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Abstract

The aim of this memory is to study optimal control problem of some linear distributed systems with
incomplete data. The no-regret control method seems to be the best-adapted method to solve it. Also, the
averaged control is used to control systems depending on unknown parameter. The no-regret control limit of
the sequence of low-regret controls will be characterized by an optimality system.

Keywords: Optimal control, incomplete data, no-regret control, low-regret control, averaged control,
average no-regret control, electromagnetic wave equation.

Résumeé

Le but de cette mémoire est d’étudier le probléme de contr6le optimal de quelques systemes linéaires
distribués avec des données incomplétes. La méthode de contrdle sans regret est la meilleure méthode de
résoudre ce type de probleme. Aussi, le controle moyenne est utilisé pour controler des systéemes dépends
d’un paramétre inconnus. Le contrdle sans regret est la limite d’une suite de contrdle & moindre regret sera
caractérisé par un systéme d’optimalité.

Mots clés: Contrdle optimal, donnée incompléte, contréle sans regret, controle a moindre regret, controle
moyenne, contrble sans regret moyenne, équation des ondes électromagnétiques.
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Notations & abbreviations

Set of real numbers.
A norm in Banach space H.
A scalar product in Hilbert space H.

A semi-norm in H.

The class of functions with continuous first and second derivative.

The conormal derivative.

The laplacien operator.

The gradient operator.

Divergence.

The adjoint operator of A.

Lebesgue measure on boundary I'.

Characteristic function of the set w.

The space of linear bounded operators from ) to Z.
The space of functions in C*° with a compact support in Q).
The dual space of D (Q) .

The bounded linear operator space.

Almost every where.

Partial differential equation.

Symbol of weak convergence.

If and only if.




Introduction

Fields of science like Physics, Statistic, Chemistry, Biology or Population dynamics are modeled
by using Partial Differential Equations (PDE), our goal is to pass from an initial state to a final
desirable state while minimizing the objective function to control those phenomena. Therefore,
we will discuss the optimal control problem which usually given by a dynamic system and some
cost function to minimize.

The theory of optimal control appeared after the second world war (1950s) as a special topic
within the discipline of a differential equation. At that time, two important works discovered,
the first one is Dynamic Programming (Richard Bellman) which reduce the search for an optimal
control function to finding the solution of PDE and the second is Pontryagin Maximum Principle
(Hamilton - Jacobie - Bellman Equation) which gives a set of necessary conditions for the optimal
control function.

Nowadays, the optimal control theory has become a part of our daily life, aiming to improve our
quality of life and facilitate certain tasks. For example, in biomedical phenomena the human
cells are affected by the X-rays energy, so we control the X-rays by displacing the wave to get the
suitable energy for the cells can carry. In ecology, we also control the pollution, which includes
reducing the effects of pollution with the help of control, in given situations rather than leaving
them abandoned.

Sometimes when we modeling those phenomena, we don’t have all the information related to it,
such as the pollution problems we can’t know the initial moment in which pollution occurred and
this is what makes us in front of the problem of control with incomplete data.

This memory aims to study the optimal control problem for systems described by PDEs with
incomplete data or missing data using the notions of no-regret control, the averaged control and
the averaged no-regret control.

The notion of no-regret control is using to control systems such that the initial conditions, bound-
ary conditions or second member of the equation are missing, introduced the first time by the fa-
mous mathematician Jacque Louis Lions [1 1] who inspired the idea from Savage in statistics [ 18],
we associate with the no-regret control a sequence of low-regret controls defined by a quadratic
perturbation. Then, we introduce the classic tools to prove the existence and uniqueness of the
solution of the optimal control problems. Also, we prove that the sequence of low-regret control
converges to the no-regret control which gives the optimality system of the no-regret control.
Many scientists develop this notion like O. Nakoulima, A. Omran and J. Velin [15], Jacob and
Omran [4], Hafdallah & Ayadi [2].

Moreover, the notion of averaged control is used to control systems depend on an unknown

iii



parameter that can be in the operator of the system, it was introduced the first time by Zuazua
[20], and Lohéa & Zuazua [12].

In order to control systems which contains two kinds of missing data, the first is a missing bound-
ary condition and the second is an unknown parameter we use the notion of averaged no-regret
control which used by Hafdallah & Ayadi [5] to control an electromagnetic waves equation with
an unknown velocity of propagation, also used by Mophou [14] to control parabolic equation.
This concept has been generalized recently by A. Hafdallah [8].

Below we present the organization of our memory

In the first chapter, we present the optimal control in a distributed system with complete data.
Thus, we prove the existence of the optimum and we give it characterization. Also, we give some
examples in different types (elliptic, parabolic and hyperbolic equations).

In the second chapter, we consecrated to study the notion of no-regret control and low-regret
control and we give its characterizations and example. Then, we present the idea of the averaged
control.

In the third chapter, we give the optimal control problem of an electromagnetic waves through a
medium since that we don’t know their permeability and permittivity which causes the unknown
velocity of propagation and with an unknown Dirichlet boundary condition. Under this condition,
we use the notion of averaged no-regret control and we give their optimality system which is a
limit to the optimality system of averaged low-regret control.

In the last chapter, we take the optimal control problem of a parabolic equation with missing
boundary condition as an example.




Chapter 1

Optimal control of linear distributed

systems : Preliminaries

During this chapter, we will study the classical theory of optimal control in distributed system®
with complete data introduced by J.Lions in 1971. We begin our chapter by the presentation of

our optimal control problem and we give it characterization then we finish by some examples.

1.1 Control Problem

A control problem consists to manipulate a system, with an input-output space. The input is the
control can be a function in a boundary condition, an initial condition, a coefficient in a partial
differential equation modeling the system, or any parameter in the equation, and the output is
the state or the solution of the system or any information related to her.

An optimal control problem is an optimization problem with PDE constraint minimize a criterion
depending on the observation of the state and on the control variable.

The theory of optimal control requires the following condition:

- Control u which belongs to the set of control.

- State y(u) which to be controlled.

-Observation z(u).

- Cost function J(u) should be minimized.

Among the goals of this theory is to get the necessary condition to be v a minimum. Also, to get al-
gorithms that approximate the minimum u with a necessary condition which is called ’variational

inequality’.

lit means that the system defined by PDEs in infinite dimension space



Chapter 1. Optimal control of linear distributed systems : Preliminaries

1.2 Position of problem

Let Y, U and Z be infinite dimensional Hilbert spaces of states, controls and observation resp.
U.qaC U is a subset of admissible controls supposed non empty, closed and convex.

Consider the following well-posed state equation related to the control v € U4

Ay = f + Bo. (1.1

Where A € L£()) is a linear partial differential operator stationary or evolutionary (elliptic,
parabolic and hyperbolic ) modelling a distributed system makes an isomorphism on ), B €
L (U,Y) is the control operator.

Our optimal control problem consists in looking for a control function u € U,; which minimizes

the following cost function

J (v) = [[Cy(v) — yall% + N |vll;; Vv € Una, (1.2)

where J is convex function from U,; C U to RU {+o0}, C € L (Y, Z) the observation operator
and N > 0, y, is the fixed observation in Z.

i.e, our optimal control problem is

find v € U,4 such that (13)
J(u) = inf J(v),

Theorem 1.1 (Existence and uniqueness of optimal control)

Let U,y C U closed and nonempty, J is lower semicontinuous, bounded from below and coercive
on U,y. Then there exists a minimizer for J on U,,. Moreover, if .J is strictly convex the minimizer
is unique.
Proof. 1.Existence
Since J is bounded from below

m = inf J(v),

vEULq
Let (v,) be a minimizing sequence? in U, since .J is coercive, (v, ) is converge to u € U,q, and J is

lower semicontinuous, then

J(u) < lim inf J(v,) = inf J(v) =m,

n——+oovEUyq vEU

2a minimizing sequence of the criterion .J on the set U,; is a sequence (v,,) such that
lim J(v,) = inf J(v
(vn) =, inf J ()

n—-+o0o

1.2. Position of problem



Chapter 1. Optimal control of linear distributed systems : Preliminaries

then v is a minimizer of J on U,,.
2.Uniqueness
Suppose that the problem (1.3) admits two distinct solutions uy, us. We set u = 542 due to strict
convexity of J we get
T () < %J (1) + %J (u2) = m,

we obtain a contradiction with the assumption that w;, uy are two solutions of (1.3). Thus (1.3)

admits a unique solution. m

1.3 Characterization of the optimal control (optimality sys-

tem)
A first order optimality condition gives:

J(w)(v—u)>0 Y € U,

we know that the cost function J is Gateaux-differentiable with

J’(u)(v—u)zlimj(u+t<v_u>)_J(u)

for every v € U,
£50 + I'Y ady

by a simple calculus we get

Ju+t(w—u) = J(u)+t|Cyv—u)|+2tCy(u) — ya, Cy(v — u))z + >N [Jo — ulf,
+2tN (u, v — u)y,

which gives

J(u+t(v—u))—J(u)
t

=t]|Cy (v — u)|| % +2(Cy () —ya, Cy(v—u)) z+tN [[v — ul|},+2N (u, v—u)y,

make ¢ tends to a 0 to get

J (u) (v —u) =2(C*(Cy (u) — ya),y(v —u))y + 2N (u,v —u)y >0 Yo € Uyy.

Let’s introduce the adjoint state p = p(u)

A'p(u) = C*(Cy (v) — ya),

1.3. Characterization of the optimal control (optimality system)
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where A* is the adjoint operator of .4, then

(C*(Cy (w) —ya),y(v —u))y = (A'p(u),y(v—u))y = (p(u), Ay(v — u))y
= (p(u), B(v —u))y = (B'p(u), (v — u))u,
Hence,
J (u) (v—u) = (Bp(u) + Nu,v —u)y Vv € Uyg.

