (0,0),
D
(1,2) and (2,1).

First of all, notice that

! 340
12| '

Therefore, we have

//D(a: —3y)dA(z,y) = // [(2u + v) — 3(u + 20)] ’gE ;
= // —3(u + 5v)dA(u,v)

Next, we move to determine the region D’. From the transformation r = 2u + v and
Yy = u + 2v, we can get

1 1
:§(2m—y) and v:§(:v—2y).

Therefore, it follows:

1 1-u
// “3(u+5v)dA = / U —3(u + 5v)du
' o [Jo
1 v=u—1
= =3 <uv+5vz>
0 v=0

du
1 5 ,
= -3 u(l—u)+ =(1 —u)* ) du
0 2

1 u=1
= —3<2u2—3u3—2(1—u) )

= 3.

du

u=0
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Example 5.4. Evaluate the double integral // ei%rsz, where
D

D:{(m,y)€R2 c x>0,y >0, :U—i—ygl}.

Observe that evaluation the double integral without changing of variables seems probably
impossible. So, to deal with this double integral we need to consider the following change of
variables :

u=x—y and v=x+y.

It follows then
1 1
r=z(u,v) = i(u +v) and y=vy(u,v)= §<U —u).
Hence, we get a new region in uv-plane
D/:{(u,v)€R2 o —v <u<w, Ogvgl}.

Now, notice that

o (R B[4 4
et J(u,v) = %y p) W) |-1 L T2
Ou\™" ov\™ 2 2

Therefore, it yields the following
JeFaa = [ o),y v)det I(u, v) | dA
D !

D

1 v]_u
,;d

/_v2e u

- I

dv

Special case: Polar coordinate

The polar coordinate transformation is usually used to represent points in a two-dimensional
space. In polar coordinates, each point P = (z,y) in the plane is assigned a pair of coordi-
nates (r, 6),where r is the distance from the origin (0,0) to P, and @ is the angle between the
positive z-axis and the vector having initial point at the origin and terminal point P. In all
quadrants, the transformation from polar coordinates to standard (rectangular) coordinates
is given by

x=rcosf) and y=rsinf.
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We can also convert from rectangular coordinates to polar coordinates as

r=+/x?2+y?> and Qzarctan%,x;éO.

Now, observe that

oz oz '

9(z,y) or(r0) 55(r.0) cosf) —rsinf 2 .9
pu— p— — 9 6 _ .
or. ) %(T, 0) %(Ta 0) sinf reosf| T rsin r#0

Therefore, we have

J[ r@wdaewy = [[ f(x(r,e),y(r,e))‘g((f:g))‘m(r,e)

= /D/f(x(r, 0),y(r,0))rdrdod,

where D’ is the region in the polar coordinate plane corresponding to the region D.

Example 5.5. By passing to the polar coordinate, evaluate

J[[ = aa
D

where D is bounded by x = /4 — y* ans the y-awis.

Consider the transformation x = rcosf and y = rsin 6. Then, we have

cosf) —rsinf

_ =rcos’f +rsin?f =r #£0.
sinf  rcosf

Therefore, it follows that

//D eV dA(z,y) = ///erzrdA(r, 0).

Let us determine the region D’. Since z = /4 — y?, then, 0 < r < 2. Moreover, it yields
that —5 <60 < 7. Then, we get

/// ¢ rdA(r,0) = /02 /_’2' re”"dOdr




6 Triple integral

Similar to the way that we defined the double integrals for functions of two variables, we can
also define triple integrals for functions of three variables.

Let f be a continuous function defined on a rectangular cube

B = [a,b] x [¢,d] x [s, 1]
{(z,y,2) ER® : a<2<b c<y<d, s<z<th

We devid the rectangular cube B into sub-cubes
Bijx = [Ts, 1] X [Yj, Yjr1] X [2k, 2e1),
foralli=1,---,n,j=1,--- ,m,and k=1,---,p, such that
r;, =a+1Ax, y; =c+jAy, and =z, =s+kAz,

with

Ax:b_a, Ayzg, and Az:t_s.
n m P

Let AV = AxAyAz, and let (], Y5, 25;;) denote a sample point in each region Bjj. If

the following limite

m P
Ayﬁoz 1j=1k=
Az—0

exists, then the function f(x,y, z) is said to be Riemann integrable and the triple integral of
f over B is given by

m P
// f T, Y,z dv - hm sum 122 Z]k?yz]k7 z]k)AV

Az—)()

Theorem 6.1. If f is continuous function on a rectangular cube B = [a,b] X [c,d] x [s, ],

then, we have o
//Bf(x,y,z)d‘/:/s /c /a f(z,y, z)dxdyd:z.

e [t means that we began integration w.r.t x, then w.r.t y, and then w.r.t z. Remember that
we can change the order of integration w.r.t any of these independent variabeles.

