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Abstract 

 

Nuclear shell model study focuses on the description of 

the energy spectra and electromagnetic properties using a 

compatible effective interaction with an appropriate model 

space. These properties are a severe test of the interaction. This 

model can serve many experimental studies, especially, those 

concentrated on astrophysics. 

Our work is like a brief introduction to astrophysics, 
which exposes different modes of element synthesis with a 
simple look. We are interested to one of the most important 
element that has an astrophysical interest, which is Silicon. The 
evaluation of silicon importance shows that it is abundant in 
the solar system, even in the entire space. 

The aim of our work is to contribute to the study of the 
astrophysical r-p reaction: 25Al(p,γ)26Si. We calculated the 
spectroscopic properties of 26Si in order to determine the 
spin/parity assignments of states of astrophysical interest 
above of the proton threshold 5513.8 keV. These levels are 
essential to calculate the studied reaction rate. 
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Résumé 

L’étude de modèle en couches nucléaire se concentre sur la 

description des spectres en énergie et des propriétés 

électromagnétiques à l’aide d’une interaction effective 

compatible avec un espace de modèle approprié. Ces propriétés 

sont une rude épreuve de l’interaction. Ce modèle peut servir 

de nombreuses études expérimentales, en particulier, celles 

concentrées sur l’astrophysique. 

Notre travail est comme une brève introduction à 

l’astrophysique, qui expose les différents modes de synthèse de 

l’élément avec une simple vue. Nous nous intéressons à l’un des 

éléments les plus importants qui a un intérêt astrophysique, qui 

est le Silicium. L’évaluation de l’importance du silicium montre 

qu’il est abondant dans le système solaire, même dans 

l’ensemble de l’espace. 

Le but de notre travail est de contribuer à l’étude de la 

réaction astrophysique r-p : 25Al(p,γ)26Si. Nous avons calculé 

les propriétés spectroscopiques du 26Si afin de déterminer les 

attributions de spin/parité des états d’intérêt astrophysique 

au-dessus du seuil de l’émission proton 5513.8 keV. Ces 

niveaux sont indispensables pour calculer le taux de la réaction 

étudiée. 
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 ملخص

 

ويغُاطُسُح كز عهً وصف أطُاف انطاقح وانخصائص انكهشذُىوٌ َشان انطثقاخدساسح ًَىرج 
 هزا نهرفاعم. اخرثاسا ذعذ هزِ انخصائص انًخراس. قح انركافؤيُط نفضاء ُاسةي تاسرخذاو ذفاعم فعال

 .ًَكٍ أٌ َخذو انعذَذ يٍ انذساساخ انرجشَثُح، وخاصح ذهك انرٍ ذرشكز فٍ انفُزَاء انفهكُح ًُىرجان

ذشكُة انعُاصش فٍ انفضاء  ذعشضانرٍ  يقذيح يىجزج نهفُزَاء انفهكُح هزا انعًم عثاسج عٍ  
سكزَا فٍ عًهُا هزا عهً عُصش َعرثش يٍ أهى انعُاصش انرٍ   يثسطح نًخرهف اًَاط هزا انرشكُة.ُظشج ت

ذىفشِ فٍ انُظاو  ذقُُى اهًُح انسُهُكىٌ تُُد نها اهًُح تانغح فٍ انفُزَاء انفهكُح، الا وهى انسُهُكىٌ.

  .حرً فٍ كافح  انفضاء انخاسجٍ ، تم وانشًسٍ

 .r-p 25Al(p,γ)26Si: ٍ دساسح انرفاعم انفهكٍ يٍ َىعهذف عًهُا هزا هى انًشاسكح ف

قُح انرٍ وهًسرىَاخ انطاو انسثٍُ انُىوٌ ن زوجُحلإَجاد انوهزا 26Si انطُفُح ل  انخصائص قًُا تحساب

هزِ  keV 5513.يا فىق طاقح انعرثح لإصذاس تشوذىٌ فٍ انفُزَاء انفهكُح  هاو و دوسنها جاَة 

 انًسرىَاخ نها اهًُح كثشي فٍ حساب َسثح انرفاعم انًذسوس.
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General Introduction 
 

strophysics is the branch of astronomy that uses physics disciplines to 

study the different astronomical objects such as planets, stars, galaxies and 

others, in order to explore all their properties, motions and positions. 