Therefore the optimal control u is characterized by the following optimality system :

Ay(u) = f + Bu,
A*p(u) = C*(Cy(u) — ya),
(B*p+ Nu,v —u)yy >0 Vv € Uyg.

The first two equation must be associated with some appropriate boundary and initial condition

and the pair (u, p(u)) called optimal pair.
Remark 1.1 if U,y = U we have also

J (u)(v—u) <0 Yo el,
and with the previous condition we get

J(uw)(v—u)=0 Yv e U,

therefore the optimality system become as following

Ap(u) = C*(Cy(u) = ya),
(B*p(u) + Nu,v —u)y =0 Vv eU.

1.4 Examples

1-Optimal control of an elliptic distributed system :
Let 2 a bounded domain of R" with boundary T' of class C? consider the following Laplace

equation with Newman boundary condition

(1.4)
9 — onlI,

{ ~Ay+y=f inQ,
ov

1.4. Examples
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where f € L? () is a source function and v € L?(T") is a control function. Associate to (1.4) the

following cost function

2 2
J(v) = lly(v) = vl 2@ + N llvllz2qry -

where y(v) is the solution of (1.4), y; € L*(Q)

is a fixed observation and N > 0.

Our optimal control consists a determine u € U,, that minimizing J (v). That’'s why we have to

search wu solution of

inf {J(v,y) : (v,y) € Upa x H" (Q) verifies (1.4)} .

In this case :

the state space Y = H' (Q2), the observation space Z = L?(Q) and the control space U/ = L? (T).

the observation operator is canonical injection

C: H'(Q) — L*(I)
y — Y,

An optimality condition gives us

J'(u)(v—u) >0V € Upa <= 2(y(u) — ya, y(v — u))r20) + 2N (u, v — )2y > OV € Uyg.

Now, we introduce an adjoint state p = p(u)

op

{ —Ap+p=

y(u) —ya inQ,

=0 onl.

o

and using the second Green formula (see appendix Theorem 4.3) we get

(y(u) = ya,y(v —u)r2@) =

(=Ap+p,y(v —u)) 2o
(p, —Ay(v —u) + y(v — u)) L2
n / (022 (0 — ) — yfo — w) )T

v
= / p(v — u)dl.
r
Finally, the solution of (1.4) is characterized by the following optimality system:

[ Ay by =7 0
W(u)=u onT,
—Ap+p=y(u) —ya in 0,
2—’; =0 onT,

| oo+ Nu)(o = w)dD >0 Vo € Uag.

1.4.

Examples
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2-Optimal control of a parabolic distributed system:
Let Q a bounded domain of R” with boundary T" of class C?, T' > 0, Consider time space cylinder
Q=0x10,T],Y =T x[0,7] and the Heat equation with Dirichlet boundary condition

W Ay=f+yx,0 inQ,
y =0 on Y, (1.5)
y(z,0) =yo(r)  inQ,
where f € L?(Q),v € L*(0,T, L*(w)), x,, is the characteristic function of w a bounded open of ©
and yo € L*(Q).
Our optimal control problem consists in looking for a control function v € L*(0,T, L?(w)) which

minimizes the following cost function

2 2
J(v) = [ly(v) — deL2(Q) + N ||U||L2(0,T,L2(w)) ;

with y(v)is the solution of (1.5), y; € L*(Q), N > 0. So, we want to characterize the solution of

the following optimal control

inf { J(v,y) : (v,y) € Usa x L*(0,T, Hy(2)) verifies (1.5)} .

In this case
the state space Y = L?(0,T, H}(f2)), the observation space Z = L?(2) and the control space
U = 12(0,T, L*(w)).

the observation operator is canonical injection

C: 120, HY() — 12(9)
Yy — Y,

An optimality condition gives us

J'(u)(v—u) = 2(y(u) — ya, y(v — u)) 2@y + 2N (u, v — W) 2012wy = 0 YU € Ung.

by introducing the adjoint state p = p(u)

1.4. Examples [§
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and using second Green formula we get

W)~ 090~ )y = (~ L~ Apylo— W)z

:// (v — w)dadt — //Apyv—u)dxdt
_// <atv—u Ayv_u)dxdt— pyv—u)]OT
// (w—u —y(v—u)a—p
[ / Pa(v = udadt = [ p(T)yfo =) (T)do
+ /O /F p%(v—u)dfdt
/OT / p(v — w)dadt,

)dT'dt

Hence,

J(u)(v—u) = Z/OT/(p+Nu)(v —u)dxdt >0 Yv € Uyg.

Finally, the solution of (1.5) is characterized by the following optimality system

’ B Ay=f+yu in Q,
y=0 on X,

y(2,0) = () in 0,

— % = Ap =y(u) — ya in @,
p=20 on,

p(z, T)=0 in Q,
fo f (p+ Nu)(v —u)dzdt >0 Yo € Uyy.

3-Optimal control of a hyperbolic distributed system :
The notions 2, I', ¥, @ and the assumptions on 2 and I' are the same of example (2). Consider
wave equation with Dirichlet boundary condition
Py Ay=0 in Q,
Y= on X, (1.6)
y(x,0) = yo(x), G4(x,0)=0 inQ,

where v € L2(0, T, L3(T)), yo € L*(Q)

1.4. Examples
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Our optimal control problem consists in looking for a control function u € L?(X) which minimizes

the following cost function

J(0) = ly() = yall720) + 1y @)T) = ya(T) 720y + N [0l 72s, »
with y(v) is the solution of (1.6), y; € L*(Q), N > 0. So we want to characterize the solution of

the following optimal control problem

inf {J(v,y) : (v,y) € L*(X) x L*(0,T, H'()) verifies (1.6) } .
In this case
the state space ) = L*(0,T, H'(2)), the observation space Z = L*(Q) x L?(Q) and the control
space U = L?*(X).

The observation operator is

C: L*0,T,HNQ)) — L*Q)x L*(Q)
y _)( y(v) )
y()(T) )’

J'(u)(v —u) =2(y(u) = ya,y(v — u))r2@) + 2(y(u)(T) — ya(T), y(v — u)(T))2()
+2N(u,v —u)p2xy =0 Yo € U.

an optimality condition gives us

by introducing adjoint state p = p(u)

—Ap=y(u) — ya in Q,

=0 on X,

p(z,T) =0, P (=, T) —(y()(T) — ya(T)) inQ.

and using second Green formula and integrate by part we get
d>’p
(Y() = ya,y(v =) 2, = (G = A2y — )iz
2
= / gtf y(v — u)dxdt

:// ((wv—u Ay(v—u))dwdt

+/ { “Pylv—u) - p—ay(g;u)}odfﬁ
//payv—u y(v—u)gy)dl"dt

1.4. Examples
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ARG IR

/ /——v—udth

Hence, the optimality condition is given by

J (u)(v—u —2/ /——+Nu (v —w)dldt >0 Yv € Uyg.

Finally, the solution of (1.6) is characterized by the following optimality system

( TE—Ay=0 in Q,
y=u on X,
y(2,0) =yo(x) ,%(2,0)=0 in 0,
2 .
%_Ap:yu)_yd in Q,
p=0 ony,
p(z,T)=0,% (2,7) = —(y(u)(T) — ya(T)) inQ,
L fo fr 3p—|—Nu Y(v —u)dldt =0 Yo e U.

1.4. Examples ]



Chapter 2

Optimal control of linear distributed

system with incomplete data

In this chapter, we study the optimal control for a linear distributed system with incomplete data
! this leads to define the notion of no-regret control introduced the first time by J.Lions (1992),
which associate to there a sequence of low-regret control and prove that it converges to the no-
regret control, then we characterize them via optimality systems and we give example. Also, we
represent the notion of averaged control making by Zuazua (2014) to control systems depending

on an unknown parameter.

2.1 Statement of the problem

We keep the same spaces and operators definitions that we defined in the last chapter, the dif-
ference here is the presence of missing data. For this reason, we define a new Hilbert space of
uncertainties denoting by GG, and we will denote by 5 € £ (G, )) the operator of the missing data.
For f € ) the abstract equation related to the control v € U,; and the uncertainty g € G is given
by

Ay(v,g) = f + Bv+ fg. (2.1)

The equation (2.1) is well posed in ) and her solution y (v, g) , which associate to her the following

cost function:

J(v,9) = Cy(v,9) —ya llZ +N [[v | Vv € Uaa, Vg € G, (2.2)

!means that the initial conditions, boundary conditions, source function or some of the parameters in the main

operator in the system are unknown.

10



Chapter 2. Optimal control of linear distributed system with incomplete data

as usual, we are concerned with the optimal control of (2.1) and (2.2) is to search u solution of:

inf J(v,g) Vg€ G,

VEULg
but in this case, we can’t apply the classical approach method because our goal to get an optimal
control independently to g. So en thought to take

inf (supJ(v, g)) , (2.3)

vGZ/lad geG

but G is an infinite dimensional space we can get sup.J(v, g) = +oc and by the way the problem
geG

has no sense, to avoid this difficulty J.Lions introduce the concept of "No-regret control".

Remark 2.1 If G = {0} then J(v,g9) = J(v,0). Therefore, the problem (2.3) becomes a classical

problem of optimal control

find v € U,4 such that
J(u) = inf J(v).

VEUL

To avoid difficulties arise when we get sup.J(v,g) = 400, J.Lions thought to take only controls

geG
such that Vv € U,y
J(v,9) <J(0,9)  VgeEQG, 2.4)
i.e,
J(v,g9) = J(0,9) <0 Vg € G.

Thus, we can say that sup (J(v,g) — J(0,¢)) exists.
geG

2.2 The no-regret control notion

Definition 2.1 [15]We say that u € U, is a no-regret control for (2.1) and (2.2) if u solves

s (sup(J (0.9) ~ 70.9) )

’Ueuad gEG

Lemma 2.1 For every u € U,q and g € G we have:

J(v,g9) = J(0,9) = J(v.0) = J(0,0) + 2 (S(v),9)¢ » (2.5)

2.2. The no-regret control notion
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where S(v) = §*¢(v) and £(v) defined for v € U, by

AE(v) = C*Cly(v,0) = y(0,0)).