Example 6.2. Fvaluate the triple integral /// xy?2dV , where B is given as
B

B={(z,y,2) €R® : 0<2<1,0<y<3, —1<2z<2}.
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Since B is rectangular cube, we can pick any order of integration. So, let us proceed with

dxdydz version:

2 3 1
/// rylzdV = / //:z:szdq:dydz

B -1Jo Jo
2B, z=1
= Lok

1 /2 /3

= 5/ /yzzdydz
B 2/ { }

dydz

dz

91 L[
- 297 o
7
R

7 'Triple integrals over general bounded solids

We will consider three main ways of describing domains and how triple integrals are written
on them. Just like in double integrals, a domain might be able to be described in more than
one ways or even in none of them.

e First possibility:
Theorem 7.1. Let E be written in the form
E={(z,y,2) €R® : (z,9) €D, pi(z,y) <2 < pa(w,y)}

Suppose f(x,y,z) is a continuous function on E. Then, we have

[ =)

e Second possibility:

2(y)
/ (x,y,2)dz| dA.

e1(z,y)

Theorem 7.2. Let E be written in the form

E={(r.4.2) €B® : (2,2) €D, u(x.2) <y < vz, 2)}

Suppose f(x,y,z) is a continuous function on E. Then, we have

J o= ]

P2 (z,2)
/ (x,y, z)dy| dA.

Y1(x,2)

e Third possibility:
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Theorem 7.3. Let E be written in the form

E={(z,y,2) €R’ : (2,2) €D, &(y,2) <z < &(y, 2)}

Suppose f(x,y,z) is a continuous function on E. Then, we have

Jk w2 =

Each of the theorems above tells us that the calculation of the triple integral boils down to
setting up a double integral. For example, in Theorem 7.1, if

£2(y,2)
/ f(z,y, z)dx| dA.
3

1(y,2)

D={(z,y) €R* : a<a<b u(z) <y < us(z)}

(z,
// flz,y,2)dV = //( /(p2 K f(z,y, z)dzdydzx.
le ‘Pl Iy

Example 7.4. Set up the integral of the function f(x,y, z), which is defined on the solid
E bounded by the surfaces x> +y? + 22 = 1, z = 0 and satisfying = > 0, in the order
version: dzdxdy.

then, we have

Given 2% + y? + 2> = 1, and z > 0. Then, it yields that

0<z<1—a2—192

Moreover, by intersecting the given surfaces z = 0 and 22 + y? + 22 = 1 we obtain that
22 + 9% = 1. Thus, we obtain

_Vl_yzéxg\/l_yQa

and
-1<y<L

Hence, it follows that:

// flx,y,2)dV = / /\\//1% 0\/1_$2_y2f(x,y,z)dzdxdy.

Example 7.5. Fuvaluate the triple integral // zdV', where E tetrahedron bounded by
E
r=0,y=0,z=0andz+y+2=1.
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Observe that lower boundary of he tetrahedron is the plane z = 0, on the upper boundary
is the plane z = © — y — 1. Therefore, it yields

0 <z<Lz—y-—1.
~~ —_————
e ealon)

Moreover, the intersection of the planes z = 0 and z =1 — z — y, we obtain z +y = 1 in
xy-plane, which creates the region D as follows:

