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Abstract

The aime of this work is to study the problem of global asymptotic stability for
equilibria of a spatially diffusive HIV/AIDS epidemic model with homogeneous
Neumann boundary condition. By discretizing the model with respect to the space
variable, we first then by incorporating the theory of stable matrix of Volterra-
Lyapunov into the classical method of the Lyapunov functional ODEs model, and
then broaden the construction method into the PDEs model in which either
susceptible or infective populations are diffusive. In both cases, we obtain the
standard threshold dynamical behaviors, that is, if Ro< 1, then the disease-free
equilibrium is globally asymptotically stable and if Ro> 1, then the (strictly positive)
endemic equilibrium is globally asymptotically stable.
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Résumé

Le but de cette travail est d.étudier le probléeme de la stabilité asymptotique
globale pour les équilibres d.un modele épidémique de VIH / SIDA spatialement
diffusif avec une condition aux limites de Neumann homogene. En discrétisant le
modele par rapport a la variable spatiale, nous incorporons d.abord la théorie de la
matrice stable de Volterra-Lyapunov dans la méthode classiqgue du modéle ODE
fonctionnel de Lyapunov, puis élargissons la méthode de construction dans le
modele EDPs dans lequel soit sensible ou les populations infectieuses sont
diffusives. Dans les deux cas, nous obtenons les comportements dynamiques de
seuil standard, c.est-a-dire que si Ro< 1, alors l.équilibre sans maladie est
globalement asymptotiquement stable et si Ro> 1, alors l.équilibre endémique
(strictement positif) il est aussi globalement asymptotiquement stable.
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Introduction

Introduction

HIV (Human Immunodeficiency Virus) and AIDS (Acquired Immune Deficiency Syn-
drome) is one of the health problems. HIV is now the major cause of years of potential
lives lost and the most common cause of death attributed to many infectious diseases.
Mathematical modeling over the years has been useful in analyzing various disease dy-
namics, such as HIV/AIDS, malaria and tuberculosis and also plays an important role
in the better understanding of epidemiological patterns for disease control. Into mod-
eling frame works, scientists presented several different models of the HIV/AIDS virus
[25], 26], 32]. Marsudi et al [27] studied the impact of educational campaign, screening and
HIV therapy on the dynamics of spread of HIV model. Diffusive partial differential equa-
tions are important and modern tools used tomodeling natural phenomena, particularly
in epidemiology, diffusive partial differential equation (PDE) models are frequently used
to study the continuous spatiotemporal spread of disease among population, in this work
we will the model we consider developed from [8] by including a diffusion term.

This work is divided into three chapter:
e Chapter 1: Reaction-diffusion systems and stability theory

In this chapter, we present an introduction to reaction-diffusion system and applying
them in the diffusion of infection in the population, including the diffusion of HIV/AIDS
virus, and we also talked about the stability of systems for reaction-diffusion and we

focused on stability using Volterra-Lyapunov matrix theory.
e Chapter 2: Stability of EDO system

In this chapter, we analyze a model consisting of ordinary differential equation that
describes the dynamics of HIV/AIDS, we will achieve local stability of the equilibriums
points, we apply the method of Lyapunov function combined with the Volterra-Lyapunov

matrix population which lead to proof the global stability.
e Chapter 3: Stability of PDE system

This is the important chapter, whrere we study the spatial spread of HIV/AIDS, that
is, we analyse of model consisting of partial differential equation in the PDE model, and
we studied local and global stability with respect to constant equilibriums points for this

model.
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Preliminaries

In this chapter, we will present some mathematical notation and some definitions and

theories that we will need in the memoire.



Preliminaries

This chapter recalls some useful preliminaries that are necessary for the dissertation

at hand. We introduce some basic notations and notions.

0.1 Notations

The following are some notations we are used in the memorie.

e The set of the real numbers, is denoted by R.

e The set of the real numbers of the n-elements, is denoted by R™.

e Matrices or variables are denoted by capital characters, e.g P, D, A... etc
e The determinant of real and complex martices, is denoted by det (A).
e The trace of real and complex matrices, is denoted by tr (A).

e The invers of real and complex matrices, is denoted by A~1.

e The transpose of matrix A, is denoted by AT.

e The diagonal of real and complex matrices, is denoted by diag(A).

e The real part of a complex number, is denoted by Re(A).

e The space of continuous and derivative functions, is denoted by C*.

e The Sobolev spaces, is denoted by H!((2).

e The spectral radius of A, is denoted by p(A).

e The derived from the variable A with respect to time ¢, is denoted by d_:i
e The identity operator, is denoted by 1.
e The norme euclidean of A, is denoted by || A|.

e The Laplacian operator A, is denoted by AA, where

" 9%A
=1 K
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e The gradient A, is denoted by VA, where

(2)

GradA:VA:(aA o4 aA).

Ox, Oxy’ 7 Ox,,

For any n x n matrix A, let A denote the (n—1) x (n — 1) matrix obtained from

A by deleting its last row and last column.

The set of positive real numbers, is denoted by R, = [0, +o0 ).

e U™ : Non-constant equilibrium point.

U* : Constant equilibrium point.

The disease-free equilibrium, is denoted by (DFE).

The ordinary differential equations, is denoted by (EDO).

The partial differential equations, is denoted by (PDE).

Q) : open domaine in R", where n > 1.

Laarbi Tebessi Univ-Tebessa - 214 Master / PDE
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0.2 General Notions

The following are some general notions we are used in the memorie.

Definition 1 (equilibrium point) We say that X¥ an equilibrium point of a system

dX(t)
T = (X(t))7 (3)
X(()) - X07
if X wverify the equation
f(XP)=o0. (4)

Definition 2 We denote by IL?(Q) the set of integrable square functions on Q. A function

f defined on 2 is called an integrable square if f is measurable. We then define the norme

Il = W);. %)

Definition 3 [31] The equilibrium X is said to be stable if for everything e > 0, it exists
n >0, as for all solution X (t) of (4), we have

on

1X(0) = X[ <= [IX(t) - X"|| <e. (6)
.- - . B of g .
Definition 4 [31] (Locally asymptotically stable) Let J(X*) = 8_X(X ), the Jacobian
matriz of f evaluates at point X¥. Consider the following linear system
X
— = AX
o ax @

where A = J(XF) is say the linearized or the linear approximation of the non-linear
system (d) in XE.
The study of the stability of the origin for the linearized allows in certain cases to

characterize the stability of the (@ More precisely, we have,

o If all the eigenvalues of the matriz A are of strictly negative real part, then the
system (@ 15 stable.

o [f there is at least one eigenvalue of the matrix A of strictly positive real part then,
the system (@ 15 unstable.
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Definition 5 [31] (Globally asymptotically stable) The equilibrium point X is say to be
globally asymptotically stable if it is stable, and for any X (t) solution for (@, we have

lim [|X(¢) — XE||=o. (8)

Definition 6 [15/ The basic reproduction number R is the spectral radius of the next

generation matriz, namely

R=p(FV). (9)

The following interpretation is given to the matriz F'V~': Let us consider an infected
individual introduced into a compartment FV = of a population without disease. The entry
(i, k) of the matriz V1 is the average time that the individual will spend in compartment i
during his life, assuming that the infection has been blocked. The entry (j, 1) of matriz F is
the speed at which an infected person in compartment ¢ produces infections in compartment
j. Thus the entry (4,k) of FV ! is the expected number of new infections in compartment
J produced by an infected individual originally introduced into compartment k. The spectral

radius of the matriz FV ™" is the basic reproduction number. That is to say R = p(FV1).

Lemma 7 [30] For all function u of HY(Q), and all function v of HY(Q), we have the
Green formula
/(Au)v = /?vda - /VUVU. (10)
Q Q 1 Q

2u
Proof 8 On suppose Au = Z e 2,

function of HY(SY), for all function v of HY(Q)

—/(Au)v _ —Z/

Q =19
- Ju Ov ou
B Z /8331‘3151’ —/a—%vmda ’
Q
ou Ov ou
- Z:/ﬁacz ox; G_UUdJ’

- / VuVo — / 9 o (11)

Theorem 9 [I0/(Routh- Hurwitz)

the Laplacian of a distribution u. Then, if u is a
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Consider the characteristic equation
det( A, — P) = A" + a1 \" '+ ao\" 2 + . F ani A+ ay,

determining the n eigenvalues A of a real n X n square matrix P, where I is the identity

matriz.

Then the eigenvalues A all have negative real parts if

AL >0,A>0,....,A;>0,...A, >0, (12)
where
1
Ay =ai, Ay = “ = 102 — as, (13)
az Qag
and
ai 1 0 0 0 0 .- 0
as a9 aq 1 0 0 s 0
Ak = as ay as (03] a1 1 e O . (14)
A2k—1 QA2k—2 QA2k—3 QA2k—4 Q2k—5 Q2k—6 - Ak
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CHAPTER 1

Reaction-diffusion systems and stability

theory

In this chapter, we provide an introduction to the systems for spreading the reaction, and
the extent of their application in all fields, especially in the spread of infection (diseases),
and we have dedicated to this the spread of HIV/AIDS. We also talked about the stability
of these systems and we have devoted to global stability for stability according to Volterra-

Lyapunov



Reaction Diffusion Systems and Stability Theory

1.1 Reaction-diffusion systems

1.1.1 Introduction to Reaction-Diffusion Systems

Due to the extreme importance of reaction—diffusion systems of partial differential equa-
tions in modeling real-life applications [29], it in various are well-established in different
life science disciplines, they have been attracting the interest of scientists and academics
for decades, and has been the subject of much research, especially in the last twenty years.
Reaction—diffusion systems are mathematical models which correspond to several physical
phenomena. The most common is the change in space and time of the concentration of
one or more chemical substances, or infection spread among the population, and diffusion
which causes the substances to spread out over a surface in space.