Proof. A is a linear operator in ), so:
{ y(v.9) = y(v,0) +y(0,9) — y(0,0)

+y
y(0,9) = (0,0) +y(0,9) —y(0,0)
with y(v,0) and y(0, g) are a solution of (2.1) when g = 0 and v = 0 resp.

By the definition of J(v, g) one obtain

J(v.g) = |ICly(v,0)+y(0,9) —y(0,0)) — yall% + N |[v];,
= J(v,0)+ C(y(0,9) — y(0,0)[|% + 2(Cy(v,0) — 4, C(y(0, g) — y(0,0)))z,

and

J(0,9) = [IC(y(0,0) + y(0,9) — y(0,0)) — yall%
J(0,0) + [IC(y(0, 9) — y(0,0)]|% + 2(C(y(0,0) — y4,C(y(0, g) — y(0,0)))z.

then
J(v,9) = J(0,9) = J(v,0) = J(0,0) + 2(C*C(y(v, 0) — y(0,0)),4(0, 9) — y(0,0))y.
Introduce an adjoint state {(v) given by A*¢(v) = C*C(y(v,0) — y(0,0)) to write

J(v,9) = J(0,9) = J

(v,0) (0,0) +2( , 0,0))y
= J(v,0) = J(0,0) + 2(&(v), A(y(0, g) — 5(0,0)))y
= J(v,0) = J(0,0) + 2({(v), Bg)y = J(v,0) = J(0,0) + 2(5°¢(v), 9)c
= J(v,0)— J(0,0) + 2(S(v), g)c where S(v) = 8"¢(v).

2.3 The low-regret control
From (2.5) we have that:

sup (J (v, 9) = J(0,9)) = J(v,0) = J(0,0) +sup(25(v), 9)a,

geG geG

is realized only for the no-regret control v if v € K , where K is a closed subspace of U,; given by

2.3. The low-regret control
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K ={v €Uy, (S(v),9) =0Vg € G}.

The main difficulty here is to characterize the set K. To avoid that, we relax the problem by

adding a quadratic term to (2.4)

J(v,9) < J(0,9) +7lgllZ, v >0,

then

J(v,9) — J(0,9) — v lgllz = J(v,0) = J(0,0) +2(S(v), 9) — 7 lgll&s

which implies

ilelg(«](v,g) = J(0,9) = llglle) = J(v,0) = J(0,0) + 31612(2(5(@)79)0 —7llglle).

use Legendre transform (see appendix Definition 4.4)[19] to obtain

sup(J(v, 9) = J(0,9) =7 llgllg) = I (v,0) = J(0,0) + % 1S@)l¢; -

geCG

Hence, the problem (2.5) becomes for all v > 0

find v, € U,q such that

. (2.6)
Y — Y
J7 (uy) vleIZIJEdJ (v).
where the new cost function is given by
1
J7(v) = J(v,0) — J(0,0) + 5 1S()ll¢; - 2.7)

Now, we can define the low-regret by

Definition 2.2 [15]We say that u., € U,q is a low-regret control for (2.1) and (2.2) if u solves

inf sup(J(v,g) — J(0,9) — v |lgll%, v > 0).
UeuadgeG

Theorem 2.1 (Low-regret control: existence and uniqueness)

The problem (2.1) and (2.6) with (2.7) has a unique solution w,.
Proof. 1.Existence
We have that:
T (0) = J (v,0) — J (0,0) + % ISOIE Yo € U,

2.3. The low-regret control
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which implies that
J7 (v) > —J(0,0) = constant,
i.e, inf J7(v) exists.
VEULg

we denote by d, = irLllf J7 (v). Let a minimizing sequence (v)) verifying
vEULG

] Y 7Yy — 3 Y —
Jim J7 (vg) = inf J7(v) = dy,
we have that :
1
=7(0,0) < J7 () = J (,0) = 7 (0,0) + Z I8¢ (W)l < dy + 1,
which implies that

]' *
1€y (3.0) = walls + NI+~ 13°C @I < dy +7 0.0) +1=C,

we deduce that

lotll,, < Ci, (2.8.2)
1Cy (v),0) —wall; < C,, implies ||Cy (v],0)]z < C,, (2.8.b)
18°C()lle < CyvA,s (2.8.0)

where C, is a constant independent of n.

From (2.8.a) we deduce that (v)) is bounded in compact space U,; then we can extracting a
subsequence still denoting by (v]) converges weakly to u, in U,,, due to isomorphism of A we
deduce that y (v],0) converge weakly to y (u,,0) in ).

The cost function J” (v) is a lower semi continuous

J" (u,) < lim inf J7 (v)) = inf J? (v) =d,,

n—00 VEUL4 vEULq

JY (uy) = inf J7 (v).
VEULg
2.Uniqueness
u}/—&-ug/
2

Suppose that the problem (2.6) admits two distinct solutions ui, ui We set u, = , due to

strict convexity of J we get
J7 L () s (u2) = d
(uw) < 3 (%) + B (uw) =d,,

we obtain a contradiction with the assumption that !, u? are two solutions of (2.6) . Thus (2.6)

admits a unique solution. m

2.3. The low-regret control
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Theorem 2.2 The unique low-regret control u.is converge weakly when ~ tends to 0 to the unique

no-regret control u in Uyq.

Proof. Let u., be a low-regret control in U, then for all v € Uyq

T () < 7 (0),
from the definition of J” (v) we find
T (,0) = T 0.0) % Z18°C (w5 < 7 (0.0) = 70,00+ Z [FC O Vo € o
which implies
(. 0) + 18°C () < T (0.0) =~ IFC @G Vo €U
we choose v = 0 to find :

1, .
J (uy,0) + S 187 (u)|IZ, = [ICy (u,,0) — yall% + N [|u,|I;, + S 15°¢ (us) g < 7 (0,0) = constant,

then
HUWHu < C, (2.9.a)
ICy (u,,0)|l; < C, (2.9.b)
18°C(u )l < VA, (2.9.0)

where C'is a constant independent of ~.
We deduce from (2.9.a) that (u,) is bounded in ,, then we can extract a subsequence still be
denoting (u,) converges weakly to u € Uyq.

It’s clear that for every v € U,

J(v,9) = J(0,9) — v lgllé: < J (v,9) — J(0,9) Vg € G,
ie,
J(v,9) —J(0,9) —vlgll% < sup (J(v,9) = J(0,9)) Vg € G,
g€
from another side we have

SO
J (uy,9) — J(0,9) —vlgll7 < sup (J(v,9) —J(0,9)) VgeG,
ge

2.3. The low-regret control
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when 7 tend to 0 we obtain:

J (u,9) = J(0,9) <sup(J(v,9) — J(0,9)) Vg € G,

geG

which means that

sup (J (u,9) — 7 (0,g)) = inf {supu(v,g) - J(O,g»}.

e v&lUad | geG

In conclusion, u is a no-regret control. m

Characterization of the low-regret control
A first order optimality condition gives

J" (uy) (v = uy) >0 Yo € Uyg,

where

T () (v — ) = limJ (uy +h (v —uy)) = J(u,) Yo € U,

h—0 h

we have

J(uy +t (v —uy)) — I (uy)

h
= h|Cy(v—u,,0)[|3 + AN [jv — w7, + 5 1S (v —uy)|IZ,
+2(Cy(uy,0) — y4,Cy(v — uy,0)) z + 2N (1, v — wy )y

+§<S<uy>, S (v —u))e,

make A tends to 0 to get

TV (uq) (v = uy) = 2(Cy(uy, 0) = ya, Cy(v — 1y, 0)) z + 2N (1, v — 1y )y + %(S(uw), S (v —1uy))e-

From linearity of the operator C in Z, we get:

" (uy)(v —uy) = 2(Cy(uy,0) = ya,Cy(v,0) = Cy (uy, 0)) z + 2N (uy, v — uy o + %(S(uv), S (v —uy)e

= 2(6* (Cy(u’w O) - yd) ,y(U, O) -y (u’w 0))3’ + QN(U”Y’ v uw)u + %(S(u’y)’ S (U - U’Y))Gu

thanks to linearity
y(U, O) - y(“’w 0) =Yy (U — Uy, 0) -y (07 0) ’

2.3. The low-regret control
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then

T) (=) = 2(C" (Cyluy:0) = ya) sy(v — u,0) — 5 (0,0))y
2,0 =)+ = (S(0,). 5 (0=,

We recall the adjoint state defined previously by A*¢(u.,) = C*C(y(u.,0) — y(0,0)), then

(S(uy), S (v = uy))a = (B7€(uy), B7E(v = uy))a = (B (uy), £ (0 — uy))y.

Also, we define the new state p., = p(u,) by

Ap, = %Bﬁ*é(uw),

this leads to the following equality

(Ap,, E(v —uy))y = (p,, AE(v —uy))y = (p,, CC(y(v — u,,0) — y(0,0)))y
= (C*Cp,,y(v —uy,0) —y(0,0))y,

introducing the new adjoint state p., = p(u.,) by
A*py = C*(Cyy — ya) +C*Cp,,,
to find

(A"pysy (v =1y, 0) = 9(0,0))y = (py, Ay (v — 1y, 0) —9(0,0)))y
= (p%B (U - U»y))y
= (B*p%v - u”/)“ﬂ

Hence, the optimality condition is given by
IV (1) (v = uy) = (B*py + Nty v — iy )y > 0 Vo € Uyg,
Finally, the low-regret control is characterized by the following optimality system:

(

Ay, = f + Bu,,
A€, = CCy, — y(0,0)),
Ap, = 38B°¢,, (2.10)

A*py = C*(Cyy — ya) + C*Cp,,
\ (B*py 4+ Ny, v — sy )ty > 0 YU € Uyg.
where y (u,,0) = y,, £(u,) =&_.