Nuclear astrophysics is a collaboration of both astronomy and nuclear physics, which 

realize an improvement to understand the origin of the chemical elements and the energy 

generation in astronomical objects like stars. 

Nucleosynthesis, nuclear reactions in massive stars, by fusion of lighter elements into 

heavier ones, occurs during sequential hydrostatic burning processes called hydrogen burning, 

helium burning, carbon burning, oxygen burning, and silicon burning. Hydrogen requires a 

lower temperature than helium; helium requires a lower temperature than carbon, and so. 

Silicon is the seventh most abundant element in the solar system; elements synthesized 

are created by different modes of synthesis processes. 

The astrophysical Rapid Proton Capture (r-p) process creates some silicon isotopes. As 

an example we quote the 25Al(p,γ)26Si reaction; reaction that attracted our attention. 

          Shell model calculations have proved their efficiency to describe not only the 

energy spectra of nuclei in different mass parts, but also other nuclear properties such as 

electromagnetic transitions, electromagnetic moments and spectroscopic factors.  

In our work we calculated the spectroscopic properties of 26Si in order to determine the 

spin/parity assignments of states of astrophysical interest above of the proton threshold, 

5513.8 keV. These levels are essential to calculate the reaction rate. 

          This manuscript contains three fundamental chapters distributed as the 

following: 

! Chapter I presents an introduction to astrophysics focusing on reactions 

and their different processes. 

A 
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! Chapter II reminds the basics of the nuclear shell model and 

electromagnetic transition properties. A brief outline of the properties of the sd shell 

nuclei will be given.  

! Chapter III is dedicated to the discussion of the obtained spectroscopic 

properties results and their comparison to experimental available data, especially, 

those concerning states of astronomical interest for 26Si. Important prediction will be 

proposed. 

This dissertation ends with a general conclusion. 
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Chapter I 
Astrophysical Interest of Silicon 

 

Our universe is supposed to have formed about 15 billion years ago in a hot dense 

fireball, the big bang. As time progressed, the universe expanded and cooled. After a 

microsecond, a soup of quarks and gluons condensed into protons and neutrons and the era of 

nuclear physics began. After another 10 seconds, the universe had cooled to the point that the 

lightest nuclei, isotopes of hydrogen, helium and a tiny amount of lithium, could form. These 

nuclei are the ashes of the earliest element forming processes that begins with nuclear 

reactions among nuclei of these three elements [1]. As an example, we show on Figure I-1 the 

chemical elements abundant in the solar system. 

                        

Figure I-1: Abundances of the chemical elements in the solar system [2]. 

In this chapter we will present a short introduction to astrophysical reactions occur in 

the stellar core and their different processes with an overview to the rp reaction of our interest.  

1. Nuclear Astrophysics  

Nuclear astrophysics is that branch of astrophysics, which helps understanding the 

universe, or at least some of its many faces, through the knowledge of the atomic nucleus.   
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Nuclear structure and nuclear astrophysics are intricately connected. Energy 

generations in stars, nucleosynthesis, stellar explosions, and neutron stars, etc. are all affected 

by nuclear properties. The distinction between research in nuclear physics and nuclear 

astrophysics is often only in the specific application of the results [1]. !

2. Nucleosynthesis  

Nucleosynthesis refers to the production of elements that constitute the baryonic 

matter of the universe. Operating by nuclear processes, both in the early universe and in stars, 

are responsible for the synthesis of the elements. This universal nuclear history of the matter 

is written in the compositions of its diverse constituents: stars, interstellar (and intergalactic) 

gas and dust, meteorites, and cosmic rays [1]. On Figure II-2, we resume the creation of 

elements (nucleosynthesis) on a chart. 

 

Figure I-2: Chart resumes nucleosynthesis. 

2.1. Nucleosynthesis in the Big Bang 

Nucleosynthesis in the big bang involves sequences of nuclear reactions among all the 

light nuclei. More accurate cross sections are needed for a number of these reactions to 

improve the accuracy of predicted element production in the big bang. For example deuterium 

synthesis the required cross sections are (in order of importance): d(d,n)3He, d(p,γ)3He, 

d(d,p)3H and p(n,γ)d [1]. The history of the Big Bang is shown on Figure I-3.  