D=S(r,y) €R? : 0<z<1, 0 <y<l-uz

Therefore, we get

1 pl—x pl—az—y
/// zdV = // / zdzdydx
E
/"‘/{ Il 22 l-z—y

dydx
= //1 ’ 1—x— )dydx

y=1l—-z
= —= —x—y)?’} dx
2/ 5
= _6 ; —(1—x)3d:c
1 4
= ﬂ(l—l")
_ L
24
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Planar Transformations. A planar transformation 7" is a function that transforms a region
GG in one plane into a region R in another plane by a change of variables. Both G and R
are subsets of R?. For example, Figure 6.3shows a region G in the uv-plane transformed
into a region R in the xy-plane by the change of variables x = g(u,v) and y = h(u,v) ,or
sometimes we write x = z(u,v) and y = y(u,v). We will typically assume that each of these
functions has continuous first partial derivatives, which means %, g—g, % exist and are also
continuous. The need for this requirement will become clear soon.
Definition 7.6 (One-to-One Transformation). A transformation T : G — R, defined as
T(u,v) = (x,y), is said to be a one-to-one transformation if no two points map to the same
1mage point.

Example 7.7. Let T be defined by
T(r,0) = (z,y), such that x = rcos6, y = rsinf
Find the image of the polar rectangle
T
G:={(r0) : O§r§1,0§9§§}

i the rO-plane to a region R in thexy-plane. Show that T is a one-to-one transformation
in G and find T (x,y).

Definition 7.8. The Jacobian of the C* transformation T (u,v) = (g(u,v), h(u,v)) is denoted
by J(u,v) and is defined by

or Ox

@) lou ow
J<“’”>"a<u,v> =0y oy
ou Ov

Changing variables in triple integrals follows the same method as double integrals. Notic-
ing that both cylindrical and spherical coordinate substitutions are examples of this method.

Suppose that G is a region in uvw-space and is mapped to D in zyz-space (see Fig. 6.9) by
a one-to-one C! transformation T'(u,v,w) = (z,y, z), where z = g(u,v,w), y = h(u,v,w),
and z = k(u, v, w).

Therefore, any function F'(z,y, z) defined on D can be expressed as another function H (u, v, w)
defined on G as

F(z,y,2) = F(g(u,v,w), h(u,v,w), k(u,v,w)) = H(u,v,w)
Next, we state the following definition of Jacobian

Definition 7.9. The Jacobian determinant J(u,v,w) in three variables is given by

oz 9z O
ou Ov Ow
9y Oy Oy

J(U,U,U)) = |ou ow Ow
9z 0z 0Oz
ou Ov Ow
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Now, we are able to state the theorem that describes the change of variables for triple
integrals.

Theorem 7.10. Let T'(u,v,w) = (x,y, 2), where x = g(u,v,w), y = h(u,v,w), and z =
k(u,v,w) be a one-to-one C* transformation, with a nonzero Jacobian, that maps the region
G in the uvw-space into the region D in the xyz-space. If F' is continuous on D, then

O(z,y,2)
77ddd :/// s Uy 7h‘77 7k7 ) %ddd
///Df(x y, z)dxdydz Gf(g(u v, w), h(u,v,w), k(u,vw,)) ot v.0) udvdw
= /// H(u,v,w)|J(u, v, w)|dudvdw.
G
Special Cases:
1. Cylindrical coordinate:
x =rcosb,
Yy =rsind,
z=z.
In this case, we have
%f %:5 %ﬁ cosff —rsinf 0
J(r,0,z) = % % % =|sinf@ rcosf 0| =rcos’d+rsin®fh=r.
0z 0z 0z
o 90 o= 0 0 1
Therefore, we have
/// f(z,y, z)dxdydz = /// f(rcos@,rsind, z)rdrdfd:z.
D G
2. Spherical coordinates:
x =rsinpcosb,
y =rsingsind,
2 = 1 COS .
In this case, we have
or 090 g sinpcosf —rsinpsinf rcospcosd
J(r,p,0) = % % 3—3; = |sinpsind rsinfcosf rcospsind| = —r’sing.
% % 371 Cos ¢ 0 —rsin g

Thus, we can write

///Df(%y,Z)dxdydz = ///Gf(rsinapcos@,rsingpsin@,rcoscp)rsinapdrdgpd&.