~

2.3. The low-regret control
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Characterization of no-regret control

To get the optimality system of no-regret control we pass to limit when + tends to 0 in the system
(2.10)

Ay = f + Bu,
AC = C*Cy (1, 0) — ya.
Ap =B\ € G, (2.11)
A*p=C"(Cy (u,0) — ya) +C*Cp,
\ (B*p+ Nu,v —u)y, >0 Y € Uyg.

where y (u,0) =y, {(u) = &.

2.4 Example

Optimal control of an elliptic distributed system with missing Newmann boundary condi-
tion:
Let 2 be an open bounded set of R™ with smooth boundary I". Consider the following elliptic

equation :

—A — in O
{ y+y=f+v inQ, 2.12)

g—ﬁ =g onl,
where v € L2(Q), g € G = L*(I), f € L*(Q) and y (v,g) € H2 (Q) C L*(Q) is the unique

solution of this system depend on v and g. Associate to (2.12) the following cost function:

J(v,9)=ly(v,g) - yd|i2(r) + N ||U||iz(9) Vg € G, (2.13)
where y, € L?(T'), N > 0 and |.| ;) denote the semi norm in L? (T").
Here, we have that: ) = L?(Q) is the state space, U = L? () is the control space, Z = L?(T') is

the observation space, G = L? (T") is the uncertainties space, the observation operator C :

C: L?*(Q) — L*(])
y — ylr

S : is the uncertainties operator
p: L2(T) — L?(Q)

9 — y(0y9)
where y (0, ¢) is solution of (2.12) when v = 0.

2.4. Example
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Definition 2.3 We say that u is a no-regret control for (2.12) and (2.13) iff u is solution of:

inf ( sup J (v,9) — J(O,g)) :

veL?(Q) \ ger2(I)
We need the characterization of a no-regret control. Therefore, for all v € L?(Q) and g € L* ("),

we have :

J(v,9) = J(v,0)+ |y (0,9) =y (0,0)[7> 1 + 2(y (v,0) — 44, y (0, 9) — ¥ (0,0)) r2(r,
and
J(0,9) = J(0,0) + 1y (0, 9) =y (0,0)[12ry + 2(y (0,0) = ya, 5 (0, 9) — 5 (0,0)) r2(r),

SO:

J(v,9) = J(0,9) = J(v,0) = J(0,0) +2(y (v,0) — y(0,0),y(0,9) —y(0,0)) L2(r)-

Let’s introduce the adjoint state £ = £(u)

{ —AC+(=0 in Q,

% =y (u,0) —y(0,0) onT,

using the second Green formula(see appendix Theorem 4.3), we obtained:

(=AC+ Gy (0,9) =y (0,0) 2y = /(—AC+C) (y(0.9) —y(0,0)) dz

Q
= F/ Cgdl.

So:

J (U, g) —J (07 g) = J(U7 0) —J (07 O) + 2(C7 g)LQ(F)-
Let’s define the low-regret control
Definition 2.4 We say that u. is a low-regret control for (2.12) and (2.13) iff u., is solution of:

inf ( sup J(v,g9) —J(0,9) —~ ||g||7:2(1“)> .

veL2(Q) geL2(I)

2.4. Example
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We have
sup (J(0,9) = 7(0,9) =7 lglly) = J(0,0) =T (0,0)+ sup (2 )uery = ¥ lgllFeqe))
geL2(T) veEL2(T)

1
= J(©0) = J(0,0)+ =< @)z
Hence, we define the new following cost function related to the problem of low regret given by
1
@)= 7 (@0 = 0.0+ <@g (2.14)

Then our problem optimal becomes

find u, € U such that

JY (uy) = irelngV (v). (2.15)

Theorem 2.3 (The existence and uniqueness of a low-regret control)

The problem (2.12) and (2.15) with(2.14) has a unique solution w.,.

Proof. The cost function J” (v) is coercive and strictly convex in L? (2) which implies the exis-
tence and uniqueness of u,. m

Characterization of the low-regret control:

A first optimality condition gives us :

J (u,) (v—u)=0 Vv e L?(Q),
i.e,
J'Y/ (u'y) (U - uw) - 2<y (u’yv 0) —Ya, Y (U — Uy, 0) -y (07 0))L2(F) + 2N(uw Gl u'y)LQ(Q)
—l—%(( (u,),¢(v— uw))LZ(m =0 Yvel*(Q),

Introduce the state p., = p(u,) by

{ ~Ap,+p,=0 inQ,
o
Fi=1C(u,) onT,
multiply the first equation of the last one by ¢ (v — u,) and apply second Green formula (see

appendix Theorem 4.3) to get :

(_Ap»y + p’y? C (U - U’Y))LZ(Q) = (_Ap'y + p’y) C (U - u’Y) dx

0
(72 000 = 0.0 = g0 - )2 ) ar,

S— O

2.4. Example
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Hence,

J" (u’7> (U - uv) = (p'y +ty (uw 0) —Ya, Y (U = Uy, 0) -y (07 0))L2(F) + N(uwv - u’Y)LQ(Q)
= 0VYwel.

We introduce another adjoint state p, = p(u,) given by:

—Ap, +p, =0 in €,
o _

5 = Py, Ty (uy,0) —yg onT.

Again, we have

(—Apy + Py y (V= 1y,0) =y (0,0)) 12y =

ov
(5 (0 — 1 0) — y(0,0)) 2P2yar
y v y I ay 9
then:
JV (uy) (v — uw) = (p, + Nu,,v—uy)2@) =0, Vv € L* ().
ie.

p,+Nu, = 0inL*(Q),
p,+Nu, = Oa.einQ.

Then the low-regret control is characterized by the following optimality system:

2.4. Example
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([ Ay (u,,0) 4y (uy,0) = f+u, inQ,

w =0 onl,

—A( (uy) +C(uy) =0 in Q,

%y — 4 (uy,0) —y(0,0) onT,

Apy (uy) + p, (uy) =0 in Q,

%Llj = 2((u,) onT,

—Apy (uy) +py (uy) = 0 in €,

% = p, 4y (us,0) — g onT,

\ p, + Nu, =0 a.ein (.
To get a no-regret control characterization we pass to limit when v — 0 in the last system we
obtain:

([ —Ay(u,0) 4y (u,0)=f+u inQ,
By((;;O) =0 onT,
~AC(u) + ¢ (u) =0 in Q,
% = y(w0)~y(0,0)  onT.
—Ap(u) +p(u) =0 in ©,
% =\ on I,
—Ap(u)+p(u)=0 in Q,
L =p+y(u,0) = ya onT,

L p+Nu=0 a.e in (2.

with the following limits

1111(1)u7 = u, limy (ty,0) =y (u,0), limf =¢,
7— =

limp (1) = p(u), = (1) = X € G, Timp (u,) = p (u).

2.5 Averaged control in distributed systems

Average control is a method making by Zuazua [20] to control a distributed system depending
on an unknown parameter. The idea of this method is not controlling the state is to control the
average of the state.

2.5. Averaged control in distributed systems



Chapter 3

Optimal control of electromagnetic waves

with missing data

This chapter is devoted to the study of the optimal control problem for an electromagnetic waves
that penetrate a medium with some unknown physical properties as there velocity of propagation
and missing boundary condition. For this purpose, Hafdallah & Ayadi use the concept of averaged
no-regret control and averaged low-regret control. We show the existence and uniqueness of
averaged low-regret control and show that it converges to the averaged no-regret control. Then,

we give the optimality system that characterizes the controls.

3.1 Description of problem

Letn =1, 2 or 3, and 2 be an open bounded domain in R", with smooth boundary I', for 7" > 0
we set the cylindric time space @ = Q2 x (0,7) and ¥ = I' x (0,7"). We consider the following
controlled hyperbolic equation which modelling the propagation of electromagnetic waves in a
medium with missing parameter o belongs to [0, 03] represent the velocity of propagation and

unknown Dirichlet boundary condition:
% —o?Ay = in Q,
=g on X, 3.1

y(2,0)=0,% (2,00 =0 in,

where ¢ is an unknown function belongs to L? (X)), U,y is a non-empty closed convex subset of
L?(Q). The control v € U,, and the function g are independent of o. According to the data, we

know that system (3.1) admits a unique solution
y(v,9.0) = y(v, g.o52,t) € C([0,T]; L* () N C([0, T]; H~ (),

23
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which depend continuously on 0. We associate to the problem the following cost function:

2 2
J(U,g,a) = Hy (U,g;O’) - deL2(Q) + N ”UHLQ(Q) ) (32)

where y, is the desired state in L? (Q), N > 0. We are concerned with the optimal control of the

problem (3.1) and (3.2). i.e, we want to solve

inf J (v,g,0), forevery g € L?(X) and o € [01,04], (3.3)

VEULq
since the function ¢ is unknown, the optimal control problem (3.3) has no sense. So, we look for

a solution to the following minimizing problem

inf sup J(v,g,0) Vo € [01,09].
vEuadgeL2(E)

In this case, it’s possible to get sup J (v,g,0) = +00, so we use the idea of J.Lions to look only
geL?(X)
for controls v € U,4 such that

J(v,g;0) < J(0,g,0), Vg € L*(X), Yo € [01,09], (3.4)

and for the unknown parameters o we use the concept of averaged control. So, we substitute the

state by it’s average concerning the unknown parameter o in the cost function (3.2) to get

o2 2

J(v,9) = /y (v,9,0)do — zq + N |[vll72g) » (3.5)
7 L2(Q)
where z, is an averaged desired state observation in L? (Q) .

3.2 Averaged no-regret control and averaged low-regret con-

trol: definitions

Definition 3.1 [5]We say that u € U, is an averaged no-regret control for (3.1) with (3.5) if u is a

solution of
inf sup (J(v,9) —J(0,9)).