Population dynamic has attracted the interest of many authors in the past as nowadays
reaction-diffusion equations are widely used as models for spatial effects in ecology. They
support three important types of ecological phenomena: the existence of a minimal patch
size necessary to sustain a population, the propagation of wave fronts corresponding to
biological invasions, and the formation of spatial patterns in the distributions of pop-
ulations in homogeneous environments. Reaction-diffusion equations can be, analyzed
by means of methods from the theory of partial differential equations and dynamical
systems. Reaction—diffusion equations arise as models for the densities of substances or
organisms that disperse through space by brownian motion, random walks, hydrodynamic
turbulence, or similar mechanisms, and that react to each other and their surroundings
in ways that affect their local densities [16]. Reaction—diffusion models are in themselves
deterministic, but they can be derived as limits of stochastic processes under suitable scal-
ing. Specifically, they provide a modeling approach that allows us to translate assump-
tions about stochastic local movement into deterministic descriptions of global densities.
Reaction-diffusion models are spatially explicit, describe population densities, and treat
space and time as continuous.

Diffusion [17]:

The concept of diffusion originates from physical sciences (Fick’s law is regarded as
the fundamental principle of diffusion). In its physical sense diffusion is defined as a
phenomenon where a certain particle group as a whole spreads according to the irregular
motion of each particle. There by the spread is always directed from regions of higher
concentration to regions of lower concentration and the time dependence of the distri-
bution of the particles in space is given by the so called diffusion equation which is the
mathematical formulation of the described spread dynamic. The diffusion theory seeks to

explain the spread behaviour of a group of particles (rather than spread behaviour of a
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single particle) and consequently the variable of interest is the proportion of the particle
group which can be found. In this way phenomena like the diffusion of an ink drop in
water or diffusion of heat can be described, of diffusion is applied in biology to describe
processes of biodiffusion and to model population dynamics, or the spread of infectious
diseases among the population, or in a less quantitative way, in social sciences to describe

the spread of ideas (diffusion of innovations, lexical diffusion, trans-cultural diffusion).
Reaction [17]:

Based on our gained insights from the theory of the random spread of infection among
the population we now develop the general diffusion theory. We are especially interested
in deriving spatial distribution results of infection between the dispersing population. In
other words we assume a population with a sufficient high number of individuals situated
and are interested in the spatial distribution of this population as time progresses. That
means we determine evolution of infection of between individualsat assuming that the
entire population coexists with each other without taking preventive measures. Here we
carry out the transition from discrete considerations in time and space to continuous

considerations in time and space.

In mathematical population biology, qualitative results for models are the most im-
portant kind, for accurate quantitative results can only occasionally even be expected.
The main reason is that models here are much more idealized than in physics and chem-
istry. Populations are never homogeneous, the environment is never uniform in time or
space, and the population is never isolated from other influences. What one can often
hope for, however, is some indication as to the effect, with in the total picture, of the few
factors and influences specifically being accounted for in the model. Other factors will

also leave their marks on the behavior of actual populations.

1.1.2 Reaction-diffusion model

After considering different approaches for describing reproduction and dispersion, whether
for infection, prey or population separately we now study the population dynamic in [29]
obtained by combining both mechanisms. We allow the population or infection to grow
and to disperse at the same time and are interested in the temporal and spatial beha-
viour of the population size under different growth models (exponential growth, logistic

growth,...). We analyse so called diffusion-reaction systems we assume Neumann bound-
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ary conditions of the form:

(
% = DAU (z,t) + F(U (z,t)) forallz € Q, t >0,
MZO on RJr XaQ, (11)
an
| U(2,0)=Us(z) ze€

Where U (z,t) is an m-vector the time and space dependent function U (z,t) again
describes the population size at any location = and time ¢. The mathematical symbol A
defines the Laplacian operator, which is the mathematical description of the process of
moving the infection or population from local spatial regions of high density or the most
common infection to those of a lower density or the least infection, D =daigonal matrix
(dy,ds, ..., d,,), the temporal change of the population or infection size at location x is given
by the diffusion component DAU (x,t), and the growth component F' = (f1, fa, ..., fim)-

For the reaction of water, for example, we take in

2H, + Oy = 2H,0. (1.2)

The equations describing this reaction are then written according to

( 8[31?] — A [Hy) =2 (—h [Hy)* [Os) + 1 [HyO)),
852] — A [0y = (<h[H]* (0] +1 [H0) e t>0,  (13)
\ aU;fO] — dsA [Hy0] = 2 (b [Hy)* [0o] = | [HoOT)
with boundary conditions (for exemple 212l — 9101 _ 9ROl

S N ot ot ot
x € 0R2) and positive initial conditions i.e

[Hal,_q = [Ha]y > 0, [O2],_q = [02], >0, [H0],_y = [H0], >0.

The coefficients h and [ are assumed to be positive constants, although they may

depend on the temperature:
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h,l = cT”exp (%T) ,1<pB<2. (1.4)

1.1.3 Reaction-diffusion for HIV/AIDS model

AIDS is an infectious disease that suppresses the normal function of the immune system, it
is caused by the human immunodeficiency virus (HIV), which destroys the body’s ability
to fight infections. In order to reduce the risk of transmission to future generations,
patients with HIV can accept treatment before becoming AIDS patients. Their results
showed that 40% of all HIV/AIDS cases result from mother tochild transmission and
fewer than 300 infants in the U.S acquired HIV through vertical transmission in 1997.
In sub-saharan africa over 2.5 million children under the age of 15 died of AIDS. In the
context of modeling, the authors suggested several models for HIV/AIDS virus. We will
take the suggested form a side [8] (use of condom, screening of unaware infectives and
treatment of infectives). The challenge posed by the number of cases of unaware infectives
calls for urgent need for a better understanding of the important parameters in the disease
transmission, and to develop an effective and optimal strategies for prevention and control
of the spread of HIV/AIDS disease.

( dsgiyt) —aAS(x7t): QO_BmS(x7t)_/“LS(x’t) in R+ X Q,
dhc(lf,t) —bAIL(z,t)=3,,5— 0+ +p) L(z,t) inR, xQ,
(1.5)
dIQC(Zf, t) —cAly(x, )= 01, (x,t)— (0 + 5 +7) Ir(z,t) in Ry x Q,
\dAgjdeAQJ%:Mﬂ%0+®+ﬂﬂﬂ%ﬂ—wﬂﬁﬂ in Ry x Q

Where ) is an open bounded subset of R" with piecewise smooth boundary 0f).

oS oI, 0, 0A
Subject to the homogeneous Neumann boundary condition Pk S )
n On  9On In
for all x € 0f), and positive initial conditions i.e

S(x,0) = So(z) >0, I1(z,0) = I,(z) >0,
I(x,0) = Iy (z) >0, and A(z,0) = Ap(x) > 0, where z € Q.
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1
|
1
1
|

L

Diagram 1. Flow diagram for HIV/AIDS disease transmission model,

1.2 Stability of Reaction-diffusion systems

The study of the endemic global stability is not only mathematically important, but also
essential in predicting the evolution of the disease in the long run so that prevention
and intervention strategies can be effectively designed, and public health administrative
efforts can be properly scaled. There are some methods, i.e. those based on the monotone
dynamical systems (1.1)), the geometric approach [20], and Lyapunov functions, [2I] to
conduct global stability analysis for epidemic models.

Under certain assumptions one might expect that the solution to would approach

as t — oo to a solution of the system we have:

DAU* (2,t) + F(U™ (2,£)) =0  z€Q, t >0,

8(]8—(1‘,25) =0 onR, x99, (1.6)
n

U™ (z,0) = Ug* (z), z € (.

Solutions of (/1.6 with the Neumann boundary condition are called non-constant equi-

libriums solutions.

1.2.1 Local stability of Reaction-diffusion systems

In order to study the local asymptotic stability in the PDE sens [29], one of the mostcom-
monly used methods is that of eigenfunction expansion, you we have found that the linear

stability analysis of continuous field models isn’t as easy as that of non-spatial models.
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For the latter, we have a very convenient tool called the Jacobian matrices of system, it

is as follows:

Suppose f; : R™ — R™, for j = 1,...,m, is a function such that each of its first-order
partial derivatives exist on R™. This function takes a point x € R™ as input and produces
the vector f;(z) € R™ as output. Then the Jacobian matrix of f; in the system (1.1)) is

defined to be an m x m matrix, denoted by .Jy,, whose (m, m)th entry is

9h ... Of
ox1 0Tm
Jy=1 + . 1. (1.7)
Ofm ... Ofm
ox1 O0Tm

Let 0 = Ny < A1 < A3 < .... be the sequence of eigenvalues for the elliptic operator

(—A) subject to the homogeneous Neumann boundary condition a—fz = 0 on 0f), where
n

each \; for i« = 0,1... has multiplicity m; > 1. Also let ®;;, 1 < j < 4, (recall that

®y = const and \; — o) be the normalized eigenfunction corresponding to \;.