Creation (nucleosynthesis)  

Synthesis of the 
Elements in stars 

Supernova 
nucleosynthesis  

big bang 
nucleosynthesis  
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Figure I-3: Chart shows the “Big Bang story”. 

2.2. Synthesis of the Elements in Stars 

A star possesses a self-governing mechanism in which the temperature is adjusted so 

that the outflow of energy through the star is balanced by nuclear energy generation. The 

temperature required to give this adjustment depends on the particular nuclear fuel available. 

Hydrogen requires a lower temperature than helium; helium requires a lower temperature than 

carbon, and so on, the increasing temperature sequence ending at iron since energy generation 

by fusion processes ends here [3].  

Material ejected from one star may subsequently become condensed in another star. 

This again produces special nuclear effects [3].  

3. Modes of Element Synthesis 

Almost all nuclei heavier than iron are made by neutron capture on lighter seed nuclei in the 

s- and r- processes [1]. We present on Figure I-4 some of the physical processes involved in 

stellar synthesis (modes), explained also in the text, that create the different elements in space.  

Figure I-4: Chart resumes modes of element synthesis. 

In 1922,  Alexander 
Friedmann  

proposed on 
theoretical grounds 
that the universe is 

expanding 

rederived independently and 
observationally confirmed 
soon afterwards by Belgian 

astronomer and Catholic 
priest Georges Lemaître  

 
 

In 1927,  Lemaître 
also proposed what 
became known as 

the "Big Bang 
theory" of the 
creation of the 

universe  

MODES of 
element 

synthesis rapid proton 
capture 
process 

rapid 
neutron-
capture 
process 

slow 
neutron-
capture 
process 

alpha 
process 
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3.1. The Rapid Neutron-Capture Process 

Rapid neutron-capture process or so-called r-process, with the emission of gamma 

radiation (n,γ), is a set of nuclear reactions that are responsible for the creation 

(nucleosynthesis) of approximately half the abundances of the atomic nuclei heavier than iron, 

usually synthesizing the entire abundance of the two most neutron-rich stable isotopes of each 

heavy element. Figure I-5 illustrates those nuclei produced through this process. The neutron 

captures occur at a rapid (r) rate compared to the beta decays. This mode of synthesis is 

responsible for production of a large number of isotopes in the range 70≤A≤209, and also for 

synthesis of uranium and thorium [3]. 

 

 

This process may also be responsible for some light element synthesis, e.g., 36S, 46Ca, 
48Ca, and perhaps 47Ti, 49Ti, and 50Ti. This produces the abundance peaks at A =80, 130, and 

194 [3]. The r-process synthesizes the other half of the nuclei heavier than iron by rapid 

capture of many neutrons by seed nuclei in an event lasting several seconds [1]. This mode 

occurs in certain conditions, we quote here the two most important ones: 

• The captures must be rapid in the sense that the nuclei must not have time to undergo 

radioactive decay before another neutron arrives to be captured, a sequence that is 

halted only when the increasingly neutron-rich nuclei cannot physically retain another 

neutron. 

Figure I-5: Nuclear chart [4], on which are shown nuclei produced through the r-process mode. 
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• The r-process therefore must occur in locations where there exists a high density of 

free neutrons. 

3.2. The Slow Neutron-Capture Process  

Slow neutron-capture process or s-process is a series of reactions in nuclear 

astrophysics!that occur in stars, particularly, in the Asymptotic Giant Branch (AGB) stars. The 

s-process is responsible for the creation of approximately half the atomic nuclei heavier than 

iron![1]. 

3.3. The Proton-Capture Process 

 This is the process of proton capture, called also p-process, with the emission of 

gamma radiation (p,γ), or the emission of a neutron following gamma-ray absorption (γ,n), 

which is responsible for the synthesis of a number of proton-rich isotopes having low 

abundance [3]. 

 

 

 

The rp-process is a sequence of rapid proton captures leading to the proton drip line, 

see Figure I-6. 