UeuadgeLQ (E)

Let’s try to isolate g to get a control independent to the missing condition.

Lemma 3.1 Let v € U,y and g € L? (3), we have

3.2. Averaged no-regret control and averaged low-regret control: definitions
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T
T(0,9) = J(0,9) = J (v,0) — J (0,0) + 2 (01 — 09 //t—ngdt (3.6)
0T

where ¢ = £ (v) € C([0,T], H} (2)) N C([0,T], L? (2)) be solution of
55 -ac=1 [y@oo)dr inQ

< g1 (3.7)
E=0 on X,

£, 7) =02 (2, T)=0 inQ.

\

Proof. Let us consider y (v,0;0) and y (0, g; o) be a solution of (3.1) where g = 0 and v = 0 resp,

and we have
y(v,9,0) =y (v,0;0) +y(0,9;0),
from the definition of J (v, g) and by a simple calculus, we get

o2

J(.g) = J(0.0)+J(0,9)+J(0,0) 42 /ym,g;o)da—yd,yd

o1 L2(Q)
o o2
2| [y -y [y0.g0dr)
& & 12(Q)
Hence,
o o2
J(v,g)—J(0,9) =J(v,0)—J(0,0) +2 /y(v,();a)da,/y((),g;a)da
& & 12(Q)

o2
Now, we need the system that describes / y (0, g;0) do, we pose

o1

t=ct—0=1

to get
y(0,9,0;2,t) =Y (0,9,1;2,0t),

where Y (z,t) is a solution of

&Y —AY =0 in Q,

Y (z,0t) = g (x,t) on Y,

Y (2,0)=0,25 (2,0)=0 inQ,

3.2. Averaged no-regret control and averaged low-regret control: definitions
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then .
o2 g2
dat 7 t)—Z t
/y<o,g,a;x,t>da:/Y(O,g,l;x,aw?: Zol) = 2 ,ont)
o1t
where 7 (x,t) :/ (0,9,1;z,s)ds is solution of
0
( 82z
" in Q.
Z(x,t) = /Y(x,s)ds on X,
Oaz in €2,
| Z(2,0)=0,% (z,0) =0
that is
Teg) =T (0.9) = J(00)~T00)+2( [40.00)do, [y(0.g:0)do
o o L2(Q)

17
= J(v,0)—J(0,0)+2 Z/y(v,O;a)da,Z(:v,agt)—Z(a:,alt)

g1

L*(Q)

Then, we introduce the adjoint state £ = £ (v) define by (3.7) and use the second Green formula,
we obtain:

02

% /y(v,O;a)da,Z(a:,agt)—Z(x,alt) _ <gi§ A&, Z (z, 0at) — Z(ac,alt))

T ag oot
= —//%/g(m,t)dsdfdt
0'1 — 02 // ngdt

L*(Q)

g1

L*(Q)

we conclude that

T
J(v,g9) —J(0,9) =J(v,0) — J(0,0) +2(0; — 09 //t—ngdt
0

Now, we consider the averaged no-regret control

3.2. Averaged no-regret control and averaged low-regret control: definitions
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inf sup (J(v,g9)—J(0,9)),

”L)EZ/{adgeLZ(E)
from (3.6) the problem is equivalent to the following one

T
inf | J(v,0)— J(0,0) + (01 — 02) sup 2//t—gdxdt

vEULq geL?(Z
or

So, the problem it’s defined only for

//t—ngdt =0,

it means that the no regret controls depend only to the set structure of K define by

K = { v € U,q such that //t—ngdt =0, Vg€ L* (%)

This set is hard to characterize, so we relax the problem by adding a quadratic perturbation to
(3.4) to get

inf sup (J(v.9) = J (0.9) = 7 gl}ags)) - ¥ > 0.

UEUadg€L2(2)

Then

geEL2(S) geL2(Y

T
up (7000 = 70,0 =Ll =7 0.0 = T 0.0+ sup (21— )/ / 52 gdldi
or

2
- ||9||L2(2))> v >0,

using the Legendre transform (see appendix definition 4.4) we get

09 — 01

v H By

sup (7 (v,9) = 1 (0,9) = 7 9l}a(s) ) = 7 (0,0) = 7 (0,0) +

geEL?(®)

L2
Therefore, we are front in a classical problem of optimal control independently to the function g

and the parameters o define by

find u., € U,q such that

3.8
JY (u,) = inf J7 (v), Vy >0, (3.8)
VEULg

3.2. Averaged no-regret control and averaged low-regret control: definitions
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where
55

I (v) = J (v,0) — J(0,0) + 22 Yoy

3.9

v ()

This leads us to define the notion of averaged low-regret control.

Definition 3.2 [5]We say that u., € U,q is an averaged low-regret control for (3.1) and (3.5) if u is
a solution of

inf sup (J(’U,g) —J(0,9) =~ ”9”%2(2)) :

ueuadgeLz(E)
Theorem 3.1 (The averaged low-regret control: Existence and uniqueness)
There exists a unique averaged low-regret control u., solution to (3.1) — (3.8) and (3.9).

Proof. 1-Existence:
From the definition of J7 (v), It’s clear that

J7 (v) = =J(0,0),

it means that irg{f J7 (v) = d, exists. Let (v,) be a minimizing sequence satisfying:
vEUGA

lim J7 (v,) = inf J7 (v,) =d,.

n— o0 vEUL

Moreover, we have

8
—J(O,O)SJV(vn):J(vn,O)—J(O,O)—i- %n <d,+1,
v o L2(%)
which implies
[onll 2 < Css (3.10.1)
35
S C,y (0'2—0'1) ﬁ, (3102)
“ov L2(%)
/y (Vn, 0;0) do < C,. (3.10.3)
o1 L3(Q)
In the other side, we have the following energy estimate [13]
8yn 2 2
H Lo0(0,T5L2(%2)) I “yn||L°o(0’T5H1 Q) = < v n||L2(Q)

where C, is a constant independent of n.

3.2. Averaged no-regret control and averaged low-regret control: definitions



Chapter 3. Optimal control of electromagnetic waves with missing data

Which gives
OYn
H > < G, (3.11.1)
L*(0,T;L2(%2))
||y”||LOO<O7T;H3(Q)) < nya (3.11.2)
where y,, = y (v,,, 0; o) solution of
D —0*Ay, =v,  inQ,

=0 on X, (3.12)

Yn (, 0)—0,85’;(95 0)=0 in{,

From (3.10.1) and (3.12) we get

<c., (3.13)
12(Q)

Then from (3.10.1), (3.10.3), (3.11.2) we can extracting a subsequences still denoted (v,), (yx),

02

([y (e 050)do)

o1

such that

v, — u,weaklyin L*(Q),
/y (0n,0;0)do — =z, weakly in L?(Q),

Yo — y, weaklyin L (0,T; Hy (Q)).

Because of continuous embedding of L>° (0, T; H} (©2)) and L> (0,T; L? (R2)) into L? (0, T; H} (Q))
and L? (0, T; L* (Q2)) respectively, and by the continuity of y with respect to the data, we conclude

yn — ¥ (uy,0,0) weakly in L? (0,T; H; (2)) ,

o2

2y = /y<u7,0;0'>d0',

o1

due to (3.11.1) we deduce 88%" — f1 weakly in L? (Q) , and ‘9?’" — dg; in D' (Q) by the uniqueness

of limit, we deduce

Oyn Oy, 9
= o weakly in L* (Q),

due to (3.13) we deduce 8335” — %Ay, — f, weakly in L? (Q), and aatyz" — o2 Ay, — 865’; — o?Ay,

in D'(Q) by the uniqueness of limit, we deduce

*yy,

02
e a? Ay, — I _ o?Ay., weakly in L? (Q).

ot?

3.2. Averaged no-regret control and averaged low-regret control: definitions
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In view to the initial condition, we deduce

83/7
T Ot

Now, we prove that y, = 0 in ¥, let ¢ € D'(Q) such that ¢ (z,T) = 8¢’ *(2,T)=0inQ, ¢ =0o0n %,
multiply (3.12) by ¢ we get

T oy T
// < 8t2n —JZAyn> ¢d:vdt—//vn¢dxdt,
0 Q 0 Q

integrate by part and use the second Green formula

] i (3~ 22— e (-] Y-

this last one beomes
T T
/ / (¥—02A¢) ypdadt = / / vpdadt,
0 0 Q

T 5 T
// (@ —02A¢) ydrdt = //u,@dxdt,
0 Q 0 Q

integrate by part again and use the second Green formula, we get

T
(5 o) (5 2) -
0 Q
//‘%8 dl'dt = 0,

o2

_Agn:%/y(lvn7070->do-an7

o1

Yy (2,0) =0, (z,0) =01in Q.

passing to limit v — 0

implies

which means that y, = 0 a.e in ¥.
Then, we know that
¢,
ot?

multiply this last one by = 65” and apply Green formula

o2

0%¢,, 0%, 0., _ , 9,
0 Q 0 Q o1
T
1//& %y
2 dt || ot
0 Q

3.2. Averaged no-regret control and averaged low-regret control: definitions
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+ |V§n|2] dxdt = // /y (Un, 0;0) do ai”d dt,
0 Q

g1
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integrate by parts with respect to time variable
g2
1

T T
1 o, |’ 2| gods — 0%,
5// [ ot + V&, | ] dxdt = —// / (Un, 0;0) do Edmdt,
0 Q 0 o

we take the absolute value and use Cauchy-inequality (see appendix Proposition 4.2) in the

second part of inequality to obtain

T 85 ) . 2
//[ ot +|V§n|2] da:dtg// ‘a_tn
0 Q ) )

which gives

2

o2
+ /y (Un,0;0)do| | dzxdt,

01

T T o2 2
// \VE, | dadt < // /y (Un,0;0)do| daxdt < C, = ||§n||iQ(O7T;H3(Q)) <.
0 Q 0 Q |op

ie,
&, — &, weakly in L? (0,T; Hy (2)) ,

from (3.10.3) we get

t ¢, — A¢, ) — f3 weakly in L? (Q)
12 n 3 y )

0%, %€, o
t<6t2 — A¢, ) <8t2 Af) inD (Q),

0> 0 .
t( 82552” — Afn) —t ( 87552 — A¢ ) weakly in L? (Q),

and for the reset of condition we use the same method used for the system of y,.