That is, ®;; and \; satisty

with 90
a—;j =0 in 89, (1.9)
and

/ ®?(x)dx = 1. (1.10)

Similar to the ODE case, the asymptotic stability of the steady state solution
u*(z,t) in the (1.1) can be determined by examining the eigenvalue £ of the operator Jy,.
That is the solution is asymptotically stable if all the eigenvalues of J;, have negative
real parts. In order to achieve that, suppose ) = (91,15, ...,7,) is an eigenfunction of

Jy, corresponding to an eigenvalue {. By definition [I1], we have

Jp'= €y, (1.11)

where

(Jy, —&1,) v =0, (1.12)
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this can be rearranged to the form

klij
kzij

>ooo(p—en) | T e =0, (1.13)
0<i<o0,1<j<m; :
ki

where

0<i<00,1<j<m; 0<1<00,1<5<m; 0<i<00,1<j<m;

Il Bl S SO, ) >

The stability of the steady state now reduces to examining the eigenvalues of the

matrices F;,

det (P — ¢1,) = 0,

the sytem ((1.1)) is asymptotically locally stable if
Re(¢) < 0. (1.14)

If Re(§) > 0, the sytem ([1.1)) is unstable.

1.2.2 Global stability of Reaction-diffusion systems

Definition 10 [29/ The U*(.,t) equilibrium point constant of the system is globally
asymptotically stable, and for any U solution constant to we have

tlgglo 1U7(.t) = U||1L2(9) =0. (1.15)

Lemma 11 [7] Let consider a disease model system written in the form

dX
d—tl:Fi(Xl,Xz) fori=0,1,...,
(1.16)
dX.
—2 = Gi<X1,X2) f07’7: = 0,1,...,
dt
and
Gi(X1,0) =0 for i=0,1,..., (1.17)

where Xy € R™ denotes (by its components) the uninfected populations and Xs € R™ de
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notes (by its components) the infectious populations, Xo= (Xf,O). denotes the DFE of

the system.
Also assume the following conditions:
dX
(Cy) For d_tl = Fy(X1,0) fori=0,1,.... XF is globally asymptotically stable.

(Cg) Gi<X1,X2> = AZXQ — G(Xl,XQ), with G(XI,XQ) 2 0 fO’f’ (Xl,XQ)E Q and fO’f’
1=0,1,....
Where the jacobian matriz Ai:@T(XI ,0), fori = 0,1,.... has all non-negative
2
off-diagonal elements, and X 1is the region where the model makes biological sense.
Then the DFE Xy = (XF,0) is globally asymptotically stable provided that Ro< 1,

for i=0,1,....

Stability Based on Volterra-Lyapunov Method

The construction method of Lyapunov functions and functionals is commonly used to
establish global stability results for biologically structured epidemic models, the method
of Lyapunov functions has been known for many decades [29]. The challenge in the
application of this method is that there is no systematic way to construct Lyapunov
functions (particularly, the determination of the appropriate coefficients is often a matter
of luck), so that its success largely depends on trial and error as well as on specific
problems. Due to the fact that these models belong to infinite dimensional dynamical
systems, it is often necessary to formulate some mathematical arguments, for example, the
relative compactness (or completely continuous) of the semi-flow generated from system,
which ensures the existence of the global attractor and uniform persistence, which ensures
the wellposedness of the Lyapunov functions for the steady states, the global asymptotic
stability for various epidemic models based on patchy ODEs models with discretized
spatial structure have been extensively studied, the global stability analysis of epidemic
models as high-dimensional ODEs is relatively easily followed. From this reason, even if
we do not know the suitable form of Lyapunov functions for a spatially diffusive epidemic
model as PDEs, we can guess it by discretizing the PDEs model into a corresponding

ODEs model and paying attention to the known Lyapunov function for the models ODEs

The Lyapunov function is defined as follows

Definition 12 [30/ (Lyapunov functional) We say Lyapunov functional associated with

a reaction-diffusion system form of m equations, any function

V:R+ —>R+7
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such as
%(V (ur(, 1), u2(,t), ..y um (., 1)) <0, (1.18)

for allt > 0 and any solution (ui(z,.),uz(x,.), ..., un(z,.)) of system (1.1)).

After obtaining the matrix system when applying the Lyapunov function, we prove
it is stability by we do incorporate the Volterra—Lyapunov matrix [14] [I5] theory into
Lyapunov functions which, under certain conditions, eliminates the need of determining
the coefficients. by combining this classical approach with the Volterra—Lyapunov matrix
analysis, we have leveraged the difficulty of determining specific coefficient values and, as
such, wider application of Lyapunov functions to dynamical systems could be promoted,
in prove to global stability.

Where we will apply the following characteristics of Volterra-Lyapunov :

Definition 13 [9] We say a nonsingular n xn matriz P Volterra-Lyapunov stable if there

exists a positive diagonal n X n matrix M such that
MP+ PTMT <. (1.19)

Definition 14 [J] We say a nonsingular n X n matriz P is diagonally stable (or positive

stable) if here exists a positive diagonal n X n matriz M such that
MP + PTM” > 0. (1.20)

Lemma 15 [9] Let P be an n x n real matriz. Then all the eigenvlues of P have negative

(positive ) real parts if and only if there exists a matrix M > 0 such that
MP+ PTMT <0(>0). (1.21)
P11 P12

P21 P22
stable if and only if p,, <0, p,, <0 and

Lemma 16 [J] Let P = be a 2 x 2 matriz. Then P is Volterra-Lyapunov

det(P) = P11P2s — P15Poy > 0. (1'22)

The characterization of Volterra-Lyapunov stable matrices of higher dimensions, how-

ever, is much more difficult.

From definition 12 and 13, it is clear that a matrix P is Volterra-Lyapunov stable if
and only if its negative matrix, — P is diagonally stable obtained the following sufficient

and necessary conditions for 3 x 3 diagonally stable matrices.
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Lemma 17 [J] Let P = (p;;) be a 3 x 3 real matriz and D = (d;;) = det(P)D be the
adjiont of P, where D = (d;;) is the inverse of P is diagonally stable if and only if all the

signed principal minors of —P are positive and the inequalities:

2
{ (p§1+Z]313) < 41211123327 (1.23)

(d31+Zb13)2< 4d11d33Z.

Based on Lemma 16, the following generalized result was obtained by Redheffer which
will be frequently used in our global stability analysis. For simplicity, we only state the

sufficient condition below.

Lemma 18 [9] Let P = [P,;] be a nonsingular n x n matriz (n > 2) and M = diag(m,, ..., m,,)
be a positive diagonal n x n matriz. Let E = P~'. Then, if ppn> 0. ]T/[/E+(]/\\/[/E)T> 0,
and M]3+(]\7]3)T> 0, it is possible to choose M, > 0 such that

MP+ PT"MT> 0. (1.24)

Finally, we say that reaction—diffusion systems have become important in many areas

of life, it in various are well-established in different life science disciplines.
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CHAPTER 2

Stability of the HIV/AIDS model

As we have seen before the HIV/AIDS model, in this chapter we will study the local and
global stability of the equilibriums points of this model in the case of ordinary differential
equations (EDO).

19



Stability of system EDO

In this chapter, we consider the fourth-order model of [8]. Consider a population of size
N(t) at time ¢ into the following sub-populations of susceptible individuals S(t), infective
individuals who do not know that they are infected [;(¢), HIV positive individuals who
know that they are infected I5(t) and that of the AIDS population A(t). So that

N(t) = S(t) + I,(t) + Iy(t) + A(t). (2.1)

We study a system of differentiale quations in the following form:

(B Qo—=B,S(t) —uS(t) >0,
dt
dI;it)_ B, St)— (0 +p+86)I(t) t>0,
(2.2)
dfjhgt) =0, () — (6 + p+7) L(t) t>0,
\ %it): 0 (t)+015(t)+mla(t)— (a4 p) A(t) ¢t >0,

where
3 :(1 —uy)(Brcrl1+Bycala+P5c3A)
m N

where the terms ¢; (i = 1,2, 3) are the number of sexual partners of susceptible individuals

with unaware infectives, aware infectives and the AIDS individuals respectively in each

time period. Also, 3; (i = 1,2,3) are the probabilities for susceptible individuals with

i
unaware infectives, infectives who are already-aware of their status and AIDS individuals
respectively. Control u; € [0, 1] is the successful use of condom by susceptibles to protect
themselves. The term # measures the rate at which unaware infectives are detected by a
screening method to become aware infectives, the term m measures the progression rate
at which the already-aware infective individuals on treatment move to the A class in each
time period. Here, ¢ is the rate by which both types of infectives not on treatment develop
AIDS (7 < §). p is the natural mortality rate unrelated to HIV /AIDS disease and « is
the AIDS related death rate. It is assumed that the rate of contact of susceptibles with
AIDS individuals is much less than aware infectives which in turn is much less than that
with unaware infectives (83 < 5, < ;). This is so because, on becoming aware of their
infection, the infected persons may choose to use preventive measures and change their
behavior and thus may contribute little in spreading the infection. We assume also that

the A class is less sexually active. Now, we describe that all solutions of the system with
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non-negative initial data will remain non-negative for all time.

2.1 Positivity and boundedness of solutions

For the HIV/AIDS transmission system (2.2]) to be epidemiologically meaningful, it
is important to prove that all solutions with non-negative initial data will remain non-

negative for all time [g].

Theorem 19 If S(0), 1,(0), I5(0) and A(0) are non-negative, then so are S(t), 11(t), I5(t)
and A(t) for all time t > 0. Moreover, limsupN (t) S@.

t—oo ,u
Furthermore, if N(0) S%, then N(t) < %.

