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Abstract

This thesis, studying synchronization of discrete fractional dynamical systems of
incommensurate order, via to the introduction of new stability results for linear
incommensurate fractional order difference systems.

Keywords: Fractional-order difference systems, stability, discrete Volterra equation, Z-
transform method, synchronization.
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Résumé

Cette memoire étudie la synchronisation de systemes dynamiques discret fractionnaires d'ordre
incommensurable, via l'introduction de nouveaux résultats de stabilité pour les systemes de

différence linéaire d'ordre fractionnaire incommensurable.

Les mots clés : Systemes de difference d'ordre fractionnaire, stabilite, équation de Volterra

discréete, méthode de Z-transformation, synchronisation.
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Introduction

Undoubtedly, it has been demonstrated, over the past few decades, that the non-integer calcu-
lus is a forceful mathematical argument for providing much and more dynamics for lots of ancient
as well as modern models. For instant, there are several dynamical models and many real-world
applications that were recently handled via this tool such as diffusion modeling [1], robot ma-
nipulators [2], economics [3], and many more. As a matter of fact, such branch of calculus,
in its two structures (discrete and continuous), requires the order of the functional operator of
calculus to be in its fractional-order case for a number of core concepts such as derivatives, in-
tegrals, and differences. This indeed allows creating appropriate mathematical models together
with extremely rich and complex dynamics [4, 5]. In the area of the discrete fractional calculus,
it has been turned that the explanation of its main concept is referred to Diaz and Olseronly in
1974 [6]. After that time for at least a decade or more, some serious efforts in this field began
to appear. Among those efforts, to name a few, is what Miller and Ross proposed in [7]. They
actually established some basic definitions, primary schemes and properties related to the funda-
mental theorem [8]. To date, a lot of researchers are competing in proposing impressive results
and methods in regard to this field. Anyhow, for a complete comprehensive description about this
branch of calculus, the reader may refer to [9, 10, 11].

Over the past few years, modeling several chemical and physical phenomena have broadly
been carried out using the theory of Fractional-order Difference Systems (FoDSs) [12]. In fact,
the FoDS is employed, with its particular digital data, for the purpose of approximating its cor-
responding fractional-order differential equations. This allows one to enter them into suitable
computer programs and then simulate the obtained results [12].

Stability theory addresses the stability of solutions of difference (differential) equations and of
trajectories of dynamical systems under small perturbations of initial conditions. However, it was
reported in [12] that the Z-transform method can solve the linear FoDSs, as it can perform the

same matter for the linear Fractional-order Difference Equation (FoDE). The Z-transform method

vii



can be, at the same time, employed as a powerful aid tool in discussing the stability analysis
of such systems, as declared in [13, 14, 15, 16]. But, even so, there are formidable challenges,
generally, in proposing a proper tool for performing this task [13]. Therefore; it might be said that
the stability analysis of the FoDSs is not yet developed [17]. This has motivated, in recent years,
many researchers to deal with this dilemma, and as a consequence of this, several other works
have preferred it to be the main target of their investigations (see [15, 17, 18, 19]). In particular,
Abu-Saris and Al-Mdallal developed in [15] a theory about the stability of linear FoDSs. But,
unfortunately, it was shown that their theorem is difficult to be applied. That matter remained
until 2015. This year, Cermak et al, developed another simplified and applicable theorem for the
same purpose (see [17]).

It’s not an easy task to directly extend the normal Lyapunov stability results to fractional
cases since the Leibniz law becomes complicated and cannot hold generally. Fahd, J et al in [20]
proposed a fractional Lyapunov direct method unfortunately, it was shown that their theorem is
difficult to be applied, yet, so far there is no direct way to know the stability of nonlinear FoDS in
advance time case, in delay time systems Dumitru B et al give a sufficient condition in [21].

As far as we know, discussing the stability analysis by providing novel simplified results for
Linear FoDS with incommensurate orders remains up to date a recent and mostly unexamined
topic. In light of this urgent need, this thesis present some simple applicable conditions for
judging the stability of such system by first converting it into another equivalent form includes
FoDE:s of Volterra convolution-type as well as by using the properties of the Z-transform method.

The phenomenon of synchronization has attracted the interest of many researchers from various
fields due to its potential applications in nonlinear sciences [22]. Synchronization is the process
of controlling the output of a dynamical slave system in order to force its variables to match those
of a corresponding master system in time [23]. Various kinds of control schemes have been in-
troduced in the past to synchronize dynamical systems such as complete (anti-) synchronization
[24], lag synchronization [25], function projective synchronization [26], generalized synchro-
nization [27], and Q-S synchronization [28]. Recently, the topic of synchronization between
dynamical systems described by fractional-order differece equations started to attract increasing
attention [29]. Most of the research efforts have been devoted to the study of synchronization
problems in commensurate FoDSs. FoDS with incommensurate orders remains unexamined topic.

However, this thesis is organized in the following order. Chapter 1 introduces some primary
preliminaries associated with discrete fractional calculus, while Chapter 2 discusses some recently
established results that have handled the stability of commensurate FoDS. Chapter 3 Show new
results for linear incommensurate FoDS. In Chapter 4 we present an application of the results of

Chapter 3 in synchronization.
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Chapter 1
Discrete Fractional Calculus

In this chapter, we introduce the basic discrete fractional calculus that will be useful for our later
studies. Beginning with integer order discrete calculus, then we introduce the fractional sum and

difference of Rimann Liouville and Caputo operators.

1.1 Basic concepts

1.1.1 Integer order difference operator

Definition 1.1 [30] Assume [ : N — R, then we define the forward difference operator A by:
Af(k):=f(k+1)— f(k), VkeN. (1.1

Also, the operators AN, N =1,2,3,--- is defined recursively by A" f(k) = A(AN~Lf(k)) for k € N.
Finally, A° denotes the identity operator, i.e, A°f(k) = f(k).

Theorem 1.1 [30] Assume f,g: N — R and «, 5 € R, then for k € N we have:
() Aa = 0.

(ii) Aaf(k) = aAf(k).

(i) A[f + g) (k) = Af(k) + Ag(k).

(iv) Ak P = (a — 1)aF P,

) Alfg) (k) = f(k+ D)Ag(k) + Af(R)g(k).

i) A G) (k) = SRAIEB I (Ag(h)

9(k)g(k+1) ’
where in (vi) we assume g(k) # 0, Vk € N.
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Proposition 1.1 [30] Assume [ : N — R, then for ko € N we have:

k—1
A f(j) = f(k), VkEN, (1.2)
Jj=ko
and
k—1
D AF() = f(k) = f(ko), VkeEN. (1.3)
Jj=ko

Remark 1.1 If k < kg, we have the common convention:

>_f)=0. (1.4)

Theorem 1.2 (Summation by parts)[30] Given two functions u,v : N — R and a,b € N, a < b,

we have the summation by parts formulas:

Y i) de) = wli Gl — Y el + DAu(), s
and b—-1 b—-1
> _uli + DAw() = u(e(i)l, = Y_v(i)Au(), (1.6)

where u()v(j)|° = u(b)v(b) — u(a)v(a).

a

Proof. Let u,v : N — R be given, and a,b € N, a < b, then by Theorem 1.1 (properties (v))

b—1 b—1
D A)() = D 0+ DAu() + Av(j)u())

u(b)v(b) — u(a)v(a) = bzlv(j + DAu(j) + bZlU(J)AU(J),
this imply j B
§U(J)AU<J) = u(j)o(j)l, - bz_iv(j + 1) Au(j),
and B B
biu(j + D) Av(j) = (i), - biv(y)Au(y)
.

1.1. Basic concepts
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1.1.2 Gamma function

Definition 1.2 [30] The gamma function is defined by:

['(2) ::/ e 7 dt, (1.7)
0

for those complex numbers z for which the real part of z is positive (it can be shown that the above
improper integral converges for all such z).

We have
1) = [ e dt
=1

and by integration by parts for x > 0 : I'(x + 1) = 2I'(z), thats give for any positive integer k

['(k)=(k—1)L
We also have the important estimation:
. T(k+7)

1.1.3 Falling function

Definition 1.3 [30] For r € R, we define the falling function, t"), read t to the r falling, by:

) ::%:t(t—l)(t—%---(i—rjtl), (1.8)

for those values of t and r such that the right-hand side of this last equation make sense. We then

extend this definition by making the common convention that t") := 0 when t —r + 1 is a nonpositive
integer.

Remark 1.2 When r = 0, we set t(®) := 1.

Theorem 1.3 (Power Rules)[30] For r,a,t € R, we have the following power rules:
Alt+a)™ =r(t+a)rY, (1.9
and
Ala—t)" = —r(a—t — 1), (1.10)

hold, whenever the expressions in these two formulas are well defined.

1.1. Basic concepts
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1.1.4 Binomial coefficient

Definition 1.4 [30] The (generalized) binomial coefficient (') is defined by:

A T(t+1) L
<T> o Lt—r+1)IT(r+1) o (r+1) (1.1D)

for those values of t and r so that the right-hand side is well defined.

Remark 1.3 For0 <t <1landr € N,

<t+r—1) _ (=10 (=1 (4 —=2)..()
r — T(r+1) o

= (—1) (—t)(—t—1).(—t—r+1)

Theorem 1.4 (Pascal rule)[17] For r,t € R, we heve:
()40
T r—1 T

)+ () = F)“irm + T e
(
(

=Ttz T(t— 7“+1)I‘ T41)
o F(t+1)
T D@—r+1)T(r+1)

()

Proof. Consider

)1

t) T(t— r+1)r(r+1) + F(t—T+I)F(T+1)>

Theorem 1.5 (Repeated summation rule)[30] Let f : N — R be given and a € N then

t—1 71—1 Tp—1—1 (t—j—l)(p 1)
2.2 2 Im) Z el (1.13)

fort=p+ap+a+1l,---

Proof. We will prove this by induction on p for p > 1. The case p = 1 is trivially true. Assume

(1.13) holds for some p > 1. It remains to show that (1.13) then holds when p is replaced by
p + 1. To this end, let

t—1 11—1 Tp—1

=X D D frpn)

Ti=aT2=a Tp+1=a

1.1. Basic concepts
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Tp—1
Let g(t,) = Y. f(7p41), then it follows from the induction assumption that

Tp+1=a

N — :
y(t) 2 ) — (),
using summation by parts formula
p)]l - (t—j—1)® ly i 1)»
y(t) = }jf EjI—{ETl—fu»:}j@—{arl—fuy

Motivated by (1.13), we define the p-th integer sum operator A ” for positive integers p, by:

AP f() = —f())
~ -1
But, sence
(t—j-1oD
e j=t—1,t—2- t—p—+1
we obtaine .
-p . _
- (t—j—1&Y
A7) = _— (1.14)
~ -1
Remark 1.4 We have fort=p+a,p+a+1,---
p—1 i
t —a (]) .
B = 1) - 3 U a )
Jj=0 '

and

1.1.5 The Z-transform

Definition 1.5 [31] The Z-transform of a sequence (z(k)),., . which is identically zero for negative
integers k (i.e., x(k) = 0 for k = —1,—2,---), is defined by:

(2) = Z(z(k)) = ix(k)z_k, (1.15)

where z is a complex number.

1.1. Basic concepts
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The set of numbers z in the complex plane for which series (1.15) converges is called the region
of convergence of #(z). The most commonly used method to find the region of convergence of
the series (1.15) is the ratio test. Suppose that:

z(k+1)

lim 2 (0)

k—o0

—r

The series (1.15) converges in the region |z| > R and diverges for |z| < R.