Example 7.11. Use cylindrical coordinate to calculate the triple integral of the function

f:R® — R defined by
fl@,y,2) = 2*Va + ¢,
over the region D := {(z,y,2) € R® : 22 +¢y* <4, -1 < 2 < 3}.
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By passing to the cylindrical coordinate, we can obtain

3 p2r 2
/// f(z,y, z)dxdydz = / / / 22 \/7“2 cos? § + r2 sin” Ordrdfdz
D —1Jo Jo
3 2 2
= / / / 22r?drdfdz
—1Jo Jo
3 2w 2
= (/ szz) (/ d@) (/ r2d7">
-1 0 0

AP PT3 ) B 4481
0 9

6

0 93

-1

8 Exercises:

Exercise 8.1. Fuvaluate the double integral

4 2 g
/ / dydzx.
o Jyzyd+1

Solution. Notice that this integral can only be evaluated by reversing the order of integra-

tion as follows
4 2 2 2
/(/ v dy)dx _ /(/y v d:v)dw
o \Jyvzy®+1 o \Jo y°+1

2

9 72 =y
0 2(°+1)|,-
2 4
| s
0o 2(yb+1)
1 y=5
= —In(y°+1
10 n(y i >y0
1

Exercise 8.2. Consider the double integral

2 4,
I = / / xe¥ dydx.
0 Jx2

1. Sketch the region of integration D.
2. Change the order of integration and evaluate the double integral I.

Solution. 1. The region of integration D is presented as

D={(z,y) €R* : 0< <2, 2> <y<4}.
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It can be visualized as follows:
2. By changing the order of integration, we can write

2 4 4 JU
]:/ </ xedey) dx:/ (/ yxey2d:r) dz.
0 2 0 0
40 1VE
I = / (/ yxedea:) dx
0 0

Therefore, we have

/4 {1 - =Y
= STy dy
0 2 x=0
41,
— —yeytd
/0 299 Yy
y=4
— 16y2
4 =0
e —1
T4

Exercise 8.3. FEvaluate the double integral // xdA, where D is given by
D

D={(z,9) €R* : y>0, 2 —y+1>0, 2+2y—4 <0}

If (x,y) € D, then we have y > 0, and y — 1 < x < 4 — 2y. The last inequality holds if
y — 1 <4 — 2y, which implies that y is between 0 and % Thereforen we get

S a2y
J[ fayaa = [F [ wdvdy
D 0 y—1
31
2| jx=4-2
= /0 {21‘ } |m:y71ydy

= 5 [T~ -1 dy

Exercise 8.4. Using the polar coordinate, evaluate the double // (32 4 y?)dA, where D
D
is the region in the third quadrant between x* + y*> =1 and 2* + y*> = 9.

Solution. By passing to the change of variables : x = rcosf and y = rsinf, we obtain
// (37 + y*)dA(z,y) = // [3r cos @ + r? sin® 0] rd A(r, 0),
D D!

110



where

D'::{(x,y)eR2 1< r <3, 7r<€<377r}

Therefore, it yields

3= 3
// [3r cos ) + r? sin® 9] rdA(r,0) = [37“2 cos  + r® sin’ 9] drdf
D/ 1
r=3

do

r=1

'°|=1

/
[
=

= /ﬂTrcos@dH—i-%/ s&—er’H'dQH

3m 0= 3T

+ [100 — 5sin(20)] N

{TSCOSH-F —rtsin0

wl%”

60030 + 20 sin 9] df
— cos(260))

= 26 smH

O=m 0=m

= 5w — 26.

Example 8.5. Compute the area between the curves: (z —2)?+y*> =4 and 2* +y* = 4.

Solution. The intersection of the curves (z — 2)? +y? = 4 and z? + y? = 4 gives z = 1 and
y = +/3. Therefore, we obtain that

<6<

OJI>1
wl A

Moreover, it follows from 7% cos® 0 + r?sin®6 = 4 and r%cos® 6 — 4r cos + 4 + r?sin 4 = 4

r2=4 r=4cos 0

that
2 <r <4cosb.

Thus, it yields

E 4 cos 6
Area = / / rdrdf
2

s

= /i (2 + cos(20))do

3

[y

= [20 + 2sin(20)]

9=——1

4
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Exercise 8.6. Find: // 22dA, where
D

D={(z,y) € R? 2? +4y* < 1}.