 

Figure I-6:!Nucleosynthesis of proton-rich nuclei via rapid proton capture.!
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4.   Silicon Abundance in Solar System 

As the eighth most abundant element in the Universe, silicon plays an important role in 

understanding nucleosynthesis and Galactic Chemical Evolution (GCE). The main isotope 
28Si is mainly produced by early-generation massive stars that become Type II supernovae.  

The other two stable isotopes 29Si and 30Si are mainly produced by O and Ne burning in 

massive stars or by the s-process and by explosive burning in the final stages of stellar 

evolution, that is, the Asymptotic Giant Branch (AGB) phase for low- and intermediate-mass 

stars and supernova explosions for high-mass stars [5]. 

 

 

 

 

 

Table I-1: Evolution of a 15-solar-mass star [6], My means "million years". 

5. Silicon-Burning Process 

In astrophysics, silicon burning is a very brief sequence of nuclear fusion reactions 

that occur in massive stars with a minimum of about 8-11 solar masses. Silicon burning is the 

final stage of fusion for massive star [6]. It follows the previous stages of hydrogen, helium, 

carbon, neon, and Oxygen burning processes; see Table I-1 for more information about 

conditions and products of these burnings. When a star has completed the silicon-burning 

phase, no further fusion is possible. The star catastrophically Collapses and may explode in 

what is known as a Type II supernova [6], see Figure I-7.   
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Figure I-7: TYPE II-P supernova in the large Magellanic Cloud NASA image [7]. 

 

In this chapter, we presented the astrophysical reactions occur in the stellar core and 

there different processes. We accentuate on the importance of Silicon in astrophysics.   

In the next chapter, we will remind of the basic formalism of the nuclear shell model 

and the electromagnetic transitions properties. The sd shell nuclei, region of our current work, 

as well the PSDPF interaction, will be also introduced. 
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Chapter II 
Shell model and sd shell nuclei 

 

Atomic nuclei are very complex systems. They are composed of many strongly 

interacting fermions, protons, and neutrons. The quark internal structure of the latter is 

important indetermination of their short-range mutual interactions, but it may not be relevant 

at low energies. Still, even if it is not explicitly taken into account and its effect is limited to 

its contribution to an interaction between nucleons, nuclear states and energies cannot be 

exactly calculated. As in other fields of physics, simpler models that can be solved, replace 

the actual systems. Successful models are sufficiently simple but still possess the important 

features of the system, which they represent. In spite of their complexity, nuclei exhibit some 

simple regularity, which are the ingredients of nuclear models. Once the neutron was 

discovered and it was suggested that protons and neutrons are the constituents of nuclei, it 

was noted that certain nuclei are more stable than others. 

In this chapter, we will represent the model of the atomic nuclei, shells in nuclear 

structure, basic formalism of the nuclear shell model and the electromagnetic transitions 

properties. We, as well, introduce the sd shell nuclei properties to which we are interested. 

1. Brief History of Nuclear Models 

1.1. Liquid-Drop Model  

The earliest model of nuclear structure, based upon an analogy with a small liquid 

drop. This model has been developed as the droplet model, the extended droplet model, and 

various versions of the collective model. They have in common an emphasis on the strong 

local interactions of nucleons, and the implied volume and surface terms in the semi-empirical 

binding energy formula [8]. 

The liquid drop was the first model suggested to describe the nuclear structure and 

came before the shell model. Nevertheless, this model could not predict the binding energies 

of the magic nuclei that is why physics’ scientists developed the shell-model, which is similar 

to atom’s shells. 
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1.2. Shell Model 

 This model is generally synonymous with the Independent Particle Model (IPM). The 

shell model places emphasis on the closure of certain IPM shells and subshells, where nuclei 

are found experimentally to be especially stable and/or abundant (the “magic” nuclei) [8].     

Before 1945, progress in development of shell model was rather slow, because of that 

the model failed to reproduce binding energies of the magic nuclei. In 1949, Mayer, Haxel 

Jensen and Suess added the strong spin-orbit term to the single particle potential then the shell 

model became more acceptable [9].    