Proof 20 Let (S(t), [1(t), I2(t) and A(t)) be any solution with positive initial conditions
[9]. We have
N(t) = S(t) + 1,(t) + 1,(t) + A(t),

the time derivative of N(t) along the solution of is

AN(t) _dS(t) | dL(t) | dE(t) | dA()

dt dt dt dt dt '’
dN (t
O <y~ vt

Using theory of differential equations, we get:

homogene solution:

dN(t
% = —uN(t), therefore N(t) = Noe

non-homogene solution:

N N,
d dt(t): (d ;t<t> - uNO(t)) e hence N(t) §% (1 —e™) +Noe ",
and for t — oo, we have
Qo

Tlim N (t) = limsup N(t) <

Clearly, it has been proved that all the solutions of which initiate in R confined in

the region

(2.3)

D:{(S,[l,IQ,A)eRi:S+Il+IQ+A§%}. (2.4)

i
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(i.e) solution are bounded in the interval [0, c0).

2.2 Existence the equilibriums points

In the section we calculation the quilibriums pionts of model (2.2)).

Solving the HIV/AIDS model equation in-terms of 3,,, we calculate the equilibrium

piont and obtain:

Qo — BpS —pS = 0, (2.5)
BpS—O+pn+6) = 0, (2.6)

0, —(0+p+m) Iy = 0, (2.7)

0L+ 6L+ 7l —(a+p)A = 0. (2.8)

2.2.1 Existence of disease-free equilibrium
The disease-free equilibrium (DFE) of the HIV /AIDS model (2.2)) existe only when
I1=I,= A =0, it is given by

By = <%,0,0,0) . (2.9)

The basic reproduction number of the model (2.2)) with condom use and screening of

unaware infective individuals, by defintion 5 it is given as follows:

Ry=p(FV),
where
(1 —up)Brer (1 —wug)Baca (1 —up)Baes
F (Ey) = 0 0 0 : (2.10)
0 0 0
and
(0++p) 0 0
V (Ey) = —0 (04 p+m) 0 : (2.11)
-4 — (047 (a+p)

since det(V) = (0 +0+p) (0 +p+7)(a+p) # 0, therfore the matrix V is inverse,
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where inverse is given by

O+p+m)(a+p) 0 0
0 (a+ ) O+6+p) (a+p) 0

OO0 +m)+6O@+p+m) (+m)(@+pu+7m) O+5+p)(6+p+m)
(2.12)

1
~ det(V)

-1

The basic reproduction number is given by
Ry=B+C+D+E, (2.13)

where

(1—wu)Bic1
O+0+u)’

(]_ — U/l)/BQCQQ
O+0+u)(d+pu+m)’

(1 —u1)Bscs6 (0 + )
@+0+p)(0+p+7)(a+p)’

(1 — uq)B4e36
(0 +06+p) (a+p)

While the basic reproduction number of the model without condom use and screening of

unaware infective individuales [§], i.e (¢ =0 and u; = 0), is the given by

mq®+u+nﬂa+m+ﬁﬁﬁw+w+M)

N
= P ET T ICET)

(2.14)

2.2.2 Existence of endemic equilibrium

Solving the HIV/AIDS model equation in-terms of 3, , we calculate the equilibriums

pionts, and obtain:

Qo
St =
B+ 1
o Qofr,
L O+ B+
- Qofif

(0 40+ p)(d +p+m) (B, + 1)’
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e QU+ 83 +6) + o) .15

(a4 ) (0 40+ p)(0 + p+m)(By, + 1)

Using theory 20 we obtain:
_ Qo — aA”

L
By solving systeme ([2.2)) at the equilibrium we obtain 3, = 0 (which corresponds to the
DFE) or

N* (2.16)

B
By B, + By = 0, therefore 3, = —go, (2.17)
1
where
Bi=(0+a+p)@+p+d)+m(a+d+p+0) >0, (2.18)

o if Ry > 1 then f3;, > 0 therefore the model HIV has a unique endemic equilib-

rium.

o if Ry < 1 then ), <0 therefore the HIV/AIDS model has no endemic equilib-

rium.

Proposition 21 The HIV model has a unique endemic equilibrium if and only if
Ry > 1.

Now we will discuss the existence of all possible equilibria of the model system ([2.2]).
We found that the system (2.2)) has two possible non-negative equilibria namely the

disease-free equilibrium (DFE) Ej and the endemic equilibrium E;.

2.3 Local stability of the equilibriums points of the
HIV /AIDS model

In this section we will study the local stability of equilibres points of the model (12.2)).

2.3.1 Local stability of the disease-free equilibrium(DFE)

Let examine the local stability of the disease-free equilibriumis Fy = <@, 0,0, 0).
I

Proposition 22 The disease-free equilibrium (DFE) of the (@ 15 locally asymp-
totically stable.
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Proof 23 The Jacobian matriz for the model , evaluated at Ey, is given by

—H —Ay —Ay —A3
() = 0 A—(O+0+p) Ay As | (2.19)
0 6 — (0 + ptm) 0
0 ) S+ — (a+p)

where

A1 = (1 — ul)ﬁlcl
Ay = (1 —u1)Byes,
Ag = (1 — U1)63C3.

It is clear that — () is an eigenvalue. Hence, by removing the first column and the first

row, the Jacobian matrix will be reduced as

Al—(9+5+ﬂ) A2 A3
J(Ey) = 7 — (0 4 p+m) 0 : (2.20)
) S+ — (a+p)

We therefore calculate the eigenvalues of the reduced matriz. Solving the eigenvalues of
J(Ey), requires that
det(J(EO) - 5) = 07

which leads to the following characteristic polynomaial,
&+ a8 + ax + a3 =0, (2.21)
here

ar = (a+p)+ (6 +ptm)+ 0 +5+p)(1-A),
az = (a+p)(6+ ptm)
+ (0 +pt+m)(@+5+p)(1—A—DB)
+(a+p)(@+5+p)(1—A—-D)
az = (@+5+pn) (64 p+m)(a+p) (1 - Ry).

Now we applying theorem 9 stability conditions

ap > O, as > 0, aijas — az > 0. (222)
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We examine the conditions for the equation ag > 0, will be resulted if
Ry < 1.

Since A > 0, then with respect to we can conclude A < Ry. Thus, if Ry < 1
then a; > 0. Finally, we investigate the third stability condition. With some algebraic

computations, we have

may —az = (a+p) (m++p) +(a+p)’(@+5+p) (1-B-E)
+ (6 + ptm) (a+p) + O+ ptm)* (0 +5+p) (1 - B —C)
+(0+ptm)(a+p)(0+0+p)[2(1—B)+ D]
+(0+6+p)? @+ ptr)(1—B)(1-B-C)
+(O0+6+p)?(a+p)(1—B—E)(1—B).

Since all the parameters B,C, D, and E are smaller than Ry, hence if Ry < 1, then
from the above relation. With these assumptions, all the stability conditions are

satisfied and the disease-free equilibrium Ey is locally asymptotically stable.

2.3.2 Local stability of endemic equilibrium.

Let Ry > 1, we will study the stability local of endemic equilibrium FE; in (2.15)) in the
system (12.2)).
We evaluate the Jacobian matrix of the model at the endemic equilibriume FE; and

we obtain
-G — 1% J1 Jo J3
G —Jhi—B —Jy —J3
— , 2.23
I 0 6 -C 0 (2.23)

0 ) D —-FE
where: B=0+d0+u, C=6+pu+n,D=6+7, E=a+ pu.

(N - 5

S o= S (5;; - (1]:[*“1)5101) >0,
n=s (5, - U500 ) =0
(2.24)
Jy = S* (ﬁ;; _a ]_Vf“)ﬁ?,c:g) > 0.
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The characteristic equation corresponding to jg, is
det (2, — M g)=A" + b1 X% 4+ byA® + byA + by, (2.25)
where

bh = G+u+B+C+E+J, >0,

by = B+CO)pu+E+G+ENL+G+p)+(p+C)J1 +CB+0Jy+6J3 >0,
(2.26)
by = (u+G)(C+E)B+(C+p)(Ji+9)+60DJs+0J2(E+ ) + Cudy >0,

by = E(C(G+p)(B+J)+0uh)+ (0D + Co)pJs > 0.

It is clear that
b; >0 for j=1,2,3,4,

using theorem 9, F; is locally asymptotically stable if the following conditions hold

(1) blbg — bg > 0,

. ; (2.27)
(11) b3(b1b2 — bg) — b1b4 > 0.

Hence we have the following theorem:

Theorem 24 L ’équilibre endémique Eindu modéle VIH / SIDA est localement asymp-

totiquement stable avec les conditions (i) et (ii) satisfaites..

2.4 Global stability of the equilibriums points of the
HIV /AIDS model

In this section we will study the global stability of the equilibriums points of the model

HIV/AIDS (2:2).

2.4.1 Global stability of the disease-free eqiulibrium(DFE)

We will study the global stability of the disease-free eqiulibrium (DFE) of system ([2.11))

using lemma 11.
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Theorem 25 [9] The fized piont Ey = (QO 0,0 0) 15 a globally asymptotically stable
1
equilitbrium of systeme if Rg < 1.