Also, we have

i.e,

Since, the cost function J7 (v) is lower semi-continous

J" (uy) < lim inf J7 (v,) = inf J7 (v) =d,,

n—-+0ovEUL 4 VEULq

then w., is a minimizer of J7 (v).
2-Uniqueness

It follows from the strict convexity of J7. m

3.2. Averaged no-regret control and averaged low-regret control: definitions
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3.2.1 Characterization of the averaged low-regret control

A first order optimality condition for J7 (v) gives:

J" (uy) (0 —1uy) >0 Yv € Uy,

by a simple calculus, we get

g2 g2
J" (uy) (v —uy) = /y (uy,0;0) da—zd,/y (v—1uy,0;0)do + N (ty, v = Uy) 12
& o1 12(Q)

ov

Let’s introduce a new state p. = p (u,) given by

(o02—01) ag 35 )
+—" |t gd—=(v—u > 0Vv e Uyy.
o (1 ) g omw) ;

Poy _Ap. =0 in Q

ot Pry ,
_ 29

Py = =% % on X,

P (2,0) = 0,22 (2,0)=0 inQ,

multiply the first equation of the last one by £ (v — u.,) and apply the second Green formula, we

obtain
9?p 825
( at; —Op, € (v — u7)> . = / / (8752 — AE(v— uv)) p.drdt
0 T t
- {%éw—w b u»]odw/ [ G to=uw)e,
dp
—a—ljf( uy))dl'dt
T 1 o9
= /0 /Qg/g1 y (v —u,,0,0)dop,dxdt
T
/ /%(U—uw)p dxdt
o Jr oV 7
Hence,

o2 Oo — O o2
‘]w<u7)<v_u7) = (/ Y (u"/7 07 0) do — 24 + (275—1)p'ya / Y (U T Uy, 07 0) dO’) +N (u’yu v = UW)LZ(Q)
o1 o1 12(Q)

Also, we introduce the adjoint state p, = p (u,)

3.2. Averaged no-regret control and averaged low-regret control: definitions
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2 o oo—0 .
885;” —o?Ap, = faf Y (uy,0,0)do — zq + (2t—1)p7 in Q,
py =20 on Y,

%”(x,T) =0, py(z,T)=0 in Q,

again we have

a2pw—02Ap /02 (v —u,,0,0)do = /T//02 a2107—02Ap (v —u,,0,0) dodzdt
8t2 v o Yy vy Y ) ol 8t2 y Yy vy U,

T o2
= / / / Dy (v — uy) dodxdt,
0 QJo;

o2
J" (uy) (v — uy) = (/ p«,da—i-NuV,v—uV) >0V € Uyg.
L2(Q)

o1

Then

Finally, the optimality system which characterized the low-regret control is :

2 3
88;“’; — 0?Ay, = u, in Q,
yy =0 on X,
Y, (£,0) = 0,% (,0) =0 inQ,
( o2
9%¢, .
W—A@:%/ZJ(UWO;U)CIU in Q,
o1 on X,
20 in Q,
L f'y(xaT):Ova_g(xaT>:O
02 .
mpJ — Apvaz 0 in Q,
P, = —%% ony,
% (2,00 =0, p, (,0)=0 inQ,
2 02 o9—0 .
881? - O-QAPW - fo’l Y (u”w 0, U) do — zq + %py in Q,
py =10 on X,
aBLI;Y('T’T) :()7 p’y(x>T) =0 in Q,

and
02

(/ pvda—i—Nu,y,v—uv) >0 Vv € Uya.
v L*(Q)

1

3.2. Averaged no-regret control and averaged low-regret control: definitions
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3.3 Characterization of the averaged no-regret control:

Below, we show the convergence of the averaged low-regret control to the averaged no-regret

control. Then, we give the optimality system of the last one.

Proposition 3.1 :The low-regret control sequences u., converges to the no-regret control .

Proof. ., is the minimum of J" so

_ o |I2
T () = 7 (0, 0) — 70,00+ 22 1 Z2 | < o) =,
i W 2wy
which implies
o2 2 . 85
o o
AT I T e e e LCX R B
o1 L2(Q) v Vil (z)
this gives
||u'y||L2(Q) < C, (3.14.1)
02
‘ / y (uy,0,0)do < C, (3.14.2)
o1 12(Q)
65 < O
(‘3 < Cloz—01)V7, (3.14.3)
Vil
where C'is a constant independent of .
We have that ,
G =’y =u, i@,
yy =10 on Y,

Yy (z,0) =0, ay”(x 0)=0 inQ,

multiply the first equation by 87 and integrate over (0,t) to get

t
ayv _ Yy
//dt U dwds-//u7 5 dzds,
0 Q

+ o’ |Vy7|2

use Cauchy inequality

t
Oy (t 2 dy
H ) (t) +g2||Vy7(t)||iz(Q)§/<||u7 )72 H Iy
0

Ot @)

ds,
L2(Q)

2 2
+ 07 [Vyy (O 20y < [l ()l 20y exp (1) < C,
L2(Q)

then, use Gronwall lemma (see appendix Lemma 4.2) we get

=

2

ot

3.3. Characterization of the averaged no-regret control:
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implies
897 (t)
— <O, Ny Ol poo ooy < C (o), (3.15)
H 8t L‘X’(O,T;LQ(Q)) K L (O’T7HO(Q))
Also, we have )
‘ Ton _ oAy, <C, (3.16)
ot 12(Q)

from (3.14.1) , (3.14.2) , (3.15) and (3.16)by the same way in Theorem 3.1, we deduce that
u, — wuweaklyin L*(Q),

y, — yweaklyin L* (0,T;Hy (),
0%y

v o*Ay, — v o? Ay weakly in L (Q),
/ y(uy,0,0)do — / y (u,0,0) do weakly in L? (Q), (3.17)
and 5
(2,0) = 0, a—f (2,0) = 0in Q,
and from (3.17), we get
H < <c

Lo°(0,T;L2()) = G HE’YHLOO@,T;H&(Q))_

- Ag,

IA

8752 ¢

E

then £, — & weakly in L (0,T; Hj (2)) and 2 at2 — A&, — 55 — A& weakly in L? (Q).
Hence, £ = £ (u) € L™ (0,T; H} () is the solution of

L2(Q)

r o2

5 ¢t [ywoo)ds o,
. o1

£E=0 on Y,

¢(x,T) =0, 81t(xT) 0 in{,

from (3.14.3) when v — 0 we get t%i,j — a—f = 0 strongly in L?(X). Then //t%gdl“dt = 0 for
every g € L? (X) it means that u is a no-regret control. m

Theorem 3.2 The averaged no-regret control corresponding to the state y(u,0) characterized by the

following optimality system
g% — oAy =u inQ,
y=20 on X,

y(z,0) =0, Z(x,0)=0 inQ,

3.3. Characterization of the averaged no-regret control:
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5 — A= 1 [ y(u,0,0)do inQ,
E=0 on X,
¢(x,T)=0,% (2, T)=0 in,
%o —Ap=0 in Q,
p=2A on Y,

p(z,0) =0, 2(2,0)=0 inQ,

—Ap = f;f y(u,0,0)do — zq + (02;—01),0 inQ,

p=20 on X,
%(:p,T)zo, p(z, T)=0 in Q,
and ,
</ p(a)da+Nu,v—u) >0 Yo €Uy
o1 12(Q)
where
u = limu,, y = limy,, {= limf
y—0 y—0 =
2 0¢
p = limp, p=limp,, A= ygﬂg (uy) -

Proof. We show in the last propositions convergence of y and §.ffor p, we have from (3.14.3)

2
<(C= £o%, cL*(). (3.18)
(s v Ov

147

We use Theorem 4.3 in [1] to get

1% < Ol llm oy <© (319
ot Lo (0,T;H-1(Q)) w7

82
’ A, < G,

ot 12(Q)

where C'is a constant independent of ~.
We have from (3.19)
p, — pweakly in L* (Q)

—Ap, — % — Ap weakly in L? (Q) and from (3.18) we get —ty %y ) weakly in L? (2)

then
2 .
% —Ap=0 in @,

p=2A on X,

p(z, 0)—0,%(33 0)=0 in,

3.3. Characterization of the averaged no-regret control:
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It is easy to get

Op,
or < C o gl < C,
H O |l pe@orizey P . (07513 () =
82
' pZ’y - Ap7 S Ca
ot L2(Q)
again we get
p, — pweaklyin L*(Q),
0? 02
6? —o’Ap, — 8_tp — o?Ap weakly in L* (Q),
g2 . o B
/ Y (uy,0,0)do — zq + Mm - / y (u,0,0)do — 24 + (02— 01) . “1);) weakly in L? (Q) .
Hence,
%_O-QAp:f:fy(lhoao-)dg_zd_’_@p inQ,
p=0 on Y,
%(1‘7T) =0, p(iL’,T) =0 in €2,

therefore, the optimality condition is given by

o2
</ p(J)da—i—Nu,v—u) >0V € Uy.
o1 L2(Q)

3.3. Characterization of the averaged no-regret control:



Chapter 4

Optimal control of heat equation with

missing boundary condition

In this chapter, we consider the problem of a parabolic equation which describes the diffusion
of the heat in a cylindrical domain. A mixed Dirichlet Newman boundary conditions are given
on the face of the cylinder represented by a control v and unknown function g respectively, by
the virtue of the last one leads us to optimal control for problem governed by a linear parabolic
equation with missing data, which requires us to use the method of no-regret control that is well
adapted in this case. Assuming that the no-regret control is associated with a sequence of the
low-regret control. Besides, it converges weakly to the no-regret control we discussed together

the optimality system describing the no-regret control.