Properties of the Z-transform [31]

e Linearity:
Let 7(z) be the Z-transform of (x(k)),., with radius of convergence R,, and let (z) be the
Z-transform of (y(k)),., with radius of convergence R,. Then for any complex numbers

a, 3 we have
Z lax(k) + Py(k)] = az(z) + By(z), for |z| > max(Ry, Rs).

¢ Shifting:

Let R be the radius of convergence of Z(z)
- Right-shifting: If x(—i) = 0for:=1,2,--- | j, then
Z[x(k —j)] =27%(z) for |z| > R.
— Left-shifting:

Z[x(k+j)] = 27%(z) = Y a(r)2™" for |2| > R.

e Initial and final value:

— Initial value theorem:
lim z(z) = 2(0).

|z]—00
— Final value theorem:
z(o0) = lim z(k) = lim(z — 1)%(2).

k—o0 z—1

e Convolution:
The convolution * of two sequences (z(k)),.; » (¥(k)),; is defined by

k

w(k)*y(k) =Y a(k —r)y(r) =Y a(r)y(k —r).

r=0

1.1. Basic concepts g
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Now,

e Multiplication by ¢* proper:

Suppose that #(z) is the Z-transform of (x(k)), ., with radius of convergence R. Then

Z [aF (k)] = (2) for |2| > |a| R.

The inverse Z-transform (Integral Method) [31]

From the definition of the Z-transform, we have
B(z) =Y x(j)z.
5=0

Multiplying both sides of the above equation by z*~1, k € N, we get

[e 9]

F(2)" 7 = Zx(j)zk_j_l. (1.16)
=0
Equation (1.16) gives the Laurent series expansion of #(z)z*~! around z = 0.
Consider a circle C, centered at the origin of the z-plane, that encloses all poles of Z(z)z*~1. Since

1

x(k) is the coefficient of z~!, it follows by the Cauchy integral formula that

x(k) = = ﬁj(z)zkldz,

C2mi

and by the residue theorem we obtain

z(k) = sum of residues of #(z)z*!.

1.1.6 Volterra difference equations of convolution type

Definition 1.6 [32] The Volterra difference equations of convolution type are of the form:

k
w(k+1) = Ax(k)+ Y _B(k — j)z(j), (1.17)
=0
where z(k) € R",Vk € N, A = (a;;)1<ij<n s @ n X n real matrix and B(k) is a n x n real matrix
defined on N.

1.1. Basic concepts
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If (B(k))pey € ¢1(N™*™), the resolvent matrix R(k) of (1.17) is defined as the unique solution of

the matrix equation:

k
R(k+1) = AR(k)+ Y _B(k — j)R(j), R(0)=1I, k€N,

=0
where I, is the identity matrix. Let (x(k)), .y denote the solution of the equation

w(k+1) = Az(k)+ Y _B(k — j)z(j) + g(k).

J=0

Then by the variation of constants formula, we obtain

(k) = R(K(0) + Y_R(k ~ j ~ 1)g()
Let -
h(k) =YD R(k—i—1)B(i+j+1)|. (1.18)

Theorem 1.6 [32] If (B(k)),y € €' (N™"), for equation (1.17) the following statements are equiv-
alent:

(1) det(z] — A — B(2)) # 0 for |z| > 1.

(@) (B(K))e, € (NT).

(3) The zero solution of (1.17) is uniformly asymptotically stable.

(4) Both R(k) and h(k) of (1.18) tend to zero as k — oc.

1.1.7 Open mapping theorem

Definition 1.7 [33] A map f from an open set ) C C to C is an open mapping if the image by f of

any open subset of 2 is open.

Theorem 1.7 (Open mapping theorem)[33] If f(z) is a nonconstant analytic on an open con-

nected set €, then f is an open mapping.

1.1. Basic concepts |
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1.2 Fractional discrete operators

In this section, we define fractional sum and Riemann Liouville and Caputo difference oper-
ators, give some of their properties and the relation between them. Frequently, the functions we

consider will be defined on a set of the form:
N, :={a,a+1,a+2,..},

where a € R.

1.2.1 Fractional sum operator

First we begine with the fractonal sum, we use the (Repeated Summation Rule) and (Gamma
function) properties, and replaced the natural number p bay a real positive number « we get the

definition of fractional order sum.

Definition 1.8 [34] Let « > 0. Then, the o — th fractional sum of f : N, — R is defined by:

t—a

> (t—s—1)*Vf(s), (1.19)

S=a

1
ACf(t) = —
forany t € Ny ..
Remark 1.5 Note that A;* maps functions defined on N, to functions defined on N, .

Lemma 1.1 [30] Assume p > 0 and « > 0. Then:

- I'(p+1)
A (t—ag)W = L T (4 q)ta) 1.20
‘””( @) D(p+a+ 1)( @) ’ ( )
forany t € Noi,qq-
Proof. Let
I(p+1) (
t) = t — a)kte)
g(t) F(,u~|—a+1)( )
and .
—a 1 — a—1
92(t) = Aa—‘ru(t - a)(#) = ms;u(t — 5= 1>( )(S - a)(/l)’

fort € N,4,+o. To get advanced in this proof we will show that both of these functions satisfy the
initial value problem
(t—a—(p+a)+1)Ag(t) = (n+ a)g(t), (1.21)

1.2. Fractional discrete operators [
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gla+p+a)=T(u+1). (1.22)
Since
g1 (a + u+ a) = F(F,LL(iZi)l) (/‘L + a)(lH‘&)
= F(:u + 1)7
and
s
platpta) =g X (@atpta—s—1)"V(s—a)®
s=a+u
= ﬁ(a _ 1)(a—1)u(u)
=I(p+1),

we have that g;(t),7 = 1, 2 both satisfy the initial condition (1.22).
We next show that ¢, () satisfies the difference equation (1.21). Note that

F(:U’ + 1) (t o a)(uﬂxfl)'

Agi(t) = (u+ @)WJr—M

Multiplying both sides by (t — a — (1 + ) + 1) we obtain

(t—a—(p+a)+DAG() = (n+a)gitds [t —a— (p+a—1)](t —a)ted

T(p+1 o
= (p+a) F(;L(Jli;r)l) (t = a)lte)

= (1 + ) (),

for ¢t € Noy,utq. Thatis, ¢;(¢) is a solution of (2.21).
It remains to show that g(¢) satisfies (2.21). We have that

t—a
et) = o X (t—s— 1) (s —a)®

s=a+u
t—a
= g 2 [t—s=D—(@-2)(t-s - Ds—a
s=a-+u
t—«
= T Z+ (t—a—(nta)+1) = (s—a-p](t—s-1)I(s—a)®
s=a+p
t—a
— %S};ﬂ(t — s — 1)@ (5 — q)W
t—«o
~g 2 (t=s =D D(s —a—p)(s - a))
s=a-+u
where .
t—a—(,u—i—oz)—i—l — a—
h(t) = o) > t—r-1C(r—a)
r=a-+p

1.2. Fractional discrete operators



Chapter 1. Discrete Fractional Calculus

and .t 2
k) = 3 (t—s— D)@ I(s—a—p)(s —a))
s=a-+u
t—a
— ﬁ (t — 3 1)(a_2)(8 )(/’L+1)
s=a+u
So we get
t—a
Aplt) = A T (t=s =10 (s —a)
s=a+p
t+1—« t—«
- ﬁ[ S (- s (s — )~ Y <t—s—1><al><s—a><~>]
s=a+p s=a+p
t—a
— | & At )@ 4 - DD+ 1= a - a))
s=a+u
t—a
— ?__al Z (t_s_]_)(a 2)(8_0/)(“)"_%(0[ ]_)(O‘ 1)(t+1_a_a)(iu)
s=a+u
t—a
- ?(__03 Z (t_s—1)(5"_2)(5_0/)(/")+(t+1_a_a>(ﬂ)
s=a+u

It follows that
(t—a—(p+a)+1)Ag{t) = (a—1ht)+(t+1—a—a)rHtD,

Also, by summation by parts we get

k() = F(a) Z (t—s— 1)@ (s —q)WtD
s=a+u
—(t— s)(a 1)( 7a)(#+1) s=t+1l—a

(al)()

s=a+u
(t+17afa)(“+1) +1 = a—1
_ = + (afl)r(a) s:%u(t —s— 1)@ (s —a)W,

It follows that
(t+1—a—a)" =—(a—1k(t) + (u+1)ga().

Finally, we get

(t—a—(p+a)+1DAg(t) =(a—1)h(t)+(t+1—a—a)k+D

)
t) = (o = k() + (u+ 1)ga(t)

This completes the proof. m

1.2. Fractional discrete operators
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Theorem 1.8 [34] Let f : N, — R be given, and let j1,v > 0. Then:

AN FE)] = A W f(t) = AL AV F(1)], (1.23)

forany t € Noj,q.

Proof. By definition of fractional sum, we have

t—v
ALIATFO] = g Aty St — s — )EDf(s)
t—p r—v
e D DY (=5 = DS

= SOy Z Z(t—T D —s = 1) f(s)

r=a-+vs=a
t—(ptv) t—p

= torgy 2 o E—r=1E N —s = 1)V f(s)

=a r=s+v

1 t—(pt+v) [t—s—1—p
= o 2 > (t—x—s=2)l gt ) f(s)
O 2 | 2
t—(ptv)
=t 2 (AL )f(s)
~(utv)
= L) E [‘F,/(_T_L) (t —s — 1)~V f(s) (by using Lemma 1.1)
_ A;(’Hy)f(t).

Theorem 1.9 [34] Let f : N, — R be given, for any « > 0 and any positive integer p, we have:

L (t— a)lempin)

AN f() = APAL® f(1)
r:OF a+r—p+1)

A" f(a), (1.24)

foranyt € N, ,.

Proof. We will prove this by induction on p for p > 1.

e The case where p = 1. We have by definition of fractional sum:

t—a

AJCAf() = mgy 2 (t—s = 1) D(Af)(s)

s=a
t—a

= may ot =5 =)D (f(s+1) = f(5))

s=a
t—a t—a

= ﬁ;(t—s— 1)(01*1)]0(5—}—1) — ﬁZ(t_s_ 1)(a71)f(5)

S=a

1.2. Fractional discrete operators
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t+1—« t—a

=ty & (= f) — i 3 (- s = V(s
o t+1—a (a_l) 1 t—a (O{—l) (t_a)(afl)
=t 2 EH1=s =1 f(s) = g 2 (t =5 = 1)V f(s) = F—fla)
B t—a o a ((;71)
=y St s 00D 1) - 5 0
i a)@—1)
= AATf(t) = S f(a)

e Assume (1.24) holds for some p > 1. It remains to show that (1.24) then holds when p is
replaced by p 4+ 1. We have

AZPAPTLf(t) = AZYAP(AS)(t)
-1
= APATCAS(t) — Z M(ATA f)(a) (from the induction assumption)

g T'(a+r—p+1)

P —a p— 1(t a ((x p+r) 7”+l
= APATCAS(t) — ZWA f(a)
p(A—0 p (t—a)(e—ptr=1)
= AP (AJAf(t) — le(w—rpA f(a)
—a —a (a 1) a (a p+r—1) .
= v (An () - S @) - Z“QT,,)A f(a)

—a)(e—1-p) P a)a—p+r=1)
= AP f(1) - S fla) - SR ATf ()

I'(a—p) I'(a+r—p)

r=

P (t—a)la—ptr-1)
= APEA R (1) = Y S AT S ),

1.2.2 Rimann Liouville operator

Definition 1.9 [34] Let « > 0. Then, the a—order Rimann Liouville fractional difference of a
function f defined on N, are defined by:
t—(p—a)

)AP > (t—s—1)"Vf(s), VtENgypa  (1.25)

ALF(E) = APAf () = oo

where p = [o] + 1.
Remark 1.6 If a« — p € N, then
HmASf(t) = APAQ f(#)
a—p
= APf(t),

and
lim AZf(t) = APATUf(t)

= APTLf(1).