Proof 26 Applying Lemmall to model system , consider

X, =05, (2.28)
and
5L
Xo= 1|1 | . (2.29)
A

When I1= I,= A =0, the uninfected subsystem (i.e the equation for S) becomes

ds
= Qu-us, (2.30)
whish has the solution
S(t) = Qo +e M <S (0) — %) , (2.31)
14

obviously S(t) — @ ast — oo regardless of the initial value S(0). Therefore, it show that

condition (C,) in lamma 11 for our model next, the right-hand side of the infectious

subsysteme (i,e the equations for I1,1,, A) can be written as

dl, T
dt
dX2 dI2
2 G(X X)) = | 222
dt (X2, X2) dt
dA
L st J
(0+5+,u) ]1+ 6101Q0]1+ 5202Q0]2+1 ulﬁg 3Q0
uQ % %
_ —ﬁm—°+5ms
u
011— (0 + 0+ p) I,
i S+ (6+m) Lh—(a+p)A |
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1- 1- 1—
—(0+5+p)+ Nulﬂlcl% NU15202% NUI53CB@ I
= 0 —(0+ 6+ p) 0 x| I
5 (6 +7) — (o + p) A
5,20-5,5
1
- 0
0
= MX,—G(X,, X,), (2.32)
where
1- 1— 1—
—@+0+p)+ NU15101% Nu16202% NU15303%
M = 0 —(0+0+p) 0 » (2:33)
) (0 +m) —(a+p)
and
B =B,
G(X,,X,) = i . (2.34)
0

It is obvious that S < @, hence it is clear that G(X1,X,) > 0 for all (X, X5)e R3.
We also notice that the matriz M is an M-matrixz since all its off-daigonal elements are

non-negative. Hence, this proves the global stability of the DFE (Ey).

2.4.2 Global stability of the endemic equilibrium of the HIV /AIDS

model for o =0

Our goal here is to show that the endemic equilibrium of the HIV model for a = 0 is
globally asymptotically stable [9] if Ry > 1. It is, however, interesting to note that the
classical method of Lyapunov functions combined with the Volterra—Lyapunov matrix
properties [I4, [I5] can lead to the proof of the endemic global stability. The details are
provided below. We will study the system in the biologically feasible domain

Qo
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Qo

which is clearly a positively invariant set in R%. Further, N(t) = N™(¢) n as t — 0.

Thus, we have the following limiting system:

%z(ft) = Qo_l ]:[:bl (Bre1Ii(t) + Bocala(t) + Bac3A(t)) S(t) — uS(t) t >0,
dI(t) (1 —uy)

o = - Brah(t) + Baeala(t) + B3 A1) S()— (0 + p+0) Li(t) >0,

dI,(t)

2 = OLO)- @t utm R >0, (2.35)
%(f) L)Lyt Ly(t)—pA(t) > 0.

To prove global stability result we propose the following Lyapunov function
V =my (S — 8 +my (I — I})* +ma(1,—I5)*4+my (A — A*)?, (2.36)

where my, ms, ms and my are positive constants calculating the time derivative of V'
along the trajectories of systeme (2.2)), we obtain

v _.dS dI N L dA
1 _
— 2m, [— N:Ll (Bier (I = IF) + Baca (I — 13) + Baea(A — A*)) (S = %) — p (S — 5*)} (S —5%)
1 _
2my (I = 1) [ (Brer (I = I7) + Baca (I = I5) + Baes(A — A7) (S = S7)

— O+ 0+p) (I — ID+2ms (L — ) [0 (I = 1) — (6 + p+ ) (I — I3)]
+2my (A= A)[6 (L = IT) = (0 +7) (s = I5) —p (A = A) ],

av.

(1 —uq)
E = 2m1[—

N*

(ﬂlcl ([15 — Ii‘S*) + /8202 (IQS — I;S*> + 53C3 (AS — A*S*)) (S — S*)

—p (S — s*>2]+2m2[(1]‘vil> (Bycr (IS — I:S*) + Byca (IS — I3S%) + Bacs (AS — A*S*)) (I, — I)

— O+ +p) (L = I H2ma [0 (L — 1) (I, — I3) — (6 + p+ ) (I — I3)?]

+2mal0 (L — I7) (A = A7) = (0 + ) (Io — I5) (A — A%) = (A — A)°],
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Then, we add the expression 3,¢1115*, 85c2155* and $5c3AS™ into the first and second

square brackets. As aresult, we obtain:

dt 2ma |- N

(Blcl (115 — IikS*) +5161]15*—6101]15*+6262 (IQS — I;S*)
+B90o 128" —Bocala S+ B33 (AS — A*S™) +83c3AS™ —B3c3AS™) (S — S*) —p (S — S*)2]

1—wu
+2m2[<]v—*1)(5101 (115 — ITS*) +5161[15*—ﬂ161[15*+B202 ([25 — [;S*)

+5202[25*—6262[25*+6363 (AS — A*S*) +6363AS*—5363AS*> ([1 — Iik) — ((9 + ) + ,LL) (Il — [ik)2]
+2ma 0 (I — I7) (I,=15)— (6 + pu+ ) (I,=15)%] + 2m, [0 (I — I}) (A — A”)
— (6 +m) (I,=I5) (A= A") = p (A= A7),

therefore, we have

dVv 1—u
E = 2m1[—( 1)

(6101]1 (S - S*) +51015* ([1 — ]f) +620212 (S - S*) +62025*<12—];)

+3e3A (S — §%) + 3038 (A — A) —p (S — 57)*)]
(1 — U1>

N+ (Il — [f) (5101[1 (S — S*) +61015* (Il — Iik) +5202[2 (S — S*)
+B202S"(I,—T3) + BycsA (S — %) +B538™ (A = A*) )= (0 + 6+ p) (I, = I})°]

—|—2m2[

F2malf (I — 1) (I — I3) (6 + p+ ) (I — I3 +2mad (I — I7) (A — A%)

— (04 m) (L= I3) (A= A") —p (A = A7),

(1 — Ul)
N*

= 2my[— {(ByerI] + ByColy + B3C3AY) (S — S*)2 +5,605" (I = I) (S — S7)
+B502S" (I — I3) (S — S*) +B3¢35" (A — A*) (S — §*) } — (S — S*)°]

1—u
2maf U (10,1 1 B, B,CoA%) (5 - 8 (- 1) + 0§ (1 - 1)
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+2mg [0 (L = I7) (I = I3) = (0 + p+ ) (1o = I5)*] 4 2ma[6 (I — I}) (A — A7)
— (64 m) (I = I3) (A= A") —p (A — A)?]
= Y(MP+P"M")YT (2.37)

where Y= [S — S, [,—I7, I,—I5, A— A*|, and M = diag(my, ma, m3, my),

and
_ 1—wu " . . 1—u .
_T(ﬁlclll + By0515 + B3C3A%) — e Bic1S
l—u 1—u
e (Breai + BaCal + BaCaAY) Bt = (8464 p)
P pr—
0 0
! 0 5
1—u 1—u T
— ST By
1—u 1—u
e 162625* N 1B3C3s*
(2.38)
—(u+0+m) 0
(6 +m) —p ]

To discuss the global asymptotic stability of Y, we proceed to show that the matrix P
defined in ([2.38]) is Volterra-Lyapunov stable or — P is diagonal stable.

For this goal, we prove the following lemmas.

Lemma 27 [9] For the matriz P defined in Eq , let us consider D = —P, then D

18 diagonal stable.
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Proof 28 From , we obtain

1 —wu 1—u
e (Brer L + ByCal; + B3ChA") + s’
— _p— 1—-u 1—u
b=-r=1 - N* S(Byeals + ByCaly + ByC5A*)  — N “B1e1S* + (0 + 6 + p)
L 0 —0
1—u T
N* “fy02 5"
1-Wg o (2.39)
_ N 62025 . .
(p+0d+m)

To prove the diagonal stability of D and based on lemma 14 we need to show that the
following three conditions are satisfied.

Condition 1. We show that the matriz D is diagonal stable. For this purpose, it is

necessary to show that —D s Volterra-Lyapunov stable:

1—u 1—wu
5 _( N+ 1) (61C111 + B,Cal5 + 530314) — — N 151015’*
Bt l—u 1—u
: N y (Brc1ly + 8,021 + B3C5A) e L8118t — (046 + )
(2.40)
~ 1
Clearly —Dy; = —( N:h) (Bierly + ByCols + 55C3A) — < 0, note that uy € [0, 1]. Next
we show —522 = (1 ]:[*ul)ﬁlcls* —(@+5+pu) <O.

according (@, we have:
BrS™ = (0 + 6+ p) I,

therefore

(1 —ug) (Brerlf + BoCals + B3C3A%)
N*

S*=(0+0+p) I,

then

G “1])V<f161]1)5*< (0+06+p I,
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therefore
(1 — ) (Byc1)
N*

S*<(O@+5+p). (2.41)
Also, it is

det (~D) = (—“ = Y (8,c1ls + BaCals + B3CoA) — u) (2 prerS” — (0464 1)

1—u 1—u
(S Gan+s,0n+6,040 ) U oas). @
hence :522 < 0, since —511 X —522 >0 and —521> 0, and —512< 0 to see det(—f?) >

0. Therefore, —D is Volterra- Lyapunov stable hence D is diagonal stable, based on lemma

1.