4.1 Setting of the problem

Let 2 € R" be a bounded domain with smooth boundary I'. We consider the time space cylinder
Q=0x(0,T),% =Ty x]0,T] and by ¥ = I'; x |0, T[ such that |0, T'[ is the time interval we are
lookingatand I'y NI’y =@ and ', U, =T

We consider the following controlled heat equation

% _ div(a(x)Vy) =0 inQ,

;Tya:von Y, y=¢ onX,, 4.1
y(z,0)=0 in Q,
where 5
0yya =a(zr)Vy.v,

38
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v is the outward unit normal vector and a € L* () is the coefficient of diffusions such that
0<a <a(r)<a aeinl.

The function ¢ is unknown boundary belongs to L? (3,), the control v € L? (%;). The problem

(4.1) has a unique solution

y=ylg) =ylz,t) € L* (0, T; H*(Q)) C L*(Q).
We define the cost function related to the problem (4.1) as follows
J(v,9) = Iy = yall 2 + N vl 72y - (4.2)
where N > 0 is a constant and y; is the fixed observation belongs to L? (Q). Our optimal control

problem is written as follows

inf J(v,g), forevery g € L*(%,). 4.3)

’UGLZ(El)
Solving the problem (4.3) leads to a control depending on g, this requires us to use the no-regret

control method.

4.2 No-regret control :

Hence, we define the notion of no-regret control for the problem (4.1) as following:

Definition 4.1 We say that u € L* (X,) is a no-regret control for (4.1) and (4.2) iff u is the solution

of:

inf  sup (J(v,9)—J(0,9)).

vEL?(B1)ge12(5,)

Thanks to linearity in (4.1), it’s easy to see that

y(v,9) = y(v,0) +y(0,9). (4.4)
Remark 4.1 It’s clear that y(0,0) is the trivial solution of (4,1).

Therefore, we shall isolate g to a form where the classical theory of optimal control can be applied,

the method is shown in the following Lemma

Lemma 4.1 For any v € L*(%;) and for any g € L? (%) , we have:

4.2. No-regret control :
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J(vrg) — J(0,g) = (1,0) — J (0,0) — 2(2

where ¢ = £(z,t;v) € L?(Q) is solution of backword heat equation given by:

—% —div (a(z) V&) = y(v,0) inQ,

ove
(@, T) =0 in Q.

Proof. We have
T (v,9) = lly = vall 20 + N Ivl125,) -
by (4, 4) we get
J (U7 g) =J (Ua O) + J (07 g) —J (07 0) + 2 (y(v> 0)7 y(()? g))LQ(Q) .
Consequently:

J(Uvg) - J(O’g) = J('Ua()) - J(O’O) + 2 (y(U,O),y(O,g))Lz(Q) :

Now, we introduce an adjoint state { = £(z,¢; v) define by (4, 6) , by the use of Green formula

0.0, 00.0)0 = (55— d¥ (@) 79 0.9))

L2(Q)
T ag
= —/ ayagdrgdt,
0 I'y
Then 5
T (0,9) = 7(0,0) = T (0,0) = T (0,0) = 22> g) sy
|

Now, we consider the no-regret control problem

inf sup (J(v,9)—J(0,9)),

vEL?(31)ge12(5,)

from (4, 5) the problem is equivalent to the following one

. 0
inf (J (Uv 0) —J (07 O) - sup 2(85 ’g)L2(22)> :
g€EL?(X2) Va

UGLQ(El)

This leads us to define the low-regret control.

G, S, (4.5)

% —0 onY;, £=0 onX,, (4.6)

4.2. No-regret control :
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4.2.1 Low-regret control :

Definition 4.2 Let v > 0, we say that u. € L*(X,) is the low-regret control of (4.1) and (4.2) if it’s

a solution of
inf sup (J (v,9) = J(0,9) — ||9||i2(22)> :

vEL?(S1)ge12(%,)

Hence, our optimal control problem will be as follows

f
UEigl(El)J (v),
where )
1| o
JA/(U>:J(U,O)—J(O,O)+—‘ .
v || Ov, 12(%)

Theorem 4.1 There exist a unique low-regret control u., solution to (4.1) and (4.7).

Proof. 1-Existence
It’s clear that J7 (v) > —J (0,0) implies igl(f )JV (v) = d, exists.
veL? (3,

Let (v,) C L? (3;) be a minimizing sequence, since J” is coercive (v, ) is bounded i,e.

JV (v,) — inf J7 (v) =d,.

n—+00 veL2(31)
We have that

2

o€,

1
—J(O,O)gJV(vn):J(vn,O)—J(O,O)Jr—‘ <d,+1=0C,,
v || Ovg 12(5)
which gives the following bounds
“Un“L?(zl) < G,
1y (v, 0)||L2(Q) < G,
23
n S C ﬁ’
‘ vq L2(5,) !

where C, is a constant independent of n.

4.7)

(4.8.1)
(4.8.2)

(4.8.3)

Consequently, from (4.8.1) and (4.8.2) we can extracting a subsequences still denoting by (v,,) and

y (v, 0) such that

v, — u,weaklyin L? (%),

y(1,0) — y, weakly in L (Q).

4.2. No-regret control :
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and from the continuity of y with respect to data we deduce that
Yy(v,,0) — y(u,,0) weakly in L* (Q), 4.9

from the uniqueness of limit, we deduce that y, = y(u,,0).
We know that y,, = y(v,,0) is solution of:

W div (a(x) Vy,) =0 inQ,
33“ —v,0onYy, Y, =0 on Xy, (4.10)
Yn (.’L', 0) =0 in Q,

integrate over () then we deduce that

OYn

H_ — div (a (z) Viyn) <c,,

L3(Q)
it means that 5

0= % —div (a(z) Vy,) = f1 = 0 weakly in L* (Q),
we have that

% — div (a (z) Vy,) = 8_; — div (a (z) Vy,) weakly in D' (Q),
from the uniqueness of limit we get:
% —div (a(z) Vy,) =0in Q

from (4.9) we get

The limit of boundary condition will be proved into two steps
First step. We know that

||?Jn||L2(Q) < G,

Yn — 1y, weaklyin L*(Q),

from the continuity of trace operator, we have that

Y
< clynll 2y < Cns
' al/a L2(3) @ K
where ¢ is arbitrary constant.
We deduce that
Yy

ay" — g weakly in L? (%),

4.2. No-regret control :
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On the other hand
OYn
v,

= U, 0N 21,

and

v, — u, weakly in L? (),

according to the uniqueness of limit, we get

Second Step. Now, we multiply the first equation in (4.10) by ¢ € D (Q), where ¢ (T) = 0 in

Q, 8¢ =0on X, » = 0 on X5, and integrate over () we get

T

// (%_dw ( )Vyn)¢dxdt //yn <———d1v( ( )v¢)> d:cdt—/vnqbd21,

0 31

passing to limit we get:

integrate another time

0 0
[opodz ~ [v g as = [uwods,
S bl ¢ i
Consequently
99
/yWa—VadZQ = 0,
Yo
finally
Y, = 0 on Y.

In the other side, we have that £, = £(v,) is a solution of the following adjoint problem

b0 div (a () VE,) = yu  inQ,
=0 on X,
&, (2, T) =0 in Q,

multiply the first equation by ¢,, and we integrate over ()

1 [ d r [
5[ [l dsdr s an [ [ Ve dude < [ [ duat,
0 Q 0 Q 0 Q

4.2. No-regret control :




Chapter 4. Optimal control of heat equation with missing boundary condition

integrate by parts with respect to time variable

T T
1 2 2 2
=5 [ (& (D) = 1€, (0))dz + an [ [ [VE, | dedt < [ [ yng, dudt,

Q
we use Cauchy Schwartz inequality (see appendix Proposition 4.2) we get

T T

T
/ygn (O)|2da:+2041//]v5n\2da:dt§ //]andedtJr//]andxdt,
Q 0 Q Q Q

0 0
by using Poincare inequality (see appendix Proposition 4.3) we get

T T T

/|§n (O)|2dx+2//|§n|2d:pdt§//|yn|2dxdt—|—//|§n|2dxdt,
Q 0 Q 0 Q 0 Q
T T
[iecrans [ [igfasie< [ [ iz <c.,
Q 0 Q 0 Q

||§n||L2(Q) < CW‘

Hence, there exists a subsequence still be denoted (¢,,) such that

implies that

we deduce

£, — &, weakly in L? (Q), (4.11)
due to (4.8.2), we have
H—% Cdive@)ve)| <c,
t 12(Q)
requires that there exists some subsequence converges weakly
o€, : .9
o div (a (z) V¢E,) — g weakly in L* (Q),

also, we have

o 0 : /
_% — div (a (z) VE,) — —% — div (a (z) V¢,) weakly in D'(Q),

Then from the uniqueness of limit we get

0
g= —% — div (a (z) VE,) .

4.2. No-regret control :
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Now, we will show the convergences of the boundary and initial conditions, from (4.11) we deduce
£, (z,T)=0in .

For the limit of boundary condition will be proved in two steps

First step. we have

lallizg < O
&, — &weaklyin L2(Q),

Also, we have that from the continuity of trace operator

‘ 9¢,,

v,
— h weakly in L? (%),

<C,,
L2(%y)

we deduce that
9¢,,

Vq

from the continuity of the trace operator with respect to the data

o, 9, 2
Gua ” 1 weakly in L* (%),
in other side, we have 5
a—iz =0on El;
from the uniquness of limit
% =0 on 21
v, '

Second Step. We follow the same method shown in the previous problem which de-
scribes the state y such that ¢ (0) = 0 in 2, we obtain

//5 ——d1v (a(z )ng))d:ndtz(/g/y@dxdt,

integrate another time, we get

/ / Yy, @dzdt + / . LpdY, — / &y gy 052 = / / Y pdadt,

dp
Tov,

implies that

dEQ - O,

P!