1.2. Fractional discrete operators
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We can say that the A% operator is an interpolation of AP operators. Also, it is clear that A% maps
functions defined on N, to functions defined on Ny (p—q).

Note that:
A1 = APA; P
. t—(p—a) (r—a1)
= & SZ::a (t—s—1)p«
= F(ll—a) (t—a)=®
# 0,
generally.

Theorem 1.10 [34] Assume « > 0 and f is defined on N,. Then:

AgraA f() = (1), Vi€ Nayy, (1.26)
where p = [o] + 1.

Proof. Simple by using Definition 1.9 and Theorem 1.8, for any ¢ € N, :
AL A1) = APALT VAT S (1)
= APAPf (1)
= f(1).

Remark 1.7 We see that Ay, , have a right inverse (A, %), or A1, have a left inverse (AY).

a+t+o

Theorem 1.11 [34] Assume « > 0 and f is defined on N,. Then:

e A

A JAYT(E) = AT~ (=) 1.2
a+p—a T:OF oz—i—r—p—i—l) a f(a)a VtENa+p7 ( 7)

where p = [o] + 1.

Proof. By Definition 1.9, for any ¢ from N,,,, we have

AgipaBaf(t) =

at+p—a

a+p aApA (ba f(t)a

using Theorem 1.9

L (¢ — a)epn)

Ao ALf(t) = APALL, (AP

r A~ (p=a)
Dla+r—p+1) “ f(a),

M

r=0

1.2. Fractional discrete operators
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by using Theorem 1.8

(07 « — pil —a (a—p+r) r—(p—a
ALlpmadf(1) = APATPS() = SRS A f (o)
a— P+T) r—(p—a
f(t) = Z“W LS AT T f(a).

Remark 1.8 We see that
a-i-aAaf( ) 7& f(t)

generally.

1.2.3 Caputo operator

Definition 1.10 [34] Let & > 0, « ¢ N. Then, the a—order Caputo fractional difference of a
function f defined on N,, are defined by:

t—(p—

(p—a)
1
C A« o A—(p—a) _ _ e _ 1\(p—a-1)
Aaf(t) =AY Apf(t) = —P(p — a) ;_a (t S 1) p Apf(s), Vt € Noypas (1.28)

where p = [a] + 1.

Remark 1.9 When o — p — 1 € N, we get

lim CA2 f(t) = lim Ag =) AP £ (¢)

a—p—1 a—p—1

= Ap‘lf(lf) — AP f(a).

So “AY is not an interpolation of AP. However, it is used in modeling because it is consistent with
the classical initial and boundary conditions. To not be confused we defined “AP by CAPf(t) :=
AP f(t), where p € N. Also, it is clear that © AY maps functions defined on N, to functions defined on
Na+(p-a)-

Remark 1.10 The fractional Caputo difference of a constant ¢ € R is
CAY% = A, P AP = 0.
Theorem 1.12 [34] Assume o > 0 and f is defined on N,. Then:

(t —a)™

rl

1

p

A CAY f(t) = f(t) - A"f(a), VteN,, (1.29)

Il
o

T
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where p = [o] + 1.
In particular, if 0 < a < 1 then

Aluiw CAS () = f(1) - fla), VEEN,

a+(1—a)

Proof. By Definition 1.10, for any ¢ from N,, we have:

A lay COL (1) = A0 A TVAPE(R),

a+(p—a) a+(p—a

using Theorem 1.8
Afpeay) CAT () = APAPf(2)

a+(p—a)
Pl i—ay
=)= L= A fla),
|

Theorem 1.13 [34] Let o > 0, and f is defined on N,. Then:

p—1 _ \(r—a)
Cag (0 = ML) 3@, e Ny
r=0

where p = [a] + 1.

In particular, when 0 < o < 1, we have

CAL f(t) = AGf(t) - fa), V¥t €N, oy

Proof. By Definition 1.10
CAg f(t) = A, PTVAPF(2),

by using Theorem 1.9

CAm F(t) — APATP p(p) = 3 ) A
o f(t) a U f(E) Z_)OF(TQH f(a)
a (7‘ a) r
= ASf(t) - 2—% i A f(a),

(1.30)

(1.31)

(1.32)

Theorem 1.14 (Discrete Taylor’s Formula)[35] Let f be defined on N,. Then, for all t € N, and

p € Nwithep > 1:

p—1

r=0

—a) tp
Z (t fla) + (p_l 1)!2::(25—7“— DP-DAP£(),

(1.33)

1.2. Fractional discrete operators
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Proof. The proof is by induction. For p = 1. (1.33) is the same as

) + ZAf + f(t) = fla) = f(D).

Assume (1.33) holds for some p > 1. It remains to show that (1.33) then holds when p is replaced
by p + 1. We have

i) = za PN (0) + e 2 (= = )P DA ()
Z“ DDA f(a) = H(t - )P APf(r) [t +ﬁt§(t—r—1>(p)ﬁp“f (r)

p —(p+1)
= LA f(a) + +o X (- =1)PAPf(r),

r=0 r=a
|

Theorem 1.15 [36] Let « > 0, o ¢ N and f is defined on N,. Then:

p—1 t—a
=) 1 ) ean
_; oA f(aHF(“%:;_a(t r—1) Ag f(r), V€N, (134

where p = [o] + 1.
Proof. Notice that by (Discrete Taylor’s Formula)

1) = 5 SN 0) + ey S (- = )0 ()
2 SN fa) + APAPF(2)
= E‘TM( )+ ALPTITNARF (1)

p— r
= LA (@) + AL, oA TVAPS (1) (by using Theorem 1.8)

*Zta ()+Aa+paoAgf(t)
t—a
=S ON @ by 3 (- 16 CAg J0), Vi€ Na,
r=a+p—o

1.2. Fractional discrete operators
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Stability of fractional difference systems

2.1 Introduction

In this chapter, we will present some stability theorems of fractional order difference systems.
First, we will give a background on stability of integer order difference systems. Then we will
move to the study of stability in fractional order case. The systems we will be concerned in

studying their stability are written in the general form as follow:

{ CA%:U(t):f(t+a—1,:c(t+a—1)), teNcH»lfa’ (2 1)

l’(to) =9, XoE ]Rn,

where n € Ny, tg € Ny, z(t) € R", f : N, x R” — R™ is continuous, and 0 < a < 1.
A point z, € R" is a fixed (equilibrium) point of (2.1) if and only if

f(t,z.) =0, VteN,.

We will be concerned with the stability of the equilibrium point z. = 0 (all cases can be
transferred to be 0 the equilibrium point) of the discrete time systems (2.1).

Let ||.|| be a norm on R".

Definition 2.1 [20] The trivial solution z(t) = 0 (or the equilibrium point = = 0) of (2.1) is said to
be

(i) stable if, for each ¢ > 0 and t, € N, there exists a 6 = 0(¢,tg) > 0 such that for any solution
x(t) = x(t, to, o), With ||zo|| < 0 one has ||z(t)|| < €, for allt € Ny, C N,,

(ii) uniformly stable if it is stable and ¢ depends solely on e,

(iii) asymptotically stable if it is stable and for all t, € N, there exists 6 = 6(tg) > 0 if ||| < 6

18
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implies that tlirglox(t, to, o) = 0,

(iv) uniformly asymptotically stable if it is uniformly stable and, for each ¢ > 0, there exists T =
T'(e) € Nand éy > 0 such that ||zo|| < o implies ||x(t)|| < e for all t € Ny 1 and for all ty € N,
(v) globally asymptotically stable if it is asymptotically stable for all x, € R",

(vi) globally uniformly asymptotically stable if it is uniformly asymptotically stable for all =, € R".

2.2 Background on stability of integer order difference sys-

tems

2.2.1 Stability of linear systems

Consider the integer order difference system:

{ Ax(k) = Az(k), keN, (2.2)

z(0) =z, x9 € R",
where z(k) = (x1(k), xo(k), -+ ,2,(k))T € R" and A is an n x n constant matrix.
It has an equilibrium point at the origin (z = 0). The solution of the linear system (2.2) starting

from z, has the form
z(k) = (A+L,)*z, Vke€N, (2.3)

where [, is the identity matrix. We have the following result on the stability of linear system
(2.2).

Theorem 2.1 [31] If all the eigenvalues \; of A satisfies |\; + 1| < 1,1 < j < n, then the trivial
solution of (2.2) is globally asymptotically stable on N.
Furthermore, if there is an eigenvalue \ of A withe |\ + 1| > 1, then the trivial solution of (2.2) is

unstable on N.

Example 2.1 Consider the following linear system:

0 -5

1
L9

) z(k), kéeN. 2.4)
0 =5 )2 5 ;
L is A* + 2\ + 7 = 0 and hence the eigenvalues of A

4
are \y = —1+ £ and Ay = —1 — %. Since

The characteristic equation for A = (

1
|/\1+1|:|/\2+1|:§<1,

2.2. Background on stability of integer order difference systems
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then, by Theorem 2.1 the trivial solution of (2.4) is globally asymptotically stable on N.

Example 2.2 Consider the following linear system:

1 6
Az(k) = z(k), keN. (2.5)
0 -2
- : I 6 2 .
The characteristic equation for A = 0 o is A + 3\ + 2 = 0 and hence the eigenvalues of A

are \; = 1 and \y = —2. Since
‘)‘2‘ =2> 17

then, by Theorem 2.1 the trivial solution of (2.5) is unstable on N.

Remark 2.1 Let A\, Ay, - - , A, be the eigenvalues of A. Assume |\; +1| <1,1<j <n.
If whenever |\; + 1| = 1, then \; is a simple eigenvalue of A. Then the trivial solution of (2.2) is
stable on N.

If there is a non simple eigenvalue X of A satisfying |\ + 1| = 1, then we can’t conclude.

Example 2.3 Consider the following system:

—sin@ cosf —1

Az(k) = ( cosf—1  sinf ) w(k), keN, (2.6)

where 0 is a real number. For each 6 the eigenvalues of the coefficient matrix in (2.6) are A5 =
¢ — 1. Since A1 + 1| = |A2 + 1| = 1 and both eigenvalues are simple, we have by Remark 2.1 that
the trivial solution of (2.6) is stable on N.

2.2.2 Stability of non-linear systems

Consider the following non-linear system:

{ Az(k) = f(z(k)), keN,

2.7)
z(0) = xy, x9 € R,

where f : R" — R" a continuously differentiable function, and suppose f(0) = 0, thatis z = 0 is

an equilibrium point for system (2.7).

2.2. Background on stability of integer order difference systems
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Linearisation method

Theorem 2.2 [31] Let J be the Jacobian matrix of f at 0.

If all the eigenvalues \;,1 < j < n, of J satisfies |\; + 1| < 1, then the trivial solution of (2.7) is
asymptotically stable on N.

Furthermore, if there is an eigenvalue \ of A withe |\ + 1| > 1, then the trivial solution of (2.7) is

unstable on N.
Example 2.4 Consider the following non-linear system:

Az (k) = 220 _ o (k),

Axq(k) = (1+a:( ()k)) — xo(k).
Let f = (f1, fo)T, where f; = (12425(1({12)) —x1(k) and fy = (1+a:(2k()k)) — xo(k), then the Jacobian matrix

is given by

0f1(0)  9f1(0) 0 2
T=1 onty onty | = )
oor Oms 10

0 2
the characteristic equation for J = ( Lo ) is \> — 2 = 0 and hence the eigenvalues of J are

A2 =T /2. Since
M +1=1+V2>1, (2.10)

then, by Theorem 2.1 the trivial solution of (2.9) is unstable on N.