Condition 2. We show that the matriz D~ is diagonal stable. In fact, we show that
—D~1 is Volterra-Lyapunov stable:

—_—

_Dfll _D;21 ]

_D 1=

S (2.43)
_D21 _D22

det(D)

Where

et (D) = (A + 1) (- ey 4 (0464 (u+ 54

(1 - ’U,1>
N*

2250+ L 005 (10— ) B, et 4]+ a5 (0 — ) 8,0

= Bt ) (I e+ 0+ 5 0) (e 5+ m) - T g

(1 — ul)
N*

(1 — U1>

61615* (M +0+ 7T) + 52025*9],

(2.44)
multiplying the above equality by 0, we have

11— 1—
(N—*ul) (B16101757) + (N—ul) (BoC20135*) < (0 + 6 + p) 017,

therefore

1-— 1—
) ey 6ot m) 135 + U (3,000155) < (604 ) (004 4) 1.
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then

(1 —uq)
N*

(1 —wuy)
N*

(Brc1 (0 +p+m)S7) + (B2C205%) < (6 +p+m) (0 +0+p),

furthermore

(1 —uq)
N*

(Brcr (0 + 4 m) 4+ B5,C00) S* < (0 +pu+m) (0 +5+p),

now, we get

det (D) > 0, (2.45)
therefore, we have:
" 1— 1—
—-Dij = ( Nfl)ﬂlcls* 4+p+m) =@ +pu+m)O@+6+p)|+ ( N*ul)ﬁgcgs*e,
- 11— 1 —
—Dﬁlz ( :le) (61615* (5+U+7T))+ ( fl)ﬁQCZS*H;
N N
Dol _ (1—u)
P T (Bre1lh + BoColy + BsC5A) (0 + p+ ),
Dol (1 —u)
—Dyy = — N~ (Brerly + ByCola 4+ B3C3A) + | (0 + p+ 7).
(2.46)

According to (@, we have:

]_ _
5,5 = O 45+ m I So U (Bt 4 B,C0L5 4 5,047 S = 046+ ) I,
therefor
1 _

multiplying the resulting inequality by 6, we have:

(1 —uy)

e (B1a10I7 + B,Co015) S* < (0 + 6 + ) 017, (2.48)
using and , we have:
1—
( N:“) (Byer (0 + p4m) IES* 4 ByCofIES*) < (0 + 6 +p) (6 +p+m)I5, - (2.49)
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where
(1 — Ul)

N*

therefore, we have

(Bre1 (0 + p+m) S* 4+ B,C205) < (0 + 5+ p) (6 + p+ m),

— 1 —u)
_D—1: ( 1
11 [ N*

1—
fre1S*(0+pu+m)— (O +pu+m)0+5+p)+ ( N*ul)@cgs*e <0,
- (2.50)
hence, —Dy]' < 0. It is easy to see det(D)> 0. Therefore, —D~' is Volterra-Lyapunov

stable based on lemma 14.

Condition 3. It is abvious that Ds3 = (0 + pu+ 7) > 0.

Hence, lemma 16 guarantees that D = —Pis diagonal stable.
Lemma 29 [9] For the matriz P defined matriz E = —P~1 is diagonal stable.
Proof 30 To prove diagonal stability of E, once again use lemma 16 as follows:

o Fis diagonal stable.
o E-1is diagonal stable.

o F33>0.

From , we obtain

E=-Pl=———| _p!' —p' —p;' |, (2.51)

det(—P) - = =
_P31 _P32 P33
where
-1 (1 —uy) " (1 —u) *
=Py = m T G (00 m) (0 pt )]+ p{ (0 + b 7) (5 (BranST)
b0+ m) -0 sy,
—1/31?21 - u ;731)53038* @@+m)+0(0+p+m))— M<1 ;,*ul) (=B1c15" (6 + p+ ) + B,C2570),
by = U s S s+ (047 B0,
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_ﬁ;:ll = (1]:[—:“) (Bre1lh + ByCols + B3C5A) (1 (6 4+ p+ 7)),

_;);21 = <<1 _:Ll) (Brerdy + BoCals + B3C3A) + ,u> (L0 +p+m),

B = g 04 ) B,

~Py! = A N* ) (Brcily + ByCala + B3C3A) (uh)

_]/3:}2/1 = <<1 “) (Bierly + B0 1z + B3C3A) + > (1) ,

N*
(]_ — Ul)
N*

61 15* 1 ﬁlcls*é—u(9+5+u)]

33__

1 —
+/“L( *UI) (Breidy + ByColy + B3C3A) (0 + 6+ 1) .

N
and o
~ Pt Py
_F=| 1 22 (2.52)

Pyl Py

Now, we show that the —F s Volterra-Lyapunov stable. As we know

oo (I—w) : (1 — )
—Pi = (BBGS) ([0 (0 +m) + 00+ pt m)] + p) X {0+ p+m) [ (BrerS7)

F@+o ) -0 g9,

from , we have

(1 —uy) (Byerlf + BoColy + B3C3A*

= Vg = 0+ 5+ I,

multiplying the above equality by (Ou), using @ and , we have

1—- 1—
! N*u”ﬁlcls*(ﬂm ) I; 4+ 0 e wg cosers 4+ b N:“)B3038*I§‘[5((5+u—|—7r)+9((5+7r)]
=p(@+06+p) (6 +p+m)l3,

(2.53)
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and

(1 — Ul)
N*

det(=P) = (81, + 1) [ ( BresS* + (9+5+u)> (15 4+ 7))

(1 — Ul)

e 5aC35 060+ 7) +0 0+ pr )] - L g0

- (04 ot w5 (5, ()] + U 8,0, 53,0 64 ) 56 4+ )

+ B,C2S™ (—0p) —

+60 (6 + p+ )],
therefore

det (—P) = (85, + 1) P’ — B, P, (2.54)

This implies that P;;* = 0. It is obvious that P;;* < 0, and Py < 0, and since det(—P) >

0 one can conclude that —E s Volterra-Lyapunov stable.

Our next goal here is to show that —E-1 s Volterra-Lyapunov stable. Let us consider

— 1 —e11 —€12
o , 2.55
det(E) —€g91 —€22 ] ( )
where
1—u l—u
—en = —nGurm {0t T s s m U 00
1— 1—
o st ou s Cus w00 ) (64 m))
B (04 p+7) (046 + p) pi? (2.56)

multiplying the above equality by (p), using (2.6) and (2.7), we have

p@+ptm Y ]_Vfl)@lcls* + eﬂ(lj:[—fl)@czs* Gt +0(0 )Y ;7*“1)53035*,
=p0+p+m)(0+0+p),
(2.57)

this implies that —ey; < 0. It is easy to see that —e1p < 0, —e97 > 0 and —eqn < 0 and

since:

1 1 . (-
det (E) = —SBfnuelg + (det (_P))?)ﬁmelu’( thl)

(det (—P))
+8m (6 + ) B3C557,

Bt BoC2S™
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therefore
det(E) > 0, (2.58)

one can conclude that —E~" is Volterra-Lyapunov stable.
Theorem 31 [9] The matriz P defined in 1s Volterra-Lyapunov stable.

Proof 32 Based on lemmas 16 and 26 and since —Pyy, = p > 0, there existe a positive
diagonal matriz M such that M (—P) + (—=P)TM* > 0. Thus

MP+PTMT <. (2.59)

Theorem 33 [9] The endemic equilibruim, Ey= (S*, I, I3, A*), of system is globally
asymptotically stable if Ry > 1.

av
Proof 34 Based on, lemma 16, 26 and theorem 30, we obtain I < 0 when X # X~
and X is not on the s-azis (a set measure zero ). It implies that the endemic equilibrium
of the model system 18 globally asymptotically stable.
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CHAPTER 3

Reaction-Diffusion system(R-D / PDE) of
the model HIV/AIDS

In this chapter we will devote to the spatial diffusion of HIV /AIDS, and examine the
local and global stability of the constant equilibriums points for this PDE model.
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Reaction-Diffusion system( R-D / PDE )

In the previous chapter, we studied the changes of infection HIV /AIDS in relation
to time, and in this chapter we will study the change in time the place of the spread of
infection HIV /AID spreads to the population, by increasing the mathematical factor A
in each equation of the system . Where and we will use the same equilibriums points
for the EDO system, we will study the local stability and the global stability of the PDE
system for equilibriums points of the model HIV /AIDS.

Let the systeme the reaction-diffusion of the model HIV/AIDS is the form:

4 dsgiat) —CLAS(-T,t) — Qo(x’t)_ﬁms<x’t) — MS(x’t) n R+ X Q,
I
d 1;f’t>—bA11(g;,t)= BnS(@,t)— (0 + 0+ p) Li(2,1) in Ry x €3,
(3.1)
d12;f7t>_cAf2(m, t)= 011 (x,t)— (0 + 0+ 7) Io(x, t) in Ry xQ,
\ dAE;"t> —dAA(.T, t) — (5[1<I’,t)+ (5 + 7'(') ]2(l'7t)—,u,A(I’ t) in R+ x €.

Where 2 is an open bounded subset of R™ with piecewise smooth boundary 0f).

oS oI, 0I, 0A
Subject to the homogeneous Neumann boundary condition ettt Pt b |
dn On 9n  In

for all x € 0. and positive initial conditions i.e

S(x,0) = So(z) >0, I1(x,0) = I,(x) >0, and
I(z,0) = Iy(x)>0, A(z,0)= A¢(z) >0, wherez € Q.

Let 0 = Mg < Ay < Ay < ... be the sequence of eigenvalue for the elliptic operator
(—A), where each A; has multiplicity m; > 1. Also let ®;;, 1 < j < m;, (recall that
®y = const and \; — o0) be the normalized eigenfunction corresponding to \;, for
i =0,1,.... That is, ®;; and \; satisfy —A®;; = \;®;; in €2, with % =0 in 0€2, and

v
Jo @3 (x)dx = 1.