4.2. No-regret control :
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Consequently
57 = (0 on 22.

Since The cost function J” (v) is lower semi-continuous

J" (uy) < lim  inf J7(v,) = inf J7(v)=d,.

n—>+OOv€L2(21) ’UGLQ(El)

Finally, u., is a minimizer of J” (v).
2-Uniqueness
It follows from the strict convexity of J7. =

4.2.2 Optimality system of the low-regret control
A first order optimality condition for J" (v) gives :

J"(uy) (v —u,) =0V € L* (%),
by a simple calculus, we get

J(uy) (0 = uy) = 2(y(uy, 0) = ya, y(v — 1y, 0)) 12(Q) + 2N (uy, v — “w)m@l)

2 (asw o (v u»») L,
Y aVa aVa L2(29)

Let’s introduce the new state p, = p(u,) given by

0, .
St —div (a(z)Vp,) = in Q,
G =0on Yy, p, = E,Bii (u,) on Ty, (4.12)
p,(2,0) =0 in Q,

multiply the first equation of the last system by ¢ (v — u,) and apply the second Green formula,

we obtain

(% —div (a(x)VpV) € (v — Uw)>L2(Q) = / / a% dlv )va))f( — uy) dxdt

= / / — Uy, 0)p, dxdt,

I (uy) (0 = uy) = 2 (Y(uy,0) — ya + Py Y0 = Uy, 0))12(Q) + 2N (uy, v — uv)m(zl) =0Vve L*(%).

Hence,

4.2. No-regret control :
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For the second time, we introduce an adjoint state p, = p (u,)

~ % div (a()Vp,) = y(us,0) — ya + p, inQ,
P2 =0in Yy, py=0 on ¥, (4.13)
p»y<£U,T) =0 in Qa

again we have

py .. g Opy .
—& ~ div(a(@)Vpy), y(v —u,,0) = (_W — div (a(2)Vpy))y(v — u,, 0)dxdt
L*(Q)
= / / Py (v — uy)dzdt,
I

JV/(UW)(U—UW):Q%/—FNU,W’U— )L2( OVUGLQ (Z )

then

implies that
py + Nu, =0a.ein ;.

Finally, the optimality system of the low-regret control is characterized by

% —div(a(z)Vy,) =0 inQ,

ay — —
Goo = Uy ON Xy, yy =0 on Xy,

Yy (2,0) =0 in Q,

—div (a (z) VE,) = y(u,,0) inQ,

=0onXy, § =0 on Xy,
& (@,T)=0 in Q,
— div (a()Vp,) = in Q,
B
o —Oon 51, py = iafa(uv) on ¥y,
p,(2,0) =0 in Q,

— % — div (a(z)Vp,) = y(u,0) = ga+ p, N Q,
%y — ()on ¥y, py =0 on Y,

py(z,T) =0 in €,

with
py + Nu, =0a.ein 3.

4.2. No-regret control :
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4.3 Optimality system of the no-regret control

Before we start the characterization of the no-regret control we give the following proposition

proving the convergence of the sequence of low-regret control to the no-regret control.
Proposition 4.1 The low-regret control u., converge to the no-regret control v when ~ tends to 0.
Proof. u., is the minimum of J7 (v) then

J7 (u,) < J7(0) = constant,

replacing J7 (u.) with their definition, we get

2

< J(0,0)=C,

L2(%2)

1y (uy,0) — deL2 + N 'Y”L2 SH H ay

where C' is a constant independent . This leads to the following bounds

sl 2y < C (4.14.a)
1y (4, 0) 120y < € (4.14.b)
Hag u) < C7, (4.14.0)

v, 2(5)

we deduce from (4.14.a) and (4.14.b) that we can extracting a subsequence still denoting by
(uy) ,y (u,0) such that

u, — uweaklyin L* (%),

y(uy,0) — yweaklyin L*(Q),
due to the continuity of y with respect to u, we deduce
y (uy,0) =y (u,0) weakly in L*(Q),

from the uniqueness of limit y = y (u,0) .

As the same proof in the Theorem 4.1, we get the following system governed the state y and &.

(% div(a(z)Vy) =0 inQ,

6y_

G- =u onXy, y=0 on,,

y(z,0)=0 in Q,

~% —div(a(2) V) =y inQ,
8€—()onEl,S:O on o,
(x, T)=0 in Q.

4.3. Optimality system of the no-regret control
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due to (4.14.c) and by passing to limit when v — 0 we get

¢ (uy) o€ _ in [°
il vl 0 strongly in L* (X,),
which implies that
¢ d¥, =0
Yo ayag T

Which means that u is the no-regret control. m
Theorem 4.2 The no-regret control u is characterised by the following optimality system:

—div(a(x)Vy) =0 inQ,
8y —

s =wuon X, y=0 on X,

y(xz,0) =0 in Q,

—5 —div(a(x) V&) =y inQ,
86 —00n21,§:0 OTIZQ,
E(z, T)=0 in Q,

—div(a(z)Vp) =0 inQ,
2&:OonEl, p=2A ony

Ovg
p(z,0) =0 in Q,
— % —div(a(x)Vp) =y —ya+p inQ,
;ijz:()Onzl,p:o on s,
p(x,T) =0 in €,
with
p+ Nu=0a.ein ;.
where
limu, = wu, limy, =y, limg =&,
7—0 7—0 7=
. 1.0¢
limp, = p, limp, =p, yr%,y 5, (W) = A

Proof. Actually, we have the systems that describe the state y and the adjoint state £ in the
previous propositions, now we need the systems that describe p and p shown in the following

steps.

4.3. Optimality system of the no-regret control
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First step: Multiply the first equation in (4.12) by p., and integrate over () we obtain

//Epwdxdt — // d1v va Ldzdt = 0,

use Green formula

T T T T
L[ [d, | 2 dp Op
5//%\,)7\ dxdt—l—//a(x)‘VpJ dxdt—//pwa—VZdFldt—//p,ya—l/ZdI“ldt—O,
0 Q 0 Q

0 I'y 0 I’

implies that

o¢, Ip
/‘pw )|* da:+// )| Vo, |* dadt + //auaayzdr dt =0,

0 I'y

o€, dp.
/|p7 )| dx+a1//|VpV‘ dmdt<——/ auaayZdFth

0 I’z

then

we take the absolute value and use Cauchy inequality we get

i 1 ’ ¢ |2
/‘pv(T)Vd’”zal//}medxdtS _// o,
@ 0 Q 70 Py a

from the continuity of trace operator, we obtain

/!p7 ‘ dx+2oz1//‘Vp7| dxdt<

use Poincare inequality

/\Py )| da:+2//}p,y} drdt < //

dp,, 2

dDydt,

1
dl'adt + —
v

'Y

T
dFQdH— / / o, |” dadt,
0 Q

OFQ

dl“zdt+ / / o, | dedt,

0
then
/|,o7 )| da:+//}p7} dxdt < // gi’: QdF2dt§C,
requires that
2]l = €
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There exists a subsequence such that
p, — pweakly in L* (Q),

due to (4.14.c) we have

< C
ol WEE] e WL
implies that exist A € L? (3,) such that

19e(n) A weakly in L? ().

v Ov,

By passing to limit in (4.12) we get the system governed p

—div (a(z)Vp) =0 inQ,

P —=0on¥y, p=A ond,

p(z,0) =0 in Q.

Second step We know that p, € L*(Q) and y, — y4 € L* (Q) requires to y, — ya + p € L* (Q) .

As usual, we multiply the first equation in (4.13) by p, and use Green formula we get

T T
/(|p7 (T)* = Ipy (0)]%) dx+2a1//|pr|2dxdt§//<|y7—yd+,07|2+|py|2) dadt,
0 Q 0 Q

Q

use poincaré inequality

2 2 2
||pv||L2(Q) < Hpv (O)HL?(Q) + Hyv —Ya + ppr(g) )

Consequently,
||p’Y||L2(Q) <C

Then, there exists a subsequence such that
p, — pweakly in L* (Q),
By the same way on the proof in Theorem 4.1 and we pass to limit we get the system governed p

—% —div(a(z)Vp) =y —ya+p inQ,

6p*00n21, =0 on X,
p(z,T) =0 in 2,
with
p+Nu=0aein L*(%,).
|
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Appendices

Theorem 4.3 ( Green Formulas) Let 2 C R™ a bounded and regular domain, and the normal
vector unit to the outside I' = 90.So, for u € H'(Q) and v € H*(Q)) we have: the first Green’s

/uAvdx = —/Vqudm + /ug—vdF,
v
Q r

Q

formula

for u,v € H?(Q2) we have the second formula of Green’s:

ov ou
/ (uAv — vAu)dr = /ug — vadf
Q

r

Definition 4.3 Let U € R"™ a convex set and f : U — R a strictly convex function in U if

fly+ (1 —=t)z)<tf(y)+ (1 —1t)f(z) Yo,y € U, Vt €[0,1]

Definition 4.4 Let f : E — R U {+oc} is a proper function, so Legendre transform f* of f is a
function of E — R U {+o0} defined by

f*(p) =sup ((p,r) — f(x))

zel

Lemma 4.2 (Gronwall)Let ¥, GG be continuous in [0, 7], with G nondecreasing and y > 0. If

U(t) < G(t) +’y/t\IJ(s) ds forallt e [0,T],

then
U(t) < G(t)exp(qt), forallt € [0,T].

Proposition 4.2 (Cauchy inequality)

Let a, b are any real numbers and p, ¢ are real numbers connected by the relationship % + % = 1.

Then we have the Cauchy inequality

1
ab < 3 (a2—i—b2).
Proposition 4.3 (Poincare inequality)

For 1 < p < oo, there exists a constant C' such that

[ull oy < ClIVUll Loy -
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