Solution. For any (z,y) € D, we have x? + 4y* < 1, which implies directly that

—1—4y? <x <4/1-— 492

On the other hand, /1 — 432 is well-defined if 1 — 4y?> > 0, and hence, it yieldes that
1<« y < 1
2 =Y =73

A
<

Figure 7.2: D = {(z,y) € R? :

—VIT=A@Z <z <yT—42, -1 <y<i}
Therefore, we have
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sin 0

5 - Lhen, we get

To evaluate the last integral, we pass to the change of variabe y =

3/11—4y = 3/7r 1—Sln9%(}089d9

0055 0

= 1/2 cos* 6 db
3/

us
2

= 112 /E (14 cos(20))*d0  use: cos?f = ;(1 + cos(26))

™
2

= (14 2cos(2 2
12/ + 2 cos(26) + cos®(26))db

to=|

:|

= 12/7 {1 + 2 cos(20) + ;( +COS(49)} dé

N

1
= 12/75 { + 2 cos(20) + 2COS(49)} df

1 1. H
= 12{ 6 + sin(26) + 88111(49)}

o——1=

|3

Example 8.7. Evaluate the following double integrals:

L Ve 2qy
i) /0 /0 -y dydz,
1 rx 9
(ii) / / xe ¥ dydz,
0 Jz2

o (P T
6 J, J o gt

Exercise 8.8. Find the volume of the solid that lies under the paraboloid z = x*+y? and
above the region D in the xy-plane bounded by the kine y = 2z and the parabola y = 2.

From (x,y) € D, we have 2* < y < 2z, with 0 < 2 < 2. Then, the region D can be visualized
as follows:

113



Figure 7.3: D={(z,y) eR? : 0< 2 <2, 2? <y <2z}
Thus, the volume between the paraboloid z = 22 + 3? and the region D is given by
Vo= [[@+ytaa
2 2z
= / / (2% + y*)dydx
0 Ja?
2
=
2
=
1 1
_ {_ﬂ Py 7x4}

21 > 6

216
35

y=2x

dx

2

3

1
22y + yﬂ

y=zx

1 14
——ab -2t a?

3 3 dx

r=2

=0

We can get the same result if we consider the region of type I as follows:

1
D:{(as,y)GR2 0<y <4, zygxg\/@}.

Exercise 8.9. Use the triple integral to find the volume of the solid of the tetrahedron
enclosed by 2x + y + z = 4 and the coordinate planes.

Notice that the solid of the tetrahedron enclosed by 224y + 2 = 4 and the coordinate planes
is lies under the surface 2x + y + z = 4 and above the region D given by

D={(z,y) €ER* : 0<2 <2 0<y<4-2z}.
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Therefore, the volume is obtained by

Vv

2 prd4—2x p4-2zx—y
/ / / dzdydx
0o Jo 0
2 pd—2g |FmA-22-y
Ll
0o Jo

dydx

z=0

/0 /04_293(4 — 2z — y)dydx

2
2 1
/ {4@/ — 2xy — yﬂ
0 2

y=4—2x
dx
y=0
1 /2
— | (4—2z)%dx
2 Jo
r=2
8x — 4x? + =43
x=0
16
3
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Exercice 01.

x Déterminer le domaine de définition de la fonction suivante

Wz, y) = (2 = || = |y[).

Exercice 02.

Soit la fonction f définie par

zIn(l+ 2?)

T 9 T oy 9 07 0 )
flay) =1 y(=*+y?) (#.9) #

0, (z,y) = (0,0).
X Montrer que h n’est pas continue au point (0, 0).
Exercice 03.
Soit la fonction K définie par

72 + sin(y?)

T 59 z, 0,0 )

K(z,y) = Va2 + y? (z,9) 7 (
0, (z,y) = (0,0).

X Montrer que K est continue au point (0, 0).
x K admet-elle des dérivées partielles au point (0,0)?
x Est-elle différentiable au point (0,0) 7

Exercice 04.
Soit la fonction g définie par

£y sin (xiy) () £ (0,0),

0, (z,y) = (0,0).

glz,y) =
x Etudier la différentiabilité de la fonction g au point (0,0).

Exercice 05.

Soit f : R?*> — R3 définie par f(x,y) = (mBy,l,xeyz), et soit g :
g(u,v,v) = wow.
x Calculer les dérivées partielles de z = g o f.
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