Lyapunov direct method

Theorem 2.3 [31] If there exists a function V : R™ — R, (called Lyapunov function) which is

continuous and such that:

V(0) = 0 and V(z(k)) > 0, Va(k) # 0,

(2.1D
AV(z(k)) =V(z(k+1)) — V(xz(k)) <0, Yk € N,
Then the trivial solution of (2.7) is stable. Moreover if
AV(z(k)) =V(x(k+1)) — V(x(k)) <0, Vk € N. (2.12)

Then, the trivial solution of (2.7) is asymptotically stable.

Remark 2.2 This theorem, helps to study stability not need to know the forme of solution, its dis-

pointing fact is that there is no specific way to generate the Lyapunov functions.

2.2. Background on stability of integer order difference systems
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Example 2.5 Consider the following non-linear system:

Ax(k) = ST () z(k).

(2.13)

It has an equilibrium point at the origin. Our first choice of a Liapunov function will be V (z) = z?,

this is clearly continuous and positive definite on R,

(k) ’ 2
k:)) —z*(k) < 0.

2+ 22(

AV (z(k)) = <

Then, by Theorem 2.3 the trivial solution of (2.13) is asymptotically stable.

2.3 Stability of fractional order difference systems

2.3.1 Stability of linear systems
Now, we investigate the stability of the equilibrium point = 0 of the a—th order linear system

of difference equations:

CAx(t) = Ax(t —1), te Ny
{ fa(t) = Az(t+a—1), £ €Nora, 214

z(a) = xg, 1z € R",

where 0 < o <1, a € R, and A is an n x n constant matrix.

Theorem 2.4 [15] Suppose 0 < a < 1. Then the trivial solution of (2.14) is asymptotically stable

if and only if the isolated zeroes, off the nonnegative real axis, of
det (In — 21— z’l)’aA) , (2.15)
lie inside the unit disk.

Remark 2.3 If @« — 17, then the condition of Theorem 2.4 simplifies to the isolated zeroes, off the

nonnegative real axis, of

1 1
I, — Al = -1I,— A
det(n po ) Z_ldet((z )1, ),

lie inside the unit disk, this means all the eigenvalues A\ = (z — 1) of A satisfy |\ + 1| = |z| < 1, it is

the same result of Theorem 2.1.

2.3. Stability of fractional order difference systems
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Proof. By Theorem 1.15, the solution of (2.14) is given by

z(t) =uz(a)+ FL i (t—s— 1)1 CAL x(s)
s:a—i—l—aa (216)
=z(a)+ =4 Y (t—-s—1)Yr(s+a—1), Vte N

Thus, fort =a+k+1,k=0,1,2,---, (2.16) simplifies to

k
T = T_1 + ZB(k — 8)Ts 1. 2.17)

s=0
Here, the kernel B(k) and z, is given by

k
B(k) = ﬁAH(a +j—1),andzy =z(a+k+1), k=-1,0,1,2,---. (2.18)

j=1
Notice that (2.17) is a nonhomogeneous Volterra difference equation of the convolution type.
Moreover, the aforementioned equation will be used heavily in the sequel.

We focus our attention on the scalar case with A = \. Without loss of generality, we shall take
r_, = 1.

e If A > 0. Since 2, > 1fork > 1,

T > 1+>\;—(k_18)! (jljl(aJrj—l)) :1+)\§$ <j1:[1(oz+j—1)> .
But
[Goe+i—1)/st Tl gla+i)  TTii(a+)) N
1/(a+s) B s! - s! @

this implies

k
«
>14+A
ok - ;(oz—i-s)’

by the limit comparison test the solution {x;}, of (2.14) diverges to infinity.
elf \=0,thenxy, =2_,fork=0,1,2,---.

Hence, from now on, we assume that A < 0, let #(z) = Z({x\}) be the unilateral Z-transform of

the sequence {z;}. Then
Ba)=(1—-2) "+ M-z ) (1+270(2), | >R>1L

Solving for 7 yields

L—z) '+ A1 -2 A

L—Azl(1—z )= 1= AY(Z)e

T(2) =

2.3. Stability of fractional order difference systems
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That says
1

Tk =g ; 2713 (2)dz,
where C' is any positively-oriented simple-closed contour in the analyticity region of 7 that encir-
cles all singular points of Z(z).

With that in mind, we consider the contour Cp, depicted in Figure 2.1 below. The inner circles
are of radius p which we take it small enough so that all isolated singularities of 7 are inside the

Ch.

Figure 2.1: The contour Cp

Since the line integrals of z*~17(z) over the inner circles in Figure 2-1 tend to zero as p tends to
zero, we have
/ 5 (2)dz = lim | 2F7E(2)dz.
c

p—0 C,

But, by the Residue Theorem,

Ty, 1 i (2)dz = ZRe s(2F 713 (2), z) = sz_l Re s(%(2), ),

211 Cy p

where the z;’s are the isolated singularities #(z). Indeed, the singularities of #(z) are simple poles

Q(z):1—A1( : >a.

z\z—1

given by the zeros of

To see this, suppose z; is a zero of (z). Then
z \"
A : =z
(Zz' - 1) o

2.3. Stability of fractional order difference systems
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and so
l—a—z

Q@)=—q—7 70
zi(1 — z;)
because Q(1 — ) # 0if 0 < a < 1. Furthermore, with P(z) = z/(z — 1) + A(z/(z — a))?,

Zi

)

The “function” (z/(z — 1))* = 2*/(z — 1)* is multi-valued. As such, we introduce the branch cut

shown in Figure 2-2.

|2| >0, - r<fO<mand |z—1] >0, -1 <o <7

Figure 2.2: Branch cut of (z/(z — 1))

Given the branch depicted in Figure 2-2, let

z=|z]¢? and z—1=|z—1|¢",

where
|z|,|z=1]>0 and —7<6,¢<m.
That says,
Qz)=0 & /\||§|_a;|l e~ il(1—a)f+ad] — 1
< (1—a)f+ap=—m and )\I‘j:i =—1.
Furthermore, since —7 < 6, ¢ < 7, then § = ¢ = —7 and, consequently, |z — 1| = |z| + 1.

In view of the above argument, there are finitely many poles inside C, and the residue of each is
finite. Hence the result.

Following the same lines of reasoning employed in the scalar case and applying the Z-transform
to (2.17), one obtains

F2) =1 -z Ttz + A0 - 27 %z + 2717).

2.3. Stability of fractional order difference systems
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Re-arranging the terms and solving for Z(z), one gets
i(z)=(L,— 21— z_l)A)fl (=2 +1=-2H""A) 2y,

where [, is the identity matrix of order n.
Thus, like the above, we formulate the basic result. m

An immediate consequence of Theorem 2.4 is the following corollary.

Corollaire 2.1 [15] If « = 1/2 and A is a triangular matrix with diagonal elements \;;i = 1,--- | n,

then the zero solution of (2.14) is asymptotically stable if and only if
—V2 <A <0, Vi=1,-,n. (2.19)

Example 2.6 Consider the following 1/2-order system of difference equations:

A1 0
( CAl/_QW x) (t) = ( ' ) z(t—1/2), teN,, a€R, and \;, \» € R, (2.20)
“ 0 Ao
subject to the initial condition
1
z(a—1/2) = ( ) ) : (2.21)

Recall that Corollary 2.1 asserts that the zero solution of (2.20-2.21) is asymptotically stable if
—V2 < A\, Xy < 0. This, for different values of \;,i = 1,2, is confirmed in Figure 2.3 below. The
figure depicts the 2-norm of the solution {x\} for the first 100 iterates.

1@ I ] ©

404 0.4 4

204 024

o 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100

Figure 2.3: The first 100 iterates of 2-norm of the solution {z;} of Example 2.6, for (a) A; = 0.1,
)\2 = 001, (b) )\1 = —13, )\2 = —1, and (C) )\1 = —15, )\2 = —0.7.
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These results gave a condition for stability of (2.14), but they remain difficult to implement.

Below we present a practical result, we introduce the set:
S = {z eC:lzl < <2COS %) and |arg z| > O;—W} : (2.22)
-«

Theorem 2.5 [17] Let o € (0,1) and A is an n x n constant matrix. If A € S® for all the eigenvalues
A of A, then the trivial solution of (2.14) is asymptotically stable. In this case, the solutions of (2.14)

decay towards zero algebraically (and not exponentially), more precisely
lz@)] = O@™) ast — oo,

for any solution x of (2.14).
Furthermore, if A € C\ cl(S®) for an eigenvalue \ of A, the zero solution of (2.14) is not stable.

Proof. Without loss of generality, we shall take a = 0, and use the variable change t = k£ + 1 — «,
system (2.14) become

(“Asz)(k+1—a)=Ax(k), k=0,1,---. (2.23)
We have by definition

k
CAsz)(k+1—a) = ﬁg(lﬂ —a —5)TYAx(s)
s=0

k
_ 1 I'k—a—s+1)
=T 20 NS AYIC)

Using Pascal rule yields:

CAsz)(k+1—a) = i(i_;f)x(s) — (k;a)x(()) +x(k+1)
= S (e a(e) — (5 + (5] 9(0) +(h + 1)
= S (D)) = (F)F (e 0) +alh 1),

so a sequence z(k) is a solution of (2.14) if and only if it is a solution of

k

v(k+1) = Av(k)+ Y B(k—s)z(s) + g(k), k=01, (2.24)
where 1
B(k) = (—1)k<k j‘_ 1) I, and g(k) = (—1)*" <Z‘; 1):1;(0). (2.25)
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Comparing both the Volterra difference equations, the system (2.17) seems to be formally simpler
and more suitable to analyze. However, the system (2.24) has an important advantage compared
to (2.17), namely the property that the elements of its convolution kernel B given by (2.25)
belong to the space ¢!(N"*") of absolutely summable sequences, while the elements of kernel B
given by (2.18) not. This will enable us to apply some relevant results of the theory of Volterra

difference equations Theorem 1.6, where the assumption B € ¢*(N"*") is crucial.

(1) We consider (2.14) in its equivalent form (2.24) and first analyze its homogeneous part

x(k+1) = Ax(k) + ZB(k —s)x(s), k=0,1,---. (2.26)

s=0
To apply Theorem 1.6, we perform some necessary calculations related to the Z-transform of the

kernel b(k) = (—1)’“(kj‘_1). Using expansion into the binomial series (with the radius of conver-

gence R = 1) we have

b(z) = g:(—m(k i 1)z—k — (1 . %)a (2.27)

0

Then, based on Theorem 1.6, the homogeneous system (2.26) is asymptotically stable if all the

zeros of the characteristic equation

det (z (1 — %) I, — A) =0 (2.28)

are located inside the unit circle. Obviously, z is a zero of this equation if and only if z(1 — z=1)*

o= (- o)

defining the stability boundary for (2.14) and describe its structure. Let z = ¢ for 0 < ¢ < 27

is an eigenvalue of A.

Now we consider the curve

andlet 1 — 271 =re™ forr = r(¢) > 0 and w = w(p),0 < w < 27. Then
1—e % =rew,
which, after equating real and imaginary parts, turns into
1 —cosp=rcosw, siny =rsinw.

If o =0, then r = 0. If p # 0, then

sin @
tanw = —.
1 —cosp
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Since

g _zsmef)entels) e g
1 —cosy 2sin*(p/2) 2 2

we can write w = 7/2 — ¢/2. Further

. P
= 2sin =
T Sin 9

From here we get

o 2 —
Pa:{(Zsin§> exp(i 90+(7; S0)0[):0§<,0<27r}.