1.3. Independent Particle Model  

The IPM is based on the Schrodinger equation that defines the energetic states of every 
nucleon moving under the influence of a central potential well. The states of each nucleon are 
uniquely determined by its five quantum numbers (n, j, ml and s).  

2. Nuclear Shell Model and Energy Spectra 
 

2.1. Magic Numbers  

The magic number is the nucleon number at a shell closure when N or Z equals one of the 
numbers: 2, 8, 20, 28, 50, 82 or 126, which accorded to elements: Helium (Z=2), Oxygen 
(Z=8), Calcium (Z=20), Nickel (Z=28), Tin (Z=50) and Lead (Z=82). The 126 is lately added 
to the other precedent magic number. 

  
2.2. Independent Particle       

     In the independent particle model, it is assumed that the interaction between one particle 
and all other particles in the nucleus can be approximated by a central potential. One of the 
simplest choices for the central potential is the isotropic harmonic-oscillator potential, which 
can be written as:                  

VOH = 1
2mω

2r2                                                                                                                            (1)                                                                                                                                                                                                   

Where m denotes the nucleon mass, ri
 is the distance between nucleon and the origin of the 

coordinate frame.  

The corresponding Hamiltonian is the sum of the single-particle’s “i” Hamiltonian as follow:  

H0 = hi
i

A

∑ ;hi0 = ti + 1
2mω

2r2
                                                                                                   

!(2) 

So The Schrodinger equation for a nucleus in harmonic-oscillator potential has the form: 
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" HₒѰ = EₒѰ!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(3) 

!

Figure II-1: Shell model single-particle orbitals. 

 

The individual eigen-functions can be given as the product of the radial and angular 
coordinates  

#                                                                                          (4) 

#     with     ħω = 41A-⅓  !  MeV                                                    (5) 

here ℓ and  mℓ are the quantum numbers of angular momentum and its projection, 
respectively, whereas n is the radial quantum number. N represents the major oscillator 
quantum number defined as N=2(n-1)+ℓ that determine the major shells of the harmonic 
oscillator potential. Using the harmonic oscillator potential, we obtain only the first three 

!

!D!ℓ2! !

1i13/2 

1j15/2 

ϕnlml
i (r,σ ) = Rnl (r)Yl

ml θ,φ( )
EN
i = (N + 3

2 )!ω
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magic numbers: 2, 8, 20. A corrective term of type Dℓ 2 (D < 0) has been added to the main 
previous Hamiltonian as [9]: 

" hi1 = ti + 1
2mω

2r2 +Dl(l +1)!2                                                                                       (6)                                                

" !with; Enl
i = (N + 3

2 )!ω +Dl(l +1)!
2                                                               (7) 

Specially here, the energy degeneracy on ℓ is removed but we get as well only the first three 
magic numbers 2, 8, 20. In the purpose to reproduce all the magic numbers, the physicists 
“Mayer, Jensen and Suess” introduced a strong spin-orbit coupling term to the previous 
Hamiltonian given by ii slrf

!! .)( . 

The total single-particle Hamiltonian becomes:  
"  iii slrfDl !! .)(rm Th 222

2
1

ii i +++= ω                                                                           (8) 

  The single-particle energies are given by:  
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The originally degenerate single-particle levels j! = !±½!are split up. The radial 
function )(rf  is negative, which means that the states with j = !+ !½!are always lower in 

energy than the states j = !− !
!. The corresponding wave functions have the form: 

( ) )(,)(),(
,

2
1 σχϕθσφ Sl

sl

m
s

m
l

mm
slnl

i
nljm YjmmlmrRr ∑=    With m=mℓ +ms                                   (10) 

Since the nucleons are fermions, the eigen-states of a nucleus Φ must be anti-symmetric 
according to the Pauli exclusion principle, so the wave function Φ is a Slater determinant. 
The schematic representation of the single-particle energies including the three previous terms 
is shown on Figure II-1.  