3.1 Local stability of the equilibruims pionts of the
model HIV /AIDS

In the section we will study the local stability of the pionts equilibriums of model (PDE)

BD).
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3.1.1 Local Stability of disease-free equilibrium(DEF) of the
model HIV /AIDS

In sub-section we will study the local Stability of disease-free equilibrium (DEF) an the
system PDE.

Let us examine the local stability of the disease-free equilibriumis Fy , Applying the
next generation method Now, we compute The basic reproduction number of the model
(3.1)) with condom use and screening of unaware infective individuals, by defintion 5, we
get:

R; = p(FVY), fori=0,1,..,

where ¢ it’s eigenvalues in the matrix FV, !,

we have:
picr Baca Pscs
F=(1-wu)]| 0 0 0 |. (3.2)
0 0 0
and, for ¢ = 0,1, ..., we have
(04+0+p + bN;) 0

Vi= —0 (64 pu+m+c\) 0 : (3.3)

—0 —(0+m) (v + p+dN)

since det(V;) = (+5+u+b\) (6 +p+ 7+ ch) (a4 p+dN;) # 0, so the matrix V; is

inverse for i = 0,1, ...,we get by

. (04 p+m+cN) (a4 p+dN) 0
Vit o= Tot(V) 0 (a+ p+d\) (04011 + bA;) (a + o+ dX,)
O(5+7)+0(5+ pu+m—+ch (04641 + bA;) (6 + )

)
0
0

(0401 + DX) (6 + 7 + pu+ ;)
therefore

R, = p(FV;h)
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where

5 - _(1-uw)bia

' (040 + p+da))
C. = (1 - u1)62620

' O+ 04 p+dohi) (6 + p+7+dsh)’

(3.5)

D, — (1 _U1)63639 (5+7T>

’ (0 + 06+ p+do)) (6 + p+ 7+ dsh) (a0 + p+dy i)
E = (1 — uy)Bse36

(046 + po+ dohi) (o + o+ dg )

It is clear to R; < Ry, fori=1,2,....
While the basic reproduction number of the model without condom use and screening

of unaware infective individuals is then given by # = 0 and w; = 0 so for ¢ = 0, 1, ...that

R =(1—u )Blcl (6 +p+m+eX) (4 p+dh;) +B3036 (5+u + 7+ c)y)
i 1 (+u+bN) (6 +pu+m+eN) (a4 p+d\)

(3.6)

Theorem 35 The disease free equilibrium Eqy of the model 15 locally asymptotically
stable if Ry < 1, but unstable Ry > 1.

Proof 36 The Jacobian matrix for the model , evaluated at Ey, is given by

—(p+di ) —A\y —Ay —A3
Ji(Eo) = 0 A — 0+ 0+ p+da ;) As As
0 0 — (6 4+ p+m +ds\;) 0
0 ) S+ — (a+p +dyN;)

It is clear that — (u+ di\;) is an eigenvalue for i = 0,1,.... Hence, by removing the

first column and the first row, the Jacobian matrix will be reduced as

Ay = (040 + p+ da)i) Ay As
Jz(Eo) = 0 — ((5 + M—{—ﬂ' + dg)\l) 0 s

we therefore calculate the eigenvalues ¢ of the reduced matriz. Solving the eigenvalues of
Ji(Ey), fori=0,1,...requires that

det(Jz(Eg) - CI3) = 0, fO?"Z' = 07 1,
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which leads to the following characteristic polynomial,
G4a,C4anl+a, =0 fori=0,1,.., (3.7)

where

a;, = (0 + p+dgh) + (0 4 pm +dsh) + (0 + 6+ p+ do i) (1 — By),

@i, = (0 + p+dgX;) (6 + ptm + ds);)

+ (04 ptm+dsA) (0 + 0+ pu+do X)) (1 — B — Cy) (3.8)
+(a+p+dhi) (0 + 0+ p+doX) (1 — B, — E;),

iy = (0 + 0 + p 4 doX;) (6 + pt+7m + d3);) (a+ p+ dyy) (1 — R;) .

Now, we applying theorem 9 we have:
a;, > 0,a;, >0, and a;,a;, — a;,, fori=0,1,.. (3.9)

we examine the conditions for the equation a;; > 0 will be resulted if R; < 1.

Since B; > 0,then, with respect to we can conclude B; < R;,. Thus, if R; < 1
then a;, > 0, for 1 = 0,1,.... Finally, we investigate the third stability condition. With

some algebraic computations, we have

iy 0, — @i, = (a4 o+ dgh)? (746 + g+ dshy)
+ (a4 p+dii)* (0+ 6+ p+ do)i) (1 - Bi — )
+ (0 + pAt7m 4 dsh)? (o + o+ dy)y)
(0 + A 4 dsh)? (0 + 0 + pu+ do)) (1 — By — C))
+ (0 4 p+m + ds);) (a+ p+ daXi) (0 + 5 + p+ doXi) [2(1 — B;) + D]
(040 + p+doy)’ (0 + ptm +dsh) (1= By) (—B; — Cy)

+ (040 + p+ doX)* (a + p+ daXi) (1 — B — E) (1 - By)

Since all the parameters B;, C;, D;, and E; for i = 0,1, .... are smaller than R;, hence
if R; < 1,then from the above relation, for i = 0,1,.... With these assumptions, all the
stability conditions (@ are satisfied and the disease-free equilibrium Ey is locally asymp-
totically stable.
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3.1.2 Local stability of endemic equilibrium of the model HIV /AIDS

Let Ry > 1, in the sub-section we will study the local stability of endemic equilibrium an
the system (3.1]).

Let us define the linearizing operator

alAS — G — M J1 Ja J3
G DAL — =B —J —J
)= b : o (3.10)
0 0 AL -C 0
0 5 D dAA-E

therefore for 1 = 0,1, ...

—a\i — G — Ji Jo J3
o e W\ —J,—B  —J iy
P 0 6 —eh—C 0 ’
0 5 D —d\-E

where B=(0+6+p),C=(0+p+mn),and D= (6+7), £ =(a+p),

C=Tx
1 —
n="1s -0,
(3.11)
1 —
e Oy XeA)
1
5= U 5, - ),

Similar to the ODE case, the asymptotic stability of the endemic equilibrium (S™, I7, I, A*)
can be determined by examining the eigenvalue of the operator j,,, for + = 0,1, .... That

is the solution is asymptotically stable if all the eigenvalues of j), have negative real
parts. In order to achieve that, suppose (¢(x), ¥(x); T(x), ¢ (x)) is an eigenfunction of j,,
corresponding to an eigenvalue ¢. By definition [I1], we have
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Leading to
) 0
) 0
J =& = ,
(J =€) | 0
(0 0
this can be rearranged to the form
Q5 0
bi; 0
Z (M =€) | 7 | @y = , (3.12)
0<i<o0,1<j<m; Cij 0
dij 0
where, for 1 = 0,1, ...
—a\i— G —p Jp Ja J3
G —b\;— 1 — B —J. —J
M; = ! ? ° . (3.13)
0 o D —d\;, — F
The characteristic equation corresponding to jp, is for i = 0,1, ...,
& 0,8 + b, & + b+ by, =0, (3.14)

where, for 1 = 0,1, ...

by = G+pu+B+C+E+ i+ (b+c+d+a)) >0,
by, = la(b+c+d)+ (blc+d) +cd)]N2 +N[(b+c+d+ E+C+ B)u
+HE+J+Cla+(B+E+C+b+c+dG+BC+E+d+a+c)
+C(E+b+d) 4+ (C+a+c+d+E+p)Ji+ b+ 1Ec+0J,+6J5
(B+E+C)G+B(C+E)+CE)+(C+E+u)J+0J,+06J3+u(B+C+E)) >0
bi, = [BCbcd)A! + [ab(c+ d) + (a + b)cd]\? + N[be(1 + d)
+(ab+ (a+b)c)E + Ba(c+ d) + Ca(b+ d) + G(bc + (b + ¢)d)
+(ac+ (a+ c)d) 1] + N[Ba(E + C) + aC(J1 + E) + (a + d)8J3)
+((up+ E)Jy +6J3)(c+d) + (E(b+c) + C(d+ b)) + (B(c+d))(G + p)]
+B(G+p)(C+E)+C(Ji+pJi+06)+p@J+6+J1)+0(DJs+ EJs)]
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+((p+E)1 +6J5)(c+d)+ (E(b+c)+C(d+0b) + (B(c+d)(G + p)]
+HB(G+p) (C+E)+C(Ji+pi +0)+pu(@J+06+J1)+0(DJs+ EJy)
bi, = [BCabcd?| A} + bed Ao + BCdu + BCGd]

+cA[bdp + abE + adJy + Gbd) + [cp (bE + d.Jy)

+a (cE+ Cd) (B + J1) + a(d8Jy + cdJ3) + CabE|\}

+N[E ((Be+ ch)p+ a(Jy + B+ 0J2)) + BGe) + CduJy

+(Eb+ Bd)C(u+ G) + dOpds + (cud + a(Co + D)) J5]

+BCE(G+ pu) + (CJy + 0J)uE + (C5 + 0D)pJs > 0.

It is clear that
bij >0 fOI‘j =1,2,3,4,

by theorem 9, F; is locally asymptotically stable if the following conditions hold

(1) bilbig — bi3 >0, fori =0,1, ...,
(11) bi3(bz‘1bi2 — bg) — b?lbu >0 fori:= 0,1,....

Hence we have the following theorem:

Theorem 37 The endemic equilibrium Ey1= (S*, I, I3, A*) is locally asymptotically stable
with the condition (i) and (ii) are satisfed., fori =01, ....