If weset = —w = /2 —7/2, then

e — {— (2cos 0)® exp(i(2 — a)f) : —

o N
(AN
SN
A\
Y
——

Using the polar form, |z| = (2cos6)®, where

0:{ MEZTf arg 2 > (),
arg z+m s
ZEif argz < 0.

This is equivalent to

re= {z eC: |z = <2cos %) and |arg z| > ag} (2.29)
-«

Figure 2.4: Asymptotic stability sets S* for several values of a.
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(2) As a next step, we show that w,(z) = 2(1 — 27!)* maps the unit circle D = {z € C: |z| < 1}
onto S . First we consider the upper part of D in the form D, = {z € C: |z| < 1 and Imz > 0}.
Since w,, is holomorphic and nonconstant on D,, it maps D, (by the open mapping Theorem) to
an open set. It means that for any 2, € D, there exists a neighborhood of w,(z) contained in
wqo(Dy,). In other words, a point of D,, can not be mapped to the boundary of w, (D, ). Further, the
function w,, is continuously extendable on the closure c/(D,) (the singularity at the point z = 0 is
removable as Zzz'lrozwa(z) = 0) which is a compact set in C and thus w,(D,) is bounded. The same
conclusion holds if we take the lower part of D in the form D, = {z € C: |z| < 1 and Im z < 0}.
Finally, the interval (—1,0) of the real axis (which is a part of the boundary 0D, as well as 9D,)
is mapped by w, onto the interval (—2%,0) of the real axis, while the continuous extensions of
w, on cl(D,) and cl(D,) map the interval [0, 1) onto abscissas lying in w,(cl(D,)) and w,(cl(Dy)),
respectively. It means that the interval [—2% 0] is a common part of the boundaries dw,(Dy)
and Jdw,(D,). In view of w,(0D) = I'* (see the previous step), the above arguments imply that
we(D) = S°.

(3) Let all the eigenvalues A of A belong to S and let = be the solution of (2.24). Then by the

variation of constants formula, we obtain

where R(k) is the resolvent matrix of (2.26). So
a@)—Rm<>+zm><—s—n
=mem+§ﬁ@ewﬂ@®ﬂm
= Y R(s)(=1)¥*(37)2(0) = ZR< $)(=1)* (") (0).
Using the asymptotic equivalence

1
(—1)k(0‘k )ch—a as k — oo,

(with the constant C' depending on « only) and taking the norms, we have
k
el = || R0k 5)-) H
k
> Rk = )(-1)(")

1(0)
k
< OS> ot 1A Gk~ 9
Lk/2]
=0 ( > e 1Rk =)l + > (sﬂ = I B(k — )||> 7
s=0 s=|k/2]+
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where C; > 0 is a suitable real constant and the symbol |.| stands for the floor function. Since
each component of R belongs to ¢!(Ny), we have |R(k)| = O(k™!) as k — oo and there exist
Cs, C3 > 0 such that

Lk/2] 1 Cy Lk/2]

1 Cs
Z(s+1)a IRk =)l < k+1z(s+1)a St

s=0 s=0

where we have used the inequality Zle(s +1)7* < fok(x + 1)~“dz. Similarly, the second sum

can be estimated as
k k

) LRk < & > Rk =)l < Cs

s=|k/2]+1 <S+ ]_)O‘ <k+ 1)as:Lk/2J+1 (k+ 1)‘)"

for suitable Cy, C5 > 0. In summary, we have ||z(k)|| < Cs(k + 1)~°, hence ||z(k)|| = O(k~*) as

k — oo.

(4) It remains to show that if A € C\cl(S®) for an eigenvalue A of A, then the zero solution of
(2.14) is not stable (equivalently, if there is a zero of (det (2 (1 — )" I, — A) = 0) with |2| > 1,
then (2.14) is not stable).

If |z] > 1, then g(2) = (1 — z7')*"'z(0), and the Z-transform of the solution x of (2.14) takes the

- (-(1-2) ) (12 ) e 20

A zero of det (z (1 — 1) I, — A) represents a singular point of 7. It is known that if f(z) is the

z

form

Z-transform of a sequence f : N — R, then its radius of convergence R is given by distance from
origin to an outermost (non-removable) singular point. Hence, if there is a zero z, with |z| > 1,
then also the radius of convergence of at least one component z; of  satisfies R > 1. Using the

Cauchy-Hadamard theorem we have

r= klim sup v/ |z;(k)] > 1

and, consequently;, klim sup |z;(k)| = +oo which proves that x is not bounded and thus (2.14) is

not stable. m

Remark 2.4 The assertions of Theorem 2.4 and Theorem 2.5 describe the same stability region. But
these analytical descriptions are different. In particular, the condition stated in Theorem 2.5 seems

to be more convenient for practical purposes, due to the explicit form of S¢.

Example 2.7 Consider the following system:

, 3
CAgx(t)=< 0 3 )m(t), t € Nuf1_a (2.31)

2
-2 -1
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0 3
The characteristic equation for A = ( 2 ) is A2 + X\ + 1 = 0 and hence the eigenvalues of A

win

are \y = —1 + ‘/731 and Ay = —3 — \/7?:2 Since

larg Ao —

2 —4r 2 1
Aol =1> [ 2cos = QCOST = 0.589318551 < Ay ¢ S2.

1
2

Then, by Theorem 2.5, the trivial solution of (2.31) is not stable.

Example 2.8 Consider the following system:

2 _3 3
“AZx(t) = ( o )a:(t), t €N,z (2.32)
0 —%
_3 3
The characteristic equation for ( 08 _2 17 ) is (A + 2)(A+ 3I) = 0 and hence the eigenvalues of A
27
are \; = —2 and Ay = —1I. Since
2
3 M| — 3 2 2
Ml=3 < (2 cosbri#) ~ 0.6666666666, and |arg \| = 7 > % &\ € S5,
3
and

17 No| — 7\ 3 p
ol = 5= < (2 cos%) ~ 0.6666666666, and |arg\o| = 7 > g &\ € S5

_2
3

Then, by Theorem 2.5, the trivial solution of (2.32) is asymptotically stable.

2.3.2 Stability of non-linear systems

In this section, we extend the method of the Lyapunov functions to study the stability of
solutions of the Advanced time and Delay time non-linear fractional order difference systems.

First, we list some definitions that will be used in study the stability properties.

Definition 2.2 [20] A function ¢(r) is said to belong to the class K if and only if ¢ € C'[[0, p),R4],
¢(0) = 0 and ¢(r) is strictly monotonically increasinginr. If ¢ : Ry — Ry, ¢ € K, and lim ¢(r) =
oo, then ¢ is said to belong to class KR.

Definition 2.3 [20] Areal valued function V (t, z) defined on N, xS,, where S, = {x € R : ||z|| < p},
is said to be positive definite if and only if V' (t,0) = 0 for all t € N, and there exists ¢(r) € K such
that ¢(r) < V(t,z),||z|| =7, (t,x) € Ny x 5,.
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Definition 2.4 [20] A real valued function V (t, x) defined on N, x.S,, where S, = {z €¢ R : ||z]| < p},
is said to be decrescent if and only if V(t,0) = 0 for all t € N, and there exists p(r) € K such that
Vi(t,z) < o(r),||z|| =7 (t,z) € Ny x S,

Advanced time systems

Consider the following system:

(2.33)

“Arz(t)=ft+a—1,z(t+a—1)),
{L‘(to) =9, XoE Rn,

where tg = a+n9p € N, (ng € N), t € Ny,a =a—1, f : N, x R"” — R" is continuous, and
0 < a<1.Let f(t,0) =0, for all ¢ € N, so that the system (2.33) admits the trivial solution.

Remark 2.5 When o = 1, the system (2.33) become

{ Az(t) = f(t,z(t)), teEN,,

l’(to) =19, To€ R™

For the system (2.33) we have the following theorems.

Theorem 2.6 [20] If there exists a positive definite and decrescent scalar function V (t,z) € C' [N, x S,, R,]
such that
CALV(t,2(t)) <0, (2.34)

forallty € N, and (t,x) € N x S, then the trivial solution of (2.33) is uniformly stable.

Proof. Let xz(t) = z(t, 9, x¢) be a solution of system (2.33). Since V(¢, x) is positive definite and
decrescent, there exist ¢, ¢ € K such that

o(llzl)) < V(t z) < e(|[=]]),

for all (t,x) € N, x S,.
For each € > 0,0 < € < p we choose a = d(¢) such that

p(0) < o(e).

For any solution z(t) of (2.33) we have ¢(||z(t)[|) < V (¢, (t)) with ||zo|| < d(e). Since “AL V (¢, z(t)) <
0, by using Theorem 1.12 we have V' (¢, z(t)) < V(ty, zo) for all t € N,,. Consequently,

P(lz@)]]) < V(¢ z(t)) < V(to,z0) < @(llzoll) < ¢(6) < ¢(e),

and thus ||z(t)|| < eforallt € N;,. m
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Theorem 2.7 [20] If there exists a positive definite and decrescent scalar function V (t,z) € C' [N, x S,, R, ]
such that
CALV(ta(t) < —p(lzt+a—1]), Vit €N, (t,z) ENx S, (2.35)

where ¢ € K, then the trivial solution of (2.33) is uniformly asymptotically stable.

Proof. Since all the conditions of Theorem 2.6 are satisfied, the trivial solution of the system
(2.33) is stable. Let 0 < ¢ < p and § = d(¢) > 0 correspond to stability. Choose a fixed ¢, < p
and 5y = () > 0. Now, choose ||zg| < & and T(e) large enough such that (T + a)® >
(p(d0)/1((€)))T'(cv + 1). Such a large T can be chosen since TILII;O(F(T + «a)/T(T)) = co. Now, we
claim that ||z (¢, %9, z0)|| < d(¢) for all ¢ € [tg,to + T] N Ny,. If this is not true, due to (2.35) and
Theorem 1.12, we get

t—o
Vbl to,a0) < V(o) =gy 5o (t—s— D@ D(a(s +a - 1)
s=to+1—a
t—«
5 a—
< p([lzoll) = 5o 3 (t— s — 1)l
s=ng
s a
< (o) — %(t — ).

Substituting ¢t = to + 7', we get

$(9)

0 < 0(8(€) < Vlto + Ta(to + Toto, 70)) < (00) = Frrgy

(T -+ to — no)(a) S 0,

which is a contradiction. Thus, there exists a ¢ € [ty,?y + 7] such that ||z(¢)|| < d(e). But in this
case, since the trivial solution is uniformly stable and ¢ is arbitrary, ||x(¢)|| < e forall t > to + T

whenever ||zl < §p. m
Theorem 2.8 [20] If there exists a function V (t,x) € C'[N, x R", R, | such that
o(lz@l) <Vt z) < e(=(@)]) V(¢ x) € No x R,

ARV (t,x(t) < = (et +a = 1)) Vi €N, (1,7) € NxXR",

where p, ¢, and ¢ € KR hold for all (t,z) € N, x R™, then the trivial solution of (2.33) is globally
uniformly asymptotically stable.

Proof. Since the conditions of Theorem 2.7 are satisfied, the trivial solution of (2.33) is uniformly

asymptotically stable. It remains to show that the domain of attraction of 2z = 0 is all of R™. Since
lim ¢(r) = 00, dp in the proof of Theorem 2.7 may be chosen arbitrary large and e can be chosen
such that it satisfies ¢(dg) < ¢(¢). Thus, the globally uniformly asymptotic stability of x = 0 is

concluded. m
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Remark 2.6 Theorem 2.8 gives a sufficient condition to analyze stability of (2.33). But it’s not easy
to construct ¢, and 1) functions directly. Yet, so far there is no direct way to know the stability of
system (2.33).

Delay time systems

Now, we consider the following system:

(2.34)

CA(t) = ft+a,z(t+a)), t €Ny a,
z(a) = xg, x9 € R",

where f : N, x R" — R is continuous, and 0 < o < 1. Let f(¢,0) = 0, for all ¢ € N, so that the

system (2.34) admits the trivial solution.

Remark 2.7 when o = 1, the system (2.34) become

{ Az(t) = f(t+1,2(t+1)), teN,

z(a) = xo, x9 € R™
The result of Theorem 2.8 remain correct in this case and is formulated as follows:

Theorem 2.9 [21] If there exists a positive definite and decrescent scalar function V' (t,x), discrete
class—K functions ¢, p and v such that

o(lz@®) < V(E,2) < e(llz@)]]), ¢ € Na,

and
AV (tx(t) < —y(llat+a)]), t € Nayia,

then, the trivial solution of (2.34) is asymptotically stable.

Now, we present a sufficient condition for stability of (2.34). We first introduce the following

Lemma. In the rest, we assume the initial point o = 0 for simplicity.

Lemma 2.1 [2]1] For 0 < o < 1, and any discrete time t € N, 1_,, the following inequality holds:
CAC2(t) < 2x(t + ) A% (t). (2.35)

Proof. We need to equivalently prove

CA%2(t) — 2x(t + ) A%z (t) < 0.
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The left hand side can be rewritten explicitly as

t+a—1

Z (t—s—1)CYA, (2%(s) — 2z(t + @)z(s)) .

sS=a

1
I'(1l—a)

We add A,z%(t + «)

1 t+a—1
C A2 . C A« — _e_ 1\ — 2
A2z (t) — 2z(t 4+ a)C A%z (t) T a) g (t—s—1)TDA, (x(s) — z(t + a))”.
Using the summation by parts. We obtain
t+a—1 9
CAE(t) — 22(t + )P A%x(t) = I‘(l_——la) 3o (x(s) —z(t + a))’ Ayt — s))

—s (<o) 2 o
+ 0 () — a(t + @) |1

= i S (@)~ aft + @) (¢ — s - 1))

— 2 (a(a) — a(t + )’ <0,

This completes the proof. m

Theorem 2.10 [21] If 27 (t + ) f(t + o, z(t + a)) < 0 for any t € N,11_q, then the trivial solution
of (2.34) is asymptotically stable.
Proof. Use a discrete Lyapunov candidate function V (¢, z(t)) = 5> 27(t).

If 27(t + a) f(t + a, z(t + a)) < 0, then we have by Lemma 2.1

YAV < zn:xz(t +a)9A%;(t) = 2 (t + o) f(t + o, z(t + @) < 0,

i=1
which means the fractional difference of V (¢, 2(t)) is negative definite.

Considering the Theorem 1.12, we can obtain
V(t,z(t)) < V(0,2(0)), VteN,,

or
1< 1 —
52%2(25) < 52353(0).
=1 =1

According to the definition of the stability, we can determine the origin is stable.
On the other hand, the fractional difference of the V' function results negative definite. The used
Lyapunov function is positive definite. As a result, the equilibrium point is asymptotically stable

from Theorem 2.9. This completes the proof. m
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Example 2.9 Consider the linear discrete fractional equation:
“A%2(t) = —x(t+a), x(0)=01, 0<a<1, t&€Nyi 4

We check that
rt+a)f(t+a,z(t+a))=—22(t+a) <0, t€Nyyiq.

Hence, the trivial solution is asymptotically stable according to Theorem 2.10.
Example 2.10 Consider a discrete time varying system of fractional order:

CAYy(t) = =211 (t + @) +taa(t + ), 71(0)=04, 0<a<l,
CAYwy(t) = —tzy(t + ) — 2a(t + ), 29(0) =08, t € Nyyi_a.

We can calculate
Tt a)ft+a,z(t+a)) =222t +a) —23(t+a) <0, Vt€Nyi_q.

It is evident that the system is asymptotically stable from Theorem 2.10.

2.3. Stability of fractional order difference systems



Chapter 3

New stability results for linear
incommensurate fractional order difference

systems

In the previous chapter, it mentioned some results for stability analysis of linear fractional-order
difference systems (FoDS) with commensurate orders, in order to pave the way for introducing
the main results of this chapter, which will be verified numerically, later on, in Section 2. Such
results will clearly show the stability of the linear FoDS with incommensurate orders via some use-
ful conditions formulated as theorems. First of all, consider the following linear incommensurate
FoDS:

(

CAYa(k+1—oq) = Zlaljf’fj(k),
]:

CA32I2(]€ + 1-— 042) = Z(lgj[[‘j(]{?),
7j=1

k=0,1,---, (3.1)
O (k41— o) = Yoaa k),
\ J=1
where “A§’ is the Caputo fractional difference of order «;, where 0 < o; < 1, fori = 1,2,--- | n,

and A = (aij)1§i7j§n € R™x",

3.1 Main results

For the incommensurate fractional order linear difference system (3.1) we give the following

results:

38
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Theorem 3.1 Consider system (3.1) subject to the initial vector condition X (0) = X, € R". Then,

e If all roots of the following characteristic equation:
det (diag (2(1 — 27 ")*, 2(1 —271)*, -+, 2(1—271)™) — 4) =0, (3.2)

lie inside the unit disk, then the zero solution of system (3.1) is asymptotically stable.
e If there exists a zero, say z* of (3.2) such that |z*| > 1, then the zero solution of system (3.1) is not
stable.

Proof. As we observed in the proof of Theorem 2.5 that

(CAyz;) (k+1-a) = Z(—l)k_SH (k _ii_{_ l)x(s)—(—l)’“Jrl (O]é;;ll)l‘(())—{—x(k-f-l), Vi=1,2,--.n.

So we can rewrite system (3.1) as follows:

( k n
z(k+1) = Z{)(—l)’“’s(k_iil)ﬂil(S) + (=R () 21(0) + Zlalﬂfj(k‘),
s= j=
k n
IQ(I{I —+ 1) = Z (—1)k_8 (kf;2+1)x2<5) + (-1)k+1 (O;:Jr_ll)l’g(()) + Zagjxj(k;),
s=0 j=1 k= 0, 1,
k n
rn(k+1) = Z{)(—l)“ (o) an(s) + (1R () (0) + Zlanm(k)-
\ §= j=
(3.3)
One might take the Z-transform to (3.3). This yields the following system:
/ n
2Z(2) —221(0) = (2= 2(1 = 1)")&1(2) + (2(1 — )M = 2)1(0) + Zlaui?j(z),
=
2B9(2) = 229(0) = (2= 2(1 = 3)*)Ta(2) + (2(1 = )7 — 2)22(0) + Y az;d;(2),
j=1 (3.4)

z

20n(2) — z2,(0) = (2—2(1— i)a")in(z) + (2(1 = )=t — )z, (0) + ianjaﬁj(z),

where 7;(z) indicates the Z-transform of z;(k), (i.e., 7;(z) = Z[x;(k)],1 < i < n). Consequently,

we can rewrite system (3.4) as follows:

71(2) 2(1 = 1) ~1z(0)
M2, xg(z) _ z(1— ;)‘3‘2 z5(0) | (3.5)
Tn(2) z(1 = 1)an=1z,(0)

3.1. Main results
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in which
2(1—1) —ay —a1p e —Q1p
M(2) = —(.121 2(1— %)fm — Qg . _C.L2n ‘ 3.6)
—(.znl —C.Lng e z2(1= 1) —q,,

Multiplying both sides of (3.5) by (z — 1) gives:

(z = D (2) 2(1 = 3)* a1 (0)
ue). | BT 1:)332(2) _| T ;:)%2(0) . (3.7)
(2 = 1)Zn(2) 2(1 = ) (0)

Now, we should note that if all roots of det M(z) = 0, lie inside the unit disk, then system
(3.7) will be considered such that z satisfies |z| > R, withe R < 1 (R is the radius of conver-
gence of X(z)). Actually, system (3.7) has a unique solution in this limited area represented by
((z = D&1(2), (2 = DEa(2),- -+, (2 — 1)Z,(2)). Accordingly, we have:

lim(z — 1)Z;(2) =0, i=1,2,--- ,n. (3.8)

z—1

Based on the assumption stated in first part of this theorem, and based also on the Final-Value
Theorem associated with Z-transform, we obtain:

lim z;(k) = lim(z — 1)Z;(2) =0, i=1,2,--- ,n. 3.9

k—o0 z—1

On the other hand, considering the second part of this theorem implies that the convergence

radius R of the series: .
> X(k)z* = X(2), (3.10)
k=0

is greater than 1 (i.e., R > 1). Therefore, there exist i, where 1 < iz < n, which makes the

convergence radius R;,, of the series:

D mig(k)z ™ = 4 (2), (3.11)
k=0
also be greater than 1 (i.e., R;, > 1). Thus, by using the Cauchy-Hadamard Theorem, we obtain:
R, = klim sup v/ |z, (k)| > 1. (3.12)
Consequently, klim sup |z;, (k)] = oo. This, however, implies that x will be never bounded and

hence (3.1) is not stable. m
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Remark 3.1 If oy = ap = -+ = «,, = «, then Theorem 3.1 becomes similar to Theorem 2.4 which

is equivalent, as it is known, to Theorem 2.5.

Corollaire 3.1 Suppose that A is a triangular matrix with diagonal elements \;,i = 1,--- ,n. If
—2% < \; < 0, Vi, then the zero solution of system (3.1) is asymptotically stable. Furthermore, such

solution is not stable if either \; > 0 or \; < —2% for some i.

Proof. Consider the first part of Theorem 3.1 and A as assumed here. This will turn (3.2) into

the form:

H (1—2"H" —)) =0. (3.13)

It means that there exists ¢, where 0 < ¢ < n such that:

(z(1—z"H% = N) =0. (3.14)

Now, according to the assumption that supposes all the roots of (3.2) lie inside the unit disk, we
deduce that all \;’s belong to the set {z(1 — z7!)*, z € Cand |z| < 1}, for 0 < i < n. Based on

the proof of Theorem 2.5, we also deduce:

{Z(l _Zfl)ai’ = (Cand |Z| < 1} = {Z - C: ’Z‘ < (ZCOS |aI‘2gZ| —7T) and |aI‘gZ‘ > O[;ﬂ'}a
—

where )\; € R, 0 < i < n, This means that —2% < \; < 0, as desired. =

Example 3.1 Consider the vector difference equation

CAY?21(k+1—/2) A 56 1 (k)
CAg.fQ(kf—F 1 —7T> = 0 )\2 8 .TQ(k’) 5 k= 0,1,27"‘ y (315)
CASJ]:),(]{? +1-— 6) 0 0 /\3 [E3(l{7)

where A\, Ay, A3 € R, by Corollary 3.1 the zero solution of (3.15) is asymptotically stable if
_9V2 < A <0,

—2T < Ay <0,

and
—2° < /\3 < 0.

If either \; > 0 or \; < —2% for some i = 1,2,3. Then, the zero solution of (3.15) is not stable.

3.1. Main results
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As a matter of fact, the above result, represented by Corollary 3.1, is deemed one of the
main significant results in this chapter. It can be easily implemented for exploring the stability
of some linear incommensurate FoDSs which involve just a triangular matrix A in their forms.
On the contrary, one can find it extremely hard to verify condition (3.2) in the proposed result
represented by Theorem 3.1. Actually, this condition concerns with the full matrix that might be
found in the linear incommensurate FoDSs. To deal with this problem, we present below another

more practical result which is equivalent to Theorem 3.1.