3.2 Global stability of systeme reaction-diffusion

In the section we will study the global stability of the pionts equilibriums of PDE model

(3-1)

3.2.1 Global stability of disease-free equilibrium(DFE) of the
model HIV /AIDS

In the sub-section we will study the global stability of disease-free equilibrium (DFE) of
PDE system (3.1)).

Theorem 38 The fixed point Fy = (@,0,0,0) s a globally asymptotically stable
i

equilibrium of system , provided that Ry< 1.
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Proof 39 Applying Lemma 6 to model system , consider

X1 = S(z,t), (3.15)
and
]1(!12',t)
Xo=| Iy(z,t) |. (3.16)
A (z,t)

When Iy = I = A = 0, the uninfected subsystem (i.e. the equation for S) becomes

dX, dS

from where we solve the following problem

dsz’ 2 aAS(x,t) = Qo — pS(x,t) in Ry x Q,
as(g(;, D _0,  mR, xo0 (3.18)
So(z) = @ in §2

L %

Using the method of separating variables:

Solution homogene

dSE;,t) —alAS(z,t) =0 in Ry x Q,
05(0,¢ :

q gn ) _ 0, inR; x99, (3.19)
So(x) = Qo in Q

\ 2

The solution is given in the form
Sz, t) =T(t)X(z),

thereforme
19T(t)  9*°X(x)

QT OX(w) -
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where
02X (z)

0X ()
0X(0,t) _

on ’

— AX(x) =0,

Solutions depend on the constant \,

If A > 0 then the solutions of the differential equation are
X(z) = Cyexp(v/Az) + Cyexp(—+/Ax)

X(0,1)
on

with condition = 0, the solution is given by

Xn(x) = Cy cos(nmz).

If X =0 then the solutions of the differential equation are

Xn(x) =0.

If A\ < 0 then the solutions of the differential equation are

Xn(x) = 0.
and oT (1)
ar () —l—;/\T(t) =0,
0
T(0) = e
solution is given by
T, (t) = — exp(—anmt)

The solution is given by

S(z,t) = %Cl cos(nmz) exp(—anmt),
I

According to Fourier devlopment we have

S(x,t) = Z@Cl cos(nmz) exp(—anmt). (3.20)

n>0
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Using Strum-Loviulle theory for the presence of non-homogene solution

S(x,t) = Cio +ZQ C cos(nmz) exp(—anmt). (3.21)
n>1
Qo

Fort — oo, then S(z,t) — —
i

obviously S(z,t) — Qo as t — 0o regardless of the initial value Sy(x). Therefore, it

shows that condition (C1) in Lemma 11 holds for our model.

Next, the right-hand side of the infectious subsystem (i.e the equations for Iy, I and
A) can be written as

dhi@t) 5 @ 5 )
e Yoy
W :G(Xl,Xg) - Q—t’ 5 (322)
dA(z,t)
i dt i

then, we have for 1= 0,1, ...

BS(x,t) — (0 + 0+ p+bN;) I1(z,t) — Bm% + 5,,5(x, 1)

OL(x,t) — (0 +p+m+c\) )
5]1([E, t) + 5]2(ZE, t) + WIQ([E, t) — (Oé + MA + d)\z)

X,

X1, X
dt G( 1, 2)

therefore, we have fori=0,1, ...

—(9+5+u+b&-)h—ﬁm%

61 + 61y + mly — (o + pA + dN)

(1 —wy)(Brc1l1+Pocala+Fyc3A) % + 5,,5

dX, N

20Xy, X)) =
dt (X3, X5)

here, fori=10,1, ...

d- ul)<ﬁlcl[1;ﬁ2czf2+ﬁ s Q0 g5 5,2 5,5
- 911_(5+/L+7T+C)\Z)[2 o 0 ’
5[1+5[2+7TIQ—(CX+[LA+CD\Z)A 0
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therefore, fori=0,1,...

(1 —uy) Qo (1—w) Qo

X —(@+0+p+0b\)+ N ﬁ1017 N 52c27
2
) o+m
1—u
e I TA R
0 X [2 — 0 s
— (a4 pA+dN) A
dXs A 4
W :Gi(Xl,Xg) = Mz X2 — G(Xl, Xg), fO’/’ 1 = 0, 1, (323)
where, fori=0,1,...
1-— 1-— 1-—
_(0+5+U+b)\i)+( Nul)ﬁwl% (—Nm)ﬁzcz% ( NUI)ﬁscg%
M= — (04 p+74+cN) 0
o+ — (a4 pA+dN\)
(3.24)
and
B2 = B,5(z.)
0

It is obvious that S(z,t) < @, hence it is clear that G(X1, Xa) > 0 for all (X1, X5)€ R3..
1
We also notice that the matricies M; is an M-matricies, for 1 = 0,1, ... since all its off-

diagonal elements are non-negative. this proves the global stability of the DFE Ej.

3.2.2 Global stabilty of the endemic equilibruim

In sub-section we will study the global stability of the endemic equilibrium in the PDE
system(3.1]), we will use the Lyapunov function in the EDO system of [9] and methode
of [11].

Theorem 40 Let
V(t) = / [m1 (S — S*)? 4mg (I — I})* +mg (I — I3)? +my (A — A*)?] dz. (3.26)
Q

Then V (t) is non-negative it is a valid Lyapunov functional. Hence (S*, 17,15, A*) is
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globally asymptotically stable if Ry > 1.

Proof 41 To prove that the endemic equilibrium Ey = (S*, I, I3, A*) is globally asymp-
totically stable, we need to establish that V (t) is a Lyapunov functional. First, we differ-

entiate V (t) with respect to time

av(t ds af a o
dt( ):/ {le (5 — 5% = +2m, (I, — I7) d_tl +2mg (I — I3) d_t2 +2my (A — A") E} dz.
Q
(3.27)

Substituting the time derivatives with their values form yields

%(t) _ / 2m; (=B,,S — uS + alAS) (S — §*)] da

+

2my (61, + (6 +7) Ir — pA + —dAA) (A — A%)] dx,

I
S— +  +
S—S— S

2y (—B,.5 — uS) (S — §*)] dar + /Q 2my (aAS) (S — 5] da

+

2m2 (8,5 = (040 + p) ) (I — I})] dz

+

2ms (WAL (I — I?)] dar + / 2ms (01, — (0 + 6+ 1) I) (I — I3)] da

[2m3 (CA]Q) ([2 — I;)] dl’

_|_
S—S— S5

2my (611 + (0 +m) Iy — pA) (A — A")| dx + / [2my (AAA) (A — AY)] dz,

Q

s~ _ T

2m, (aAS) (S — §%)] da + /

[2ms (DAL (I; — I7)] dx + / [2mg3 (cAl) (Is — I3)] dz

Q

_|_

+
S—S— S

2m (dAA) (A — A%)] d + /Q 2my (—B,.5 — uS) (S — §*)] da

2m2 (8,5 = (0406 + p) 1) (I — I)] dz

+

2my (31, + (8 + ) I — pA) (A — A)] da,

~ +
+
%IO

(3.28)
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The first part is

Izjl+[2+13+[4, (329)
where

L = 2/ m1aAS (S — S*)dx, (3.30)

Q

Q
13 = 2/ mgcAlg (]2 - ];) dl’, (332)

Q
Iy =2 / msdAA (A — A*) du. (3.33)

Q

The second part of the derivative is

J = Jo[2m1 (=5,,8 — pS) (S = S)da + [ [2m2 (8,5 — (0 + 0+ p) L) (L — I)] d

+ Jo[2ms (01, — (046 + ) L) (I — I3)] dz + [, [2ma (611 4 (6 + 7) I — pA) (A — A%)] d,
(3.34)

form theorem 32 [9] in EDO system, we have
J <0.

We start by looking at I Using Green’s formula and assuming the Neumann boundary

conditions, we obtain
L = Q/mlaAS (S —S*)dx,
Q
= —2m1a/ VSV (S — S*)dx,
Q

= —2m1a/]VS|2dx. (3.35)
Q

I, = Q/meAII (I, — I) dux,
Q
= —Qme/Vflv([l_Iik)dx7
Q

= —2me/ VI da. (3.36)
Q
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and
13 = 2/m30A[2 (Ig—fg)dl'
Q
= —2m3c/ VIV (I, — 15) dz
Q

= —2m30/ IV Io|? d. (3.37)
Q

Q
= —2m4d/VAV (A— A")dx
Q

= —2myd / IVA|? da. (3.38)
Q

Therefor, by , we have

I =—2mya [,|VS|?dz — 2mab [, V1> do — 2mge [, |VI|* do — 2mad [, |[VA]* d,

I=— [, [2m1a|VS]> + 2mab VL |* + 2mac |V I + 2mad [VAJ?] dx < 0.
(3.39)

av
It is clear that I <0 and J < 0 which leads to r < 0. Therefore, by Lyapunov’s direct
method, the endemic equilibrium (S*, I7, I3, A*) is globally asymtotically stable.
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Conclusion

Conclusion

In this work, we built the HIV / AIDS model in PDE, we studied the overall asymptotic
stability of endemic equilibria for HIV / AIDS. Use of the method of Lyapunov functions
combined with the theory of stable matrices of Volterra —Lyapunov. Although the
method of Lyapunov functions has been widely applied to a variety of dynamical systems,
most of our analysis is based on the lesser-known results of stable Volterra — Lyapunov

matrices.
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