Theorem 3.2 Consider 0 < «; < 1, fori = 1,2,--- ,n, and M is the lowest common multiple of

(%

the denominators u; of a;’s, in which o; = 2 and (u;,v;) = 1, where w;,v; € Z,.,Vi. Then, the zero
solution of system (3.1), subject to the initial vector condition X (0) = X, € R", is:
e Asymptotically stable if any zero solution of the polynomial:

det (diag (AMo1, AMe2 oo AMen) — (1 - AM)A), (3.16)

lie inside the set
C\K",

where v = & and where

N
K = {z eC:|z| < (2(:08 @) and |arg z| < g} (3.17)

e Not stable, furthermore, if there is a zero, say A, of (3.16) such that A\ € IntK".

Proof. In accordance with Theorem 3.1, system (3.1) is asymptotically stable if all the zeros of

the following characteristic equation:

det (diag (2(1 — 27 1)*, 2(1 —271)*, -+, 2(1—271)™) — A) =0,

are located inside the unit circle. However, setting

1 1
l——=\Me=— 2 MM £,
2 T 7

will turn the above characteristic equation to be in the form:

AMal AMO{Q )\Man
det (| di — A =0. 3.18
€ (Za’g<1_)\M71_)\M7 ’1_>\M) ) ( )

Multiplying both sides of (3.18) by (1 — AM)" yields:

det (diag (A1, AMe2 o AMen) — (1 - AM)A) = 0. (3.19)

3.1. Main results
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Now, one finds that it is necessary to prove the two assertions z € {z e C:0< [z] <1} & ) €
C\K7"and z € {z € C: |z] > 1} & X € IntK". For achieving those goals, consider the following
steps:

e Step 1: (Defining the stability boundary). Consider the following curve:

1 Y
e (1) ), o0

which defines the stability boundary for system (3.1) and also describes its structure. Suppose

z=¢e¢¥and 1 — 27!

w € [0,2m). Then,

= re™ for 0 < ¢ < 2w and r = r(p) > 0, and also suppose w = w(y), where

1—e% =re™.

This equation, after the imaginary and real parts are equated, will be turned into the following
two components:

sinp =rsinw, 1—cosp =1rcosw.

Observe that, when ¢ = 0, then » = 0. Otherwise, we have:

sin @
tanw = ——.
1 —cosyp
In view of the fact that:
singp 2sin(p/2) cos(p/2) et P - tan(z B f)
1—cosp 2sin’(¢/2) 2 2 27

we can write 7 and w as 7 = 2sin £ and w = 7/2 — ¢/2, respectively. From here, we obtain:
¥ —
L= {(28111 g) exp(i%) 0<p< 27r} .
Observe that setting = —w = ¢/2 — /2, will turn L" to be as follows:

L= {(20050)7 exp(—iv0) : Top< z}.

2~ 2
One can use the polar form represented by (|z| = (2cos6)”), where arg = = —76, to obtain:
Y
L7 = {z €eC: |z = (2008 M) and |arg z| < g} (3.21)
v

e Step 2: (Showing that w,(z) = (1 — 1)” maps the set Dy = {z € C: |z| > 1} onto IntK",
with noting that w,(2) = 277 € IntK"). In view of the Open mapping theorem, and since w,

is nonconstant holomorphic on Dg, then it maps Dy to an open set. In other words, we have a

3.1. Main results
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neighborhood of w, (z*) included in w,(Dg),Vz* € Dg. This implies that the boundary of w. (Dg)
can not be mapped by any point of Dg. This means that w,(Dg) C IntK". Similarly, one can prove
that w,(D;) € C\K?, where D; = {zxe€ C:0< |z| < 1}. In view of w,({z € C: |2| =1}) = L"
(see the previous step), and also in view of the continuity of w., the above arguments imply that
w(Dg) = IntK7"\ {1}.

e Step 3: For the purpose of showing the other part this theorem, we first assume that there is a
solution \ of (3.16) with A\ € IntK". This implies that z = ﬁ is a solution of (3.2) with |z| > 1.
Thus, we can deduce, in view of Theorem 3.1, that there is an instability of the zero solution of
system (3.1). On the other hand, if each solution of (3.16) belongs to C\ K, then all solutions of
(3.1) will belong to {z € C : |z| < 1}, which makes the zero solution of system (3.1), via Theorem
3.1, asymptotically stable, as required. =

3.2 Numerical simulations

To highlight the primary outcomes of this chapter in exploring the stability of the linear
incommensurate FoDSs, Theorem 3.2 will be utilized to investigate two examples that explore

such stability when these systems involve full matrices in their forms.

Example 3.2 Consider the following linear incommensurate FoDS:

ZL‘l(l{?)
Ck=0,1,2,--- . 3.22
) ( ea(F) ) 522

One can obtain M to be equal 4. This, however, implies:

A0 wf -1
d(< A>_<H><_%

o M1 =-X —(1-2Y
21-A) A=1a-)Y

CAZay(k+1- 1)
CAél‘g(k’ + 1-— i)

Il
VR
L
Sle —
N= =
N|—= =
N———
~__—
Il
o

1 1 1 1 1
Sl LT L C I LN | i GOV T — | 3.23
G +2 3 + 5 + +16 0 ( )
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Accordingly, the solution of (3.23) will be in the following form:

A\ = —1.1634,

Ao = —6.0451 x 1072,

A3 = —0.78732 + 3.189 44,

A = —0.78732 — 3.189 41,

s = 1.3269 — 0.487 5i,

¢ = 1.3269 + 0.487 5i,

A7 =7.2415 x 1072 + 0.808 741,
g = 7.2415 x 1072 — 0.808 74.

As per Theorem 3.2, and due to \; € C\K T,Vi =1,2,---,8, then system (3.22) is asymptotically

stable about its zero solution.

In order to demonstrate the validity of the obtained outcomes, one can observe, from Figure 3.1, that

the two states of system (3.22) converge to zero, and hence it is stable.

y L2

€Iy

0.45
.
0.4
0.35[
.
03¢

025 =

.
02 *
N

I I I I
50 100 150 200 250 300

Figure 3.1: The stability of the zero solution of system (3.22).
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Example 3.3 Consider the following linear incommensurate FoDS:

1
CA(ixl(k +1-3) -1 0 -0.2 x1(k)
“Afzo(k+1-3) | =] 34 -1 02 zo(k) |, k=0,1,2,---. (3.24)
CA§$3(]<7+1—§) 0O 0 -1 z3(k)

One can find M = 6, which leads to:

X0 0 -1 0 =02
det 0 X 0 |-1=X9 34 -1 02 =0
0o 0 M\ 0o 0 -1

_)\18 4 )\16 =+ )\15 4 )\14 o )\13 + 2)\12 o )\11 - 2)\10 o )\9
- 8 T 6 5 4 3 2 _ (3'25)
207+ A 2+ AN+ A+ A+ A+ 1=0.

Consequently, the solution of (3.25) will be in the form:

—0.32131 — 0.874 981
—0.32131 4 0.874 981
0.32131 — 0.874 98¢
0.321 31 + 0.874 981
—0.85180
—0.54463 4 0.727 67
—0.54463 — 0.727 6¢
0.54463 + 0.727 61
0.54463 — 0.727 61
0.42590 — 0.737 681
0.42590 + 0.737 68
—1.1510
1.1510
—1.2106
1.2106
—0.58699 — 1.016 72
—0.58699 4 1.016 72
1.1740

where

o=

Kt = {2 € C 2] < (2cos6arg 2])? and Jargz| < T}

12
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Hence, in view of Theorem 3.2, system (3.24) is also asymptotically stable about its zero solution.
To confirm the final inference of Example 3.2, Figure 3.2 illustrates such stability by exhibiting the

convergence of all system’s states to zero, which shows the validity of the proposed results.

0.8 |

07 X

06 -

o5 ] ]

0.4 ” .

il

5]

0.2 ‘lu
I

0.1

_04 I | |
0 20 40 60 80 100 120 140

Figure 3.2: The stability of the zero solution of system (3.24).
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Chapter 4

Synchronization of incommensurate

fractional order difference systems

In this chapter, we study the synchronization of incommensurate fractional order discrete
systems. The considered synchronization scheme can be tailored to encompass several types of

classical synchronization. Numerical examples are presented to test the findings of the study.

4.1 Synchronization

4.1.1 Master-slave system

We consider a master system represented by:

([ CAZ (k41— o) = A(X(K)),

C A\ Q2 — =
.AO zo(k + 1 — ag) = f2(X(k)), E=0,1,-- (4.1)

CAS"QZn(k +1-— an) = fn(X(k)>7

where A’ is the Caputo fractional difference of order a;,0 < o; < 1, fori=1,2,--- n, X(k) =
(z1(k), zo(k), -+ ,z,(k))T € R™ is the state of the system (4.1) and (fy, fo, -+ , fn)? : R® — R™

And a slave system given by:

CAglyl(k' + 1-— Ckl) = gl<X(k')) + Ul,

CAS2y (K + 1 — ag) = go(X (k) + Uy,
. 092( 2) 92( ()) 2 k=01, (4.2)

| AT Yn(k + 1 — an) = gn(X (k) + Un,

48
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where Y (k) = (y1(k),y2(k), -+ ,ya(k))T € R" is the state of the system (4.2), (91,92, ,9n)" :

R" — R" and U = (U, Us, -+ ,U,)T € R" is a control vector to be determined.

4.1.2 Synchronization types

Complete synchronization (C.S)

Definition 4.1 [37] The problem of complete synchronization is to determine the control U so that
i [ (k) = X ()] = 0, (43)

where ||.|| is the euclidean norm.

Remark 4.1 If (f1, fo, -, fu) = (91,92, , gn), the relationship becomes identical complete syn-
chronization.

If (f1, foy o5 fn) # (91,92, , gn), it is @ non-identical complete synchronization.

Anti-synchronization

Definition 4.2 [37] The problem of anti-synchronization is to determine the control U so that

lim ||V (k) + X (k)|| = 0. 4.4)

k—o0

Projective synchronization

Definition 4.3 [38] We say that we have a projective synchronization between the systems (4.1)

and (4.2), if there exists a diagonal matrix H = diag(hy,- - , hy,), such as:
klim Y (k) — H x X(k)|| = 0. (4.5)

Remark 4.2 The case where all h; are equal to 1 represents a case of complete synchronization.

The case where all h; are equal to —1 represents a case of anti synchronization.

FSHP synchronization (FSHPS)

Definition 4.4 [39] We say that we have a FSHP synchronization (full state hybrid projective syn-
chronization) between the master system (4.1) and the slave system (4.2), if there exists a controls
Ui, 1 <i < n, and a constants (7;;)1<i,j<n € R"", such as:

lim
k—o00

=0, 1=1,---,n. (4.6)

yi(k) — Z%’j%‘(k)

4.1. Synchronization
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Inverse FSHP synchronization (I.FSHPS)

Definition 4.5 [40] We say that we have inverse FSHP synchronization between the master system
(4.1) and the slave system (4.2), if there exists a controls U;,1 < i < n, and a constants (Bij)1§i7j§n €

R™ ™ so that synchronization errors

n

zi(k) =Y Bijy; (k)

=1

=0, i=1,---,n 4.7)

lim
k—o00

Generalized synchronization (G.S)
Definition 4.6 [41] If there exists a controller U and a function ¢ : R" — R"™, check

lim [[Y'(k) — ¢ (X (k))[| =0, (4.8)

k—oo

then, systems (4.1) and (4.2) synchronize in the generalized sense with respect to the function ¢.

Remark 4.3 Generalized synchronization is considered to be a generalization of complete synchro-

nization, anti-synchronization, projective synchronization and FSHP synchronization.

Inverse generalized synchronization (I.G.S)
Definition 4.7 [42] If there exists a controller U and a function ¢ : R" — R"™, check

lim || X (k) — ¢ (Y (k)] =0, (4.9)

k—o0
then, systems (4.1) and (4.2) synchronize in the inverse generalized sense with respect to the function

@.

Remark 4.4 If the function ¢ is defined by ¢ (Y (k)) = BY (k) where B = (f3;;)1<ij<n € R™", we

say that we have a inverse full-state hybrid projective synchronization.

Synchronization Q-S

Definition 4.8 [43] We say that systems (4.1) and (4.2) are in (Q — S synchronization in dimension
d, if there is a controller U and two functions @ : R"® — R%, S : R® — R? such that

Jim [[Q (X()) = S (Y ()| = 0. (4.10)

Remark 4.5 ) — S synchronization is considered to be a generalization of all types of previous

synchronizations.

4.1. Synchronization
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4.2 Analytical results

Let us consider the master system given by:

;

CAG Ly (k+1— ) = éaljxxm - R(X(R)),

ONa(k 41— 0) = Sazr (k) + Fo(X(K)),

k=0,1,---, (4.11)
AT w41 = o) = 3 anz;(k) + fu(X(K)),
\ J=1
with X (k) = (z1(k),z2(k), -+ ,z.(k))" denoting its state vector, A = (a;;)1<ij<n € R™", and
(f1, f2,+, fo)T : R® — R" being a nonlinear function. Let us also consider as slave the system:
( n
CAS Yk +1—ay) = Y byy;(k) + g1 (Y (k) + U,
j=1
APk 41— az) = 3boyy;(k) + g2(Y(R)) + Un,
j=1 k=0,1,---, (4.12)

CAS Yy (k+1—ay,) = Zlbnjyj(k) + g, (Y (k) + Uy,
iz

(
where, again, Y (k) = (y1(k),y2(k), -+ ,y.(k))" are the states, B = (b;;)1<ij<n € R™" , and
(91,92, + ,gn)T : R® — R™ is a nonlinear function. The vector U = (U, Us,--- ,U,)T is a con-
troller used to drive the states of the slave system towards a specific trajectory to synchronize
with the master.

To achieve synchronization between systems (4.11) and (4.12). The following theorem presents
the control laws.

Theorem 4.1 The master—slave pair (4.11)-(4.12) is globally complete synchronized by means of

the control law:

Uy =— (Z(Czj — byj)e; (k) + sz’jyj(/f) +gi(Y (k) = Y aia;(k) — fz‘(X(k))> , Vi=1,2,-- .,

j=1 J=1
(4.13)
subject to the control matrix C' being selected as follow:
cij = bij, fi # jand —2% <b; —c; <0, 1<4,5<n. (4.14)
Remark 4.6 The matrix C can also be selected so that:
—2% <by; —c; <0 1<i<n, and B — C is a triangular matrix. (4.15)

4.2. Analytical results
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Proof. The Caputo fractional difference of the error system:
ei(k) =vyi(k) —xi(k), i=1,2,---n,
is
CAfiei(k+1— )

NG yi(k+1—a;)— CAY zi(k+1— )
_ Zlbijyj(k) +g:(Y(k)) + Ui — zla,-jxj(k) — f(X(k), i=1,2,---,n.
J= =

J

By defining a control matrix C' = (¢;;)1<i j<n € R"*™ and

n

R; = Z(Cij _bij)ej(k)+zbijyj(k)+gz‘(Y(k)) _Zaijxj(k> — f(X(K), i=1,2,---,n, (4.17)

7j=1
we can rewrite (4.16) in the form

“AGekta;—1) =) (by—cy)es(k) + Ri+ Us(k), i=12,---,n. (4.18)

j=1
Substituting (4.13) and (4.14) into (4.18), the fractional error system can be described as

CAYe;(k+a; —1) = (by — ca)es(k), i=1,2,--- n. (4.19)

It is easy to see that the matrix B — C'is a diagonal matrix with diagonal elements \; = b;; — ¢;;,1 =
1,2,--- ,n, satisfy the conditions

—2% < \; <0. (4.20)
It, therefore, follows immediately from Corollary 3.1 that the zero solution of (4.19) is asymp-
totically stable and thus the master (4.11) and slave (4.12) are globally complete synchronized.

4.3 Numerical results

In order to put the control laws proposed in Theorems 4.1, we will present two numerical
examples for a pair of fractional chaotic systems with different dimensions.

4.3.1 Synchronization in 2D
We consider as master the 2D fractional lorenz map [44] of the form:

2
CAgzi(k+1 - ) = Yaywi(k) + fi(zi(k), z2(k)),
i k=0,1,---, (4.21)
ALy (k+1—ap) = Zl%‘%'(’f) + fa(@1(k), 22(k)),
=

4.3. Numerical results
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which exhibits a chaotic attractor, for instance, when (a1, a1z, a1, aze) = (0.9375.1,0,0, —0.75),
fl(Il(k‘),xg(k’)) = —0751‘1(1{3)1’2(]6),

fo(zi(k), 22(k)) = 0.7522(k),

oy # ag,a = 0 and initial conditions are z;(0) = 0.1, 22(0) = 0. The resulting chaotic attractor is

shown in Figure 4.1 and its general shape is similar to that of the integer order one.

Figure 4.1: Chaotic attractor of the fractional order Lorenz map for o;; = 0.98, a5 = 0.8.

As for the slave, we select the fractional flow map proposed in [44]. The slave system is described
as:

2

Ay (k+1 =) = Yo bijy (k) + 1 (yi(k), w2 (k) + Un,
3;1 E=0,1,---, (4.22)

CALyy(k+ 1 — o) = D bojy;(k) + g2(y1(k), y2(k)) + Us,
=

where y1, y, are states of the slave systems, respectively, and (by1, b12, bo1, ba2) = (—1.1,1,0, —1),
91(y1(k)7y2(k?)) =0,

g2 (y1(k), y2(k)) = yi(k) — 1.7,

a =0, a; # az and U;(k),i = 1,2, are controllers, the uncontrolled map (4.22) with U; = U, =0
is chaotic as shown in Figure 4.2.

It is easy to see that the linear part of the slave system (4.22) is given by:

~11 1
B= .

4.3. Numerical results
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Figure 4.2: Chaotic attractor of the fractional order Flow map for a; = 0.98, a, = 0.8.

According to Theorem 4.1, there exists a control matrix C' such that B — (' satisfies condition

(4.15). One can, for instance, choose the case

—-0.1 0
0 O

C:

which clearly satisfies the condition, and by extension systems (4.21) and (4.22) are synchronized
in 2D. Now, it is rather easy to construct the control law according to Theorem 4.1. The resulting

error system is of the form:

CAglel(k +1-— Oél) = —61(1{?) + 62(]{3),

k=01,
CAgQGQ(k? +1-— Oég) = —62(]{3),

The time evolution of the errors is depicted in Figure 4.3. Clearly, synchronization is achieved as
the errors converge to zero in sufficient time.

0.008 | e
0,006+
0004+

Lo
0.002}e (|

ey, e2

| .

O | e 83BBBE888 0008000000 000000000 0004004446004 44404444
i

-0.002|- |

-0.004

-0.006 |-

-0.008

Figure 4.3: Evolution of states of the error system for a; = 0.98, a, = 0.8.
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4.3.2 Synchronization in 3D

We consider as master the 3D fractional Stefanski map [45] of the form

(

AT (k+1—0y) = éaljxj(k) + fi(z1(k), z2(k), 23(k)),

3
CALzy (k41— ) = Zlazjxj(k’) + fo(w1(k), v2(k), z3(k)), k=0,1,---, (4.23)
j:

A+ L= ag) = Sy () + folin (), rak) 20 (8),

\

which exhibits a chaotic attractor, for instance, when (a1, ais, @13, as1, o3, ass, ags) = (—1,0,1,0,0,0, —1),

—1 <agp <0,as3 = axp +1,
fi(zi(k), za(k), z3(k)) = 1 — ax3(k),

a(w1(k), w2 (k), 23(k)) = 1 — axi(k),

fa(w1(k), 22(k), 23(k)) = 0,

a=0,a>0and o; # as # a3. The resulting chaotic attractor is shown in Figure 4.4 and its

general shape is similar to that of the integer order one.

Figure 4.4: Chaotic attractor of the fractional order Stefansky map for a; = 0.97, ap = 0.969, a3 =
0.975.

As for the slave, we select the more general 3—component fractional system proposed in [44].

4.3. Numerical results



Chapter 4. Synchronization of incommensurate fractional order difference systems

The system is described as

;

3
CAy (B +1—on) = Y biy;(k) + g1y (k), y2(k), ys(k)) + Un,
j=1

3
CALyy(k+ 1 — o) = Y bojy;(k) + g2(1 (k) y2(k), y3(k)) + Ua, k=0,1,---, (2.24)
j=1

3
CABys(k+1—ag) = Y byy;(k) + g3(va(k), y2(k), ys(k)) + Us,
=1

\

Where (blla blg, blg, bgl, bgg, 623, 623, 632, bgg) = (—1.9, 05, 0, —1.9, 0, 02, 0, O, —1.9),
91(1(k), y2(k), ys(k)) = 0,

92(y1(k), y2(k), ys(k)) = 0,
93(y1(k), y2(k), y3(k)) = 2 — 0.6y2(k)ys(k),

Ui, U, and Us are controllers, a = 0 and «a; # as # a3, the uncontrolled map (2.24) with U; =
U, = Uz = 0 is chaotic as shown in Figure 4.5.

Y2
Y1

Figure 4.5: Chaotic attractor of the fractional order Wang map for a; = 0.97, a5 = 0.969, a3 =
0.975.

The linear part of the slave system is

-19 05 0
B=1 -19 0 02
0 0 -19

4.3. Numerical results



Chapter 4. Synchronization of incommensurate fractional order difference systems

According to Theorem 4.1, there exists a control matrix C' such that B — (' satisfies condition

(4.15). One can, for instance, choose the case

—-16 0 0
C=1-191 0 )
0 0 -1

which clearly satisfies the conditions. As a result, systems (4.23) and (4.24) are synchronized in
three dimensions. Figure 4.6 depicts the convergence of the errors, which belong to the fractional
system

CAg‘lel (1{7 + 1-— Oél) —0361(1{3) + 0.562(1{5),

CA%2ey(k+1— ay) = —ea(k) + 0.2e3(k), E=0,1,---,

CAg“eg(k: +1-— 043) = —0.963(k),
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Figure 4.6: Evolution of states of the error system for a; = 0.97, as = 0.969, a3 = 0.975.

4.3. Numerical results



General conclusion and perspectives

In this thesis, some simple applicable conditions for judging the stability of the linear incom-
mensurate fractional-order difference systems with have been reported as novel results. These
results have really been verified numerically by illustrating the stability of the solutions of such
systems via several examples. To achieve the intended goals, we began by presenting preliminary
chapters on the stability of integer-order difference systems and commensurate fractional-order
difference systems. All these results are applicable to be implemented in lots of difference sys-
tems, like e.g., the Duffing oscillator system which has been successfully employed to model a
set of physical schemes such as beam buckling, ionization waves in plasmas, nonlinear electronic
circuits, stiffening springs, and superconducting Josephson parametric amplifiers. Such investi-
gation together with studying the dynamics of the linear incommensurate FoDSs will be some of
several targets that left for future consideration. These results have been applied in synchroniza-
tion. More specifically in synchronization of incommensurate fractional order dynamical systems.

We hope in our future work to solve the problem of stability of non linear incommensurate
fractional order difference systems, which will help to study synchronization of non linear incom-

mensurate fractional order difference systems more broadly.
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