3. General Many Body Problem for Fermions  

         Consider now the case of a nucleus with A interacting nucleons (Z protons and N 
neutrons). We assume that these nucleons interact in pairs with the two-body interaction “Vᵢj”. 
The spherical average field provides a zero-order overview of the structure of this nucleus. 
The correct description of such nucleus requires taking into account the 2-body interaction 
Vij. The Hamiltonian of this nucleus becomes then [9]:  

( ) r
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ir

A

ji

A

i
iij
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ii HhHHUvUTH +=+=!!
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−++= ∑∑ ∑∑

=> == 1
0

11
                                                    (11)      

Hₒ describes the independent movement of nucleons in a 1-body potential, 

hᵢ designates the single-particle Hamiltonian of the nucleon i,  
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Hr represents the residual (effective) 2-body interaction that is considered to be a perturbation 
of the Hamiltonian H0 by a suitable choice of the average field U. The determination of the 
latter is generally done by two methods: shell model or Hartree-Fock. 

4. Ingredients of the shell model  

Any shell model calculation requires the implication of the following three ingredients: 

a) Definition of a valence space (inert core, active shells),  
b) derivation of an effective interaction compatible with the choice of the valence space, 
c) a code of computation to build and diagonalize the Hamiltonians.  

 

Choice of the Valence Space  
 
• The inert core: composed of closed shells (orbitals always full), usually a magic 

nucleus with Zc protons and Nc neutrons. 
• A valence space: contains the rest of the active nucleons (z= Z – Zc) and (n= N – Nc) 

that interact via the Hr interaction (orbitals partially occupied). 
• An external space: formed of orbitals always empty. 

We give here some examples of valence (model) spaces:  

 The p shell is a space formed of both orbital 0p3/2 and 0p1/2, in which can be described 
the properties of nuclei with 2 < N, Z < 8, the inert core is the 4He. 

 The sd shell valence space is composed of the three orbital 0d5/2, 1s1/2 and 0d3/2, only 
the positive parity states of nuclei with 8 < N, Z < 20 can be described, the inert core 
is the 16O.  

 The pf shell is the space containing the four sub-shells 0f7/2, 1p3/2, 0f5/2 and 1p1/2 which 
is adequate for nuclei with 20 < N, Z < 40, the inert core is the 40Ca. 

For example, the shell model ingredients in order to reproduce both positive- and negative- 
parity states in sd nuclei are: 

! Valence space: the full p-sd-pf space,  
! Compatible interaction with this space: the PSDPF interaction,  
! Code of calculation: the shell model code NATHAN [10, 11]. 

 
5. Electromagnetic Moments and Transitions  

A nucleus formed in a nuclear reaction is generally in various excited states. If these 
states are linked, their decay to the fundamental level is more often done by emission of 
gamma "γ" radiation. The electromagnetic transitions properties can, in principle, be 
described by the nuclear models and, therefore, provide interesting information about the 
validity of the calculated wave functions of the states between which are the transitions. 
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The nucleon electromagnetic transition operator (the operator is an operator at 1 
body) in a nucleus of mass A, between the initial level (excited energy Ei, angular moment Ji 
and parity πi) and final level (excitation energy Ef, angular moment Jf and parity πf), the 
nucleon emits a photon γ of energy Eγ, angular moment L and parity πγ : 

fi EEE −=γ  

ifif JJLJJ +≤≤−  

1+=fi πππ γ  

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

Figure II-2: Gamma emission in a nucleus.!

 

The angular momentum of a transition is called multipolarity of the radiation. The 
character of the 2L-pole radiation is dipolar for L=1, quadrupolar for L=2, octupolar for L=3, 
and so on [8]. The multipole is of electric type EL when πᵧ=(-1)L and of magnetic type ML 
when πᵧ=(-1)L+1. As a result, γ transitions that connect states of the same parity have even EL 
and odd ML; those that connect states of different parities have odd EL and even ML. The 
gamma transition ji =0 → jf=0, do not occur because the monopole radiation L=0 does not 
exist, since the angular momentum of the photon equals 1. 

5.1 Electric Operator 

The electric operator of a nucleus with A nucleons, Z protons and N neutrons is gived by [9]: 

∑
=

=
A

k
LM

L krYkrkeELO
1

))(()()()(
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!(12)                                                                                                     

 

where e(k) denotes the free electric charge of a nucleon k, i.e. e(k)=0 for a neutron and e(k)=e 
for a proton. 

 

5.2  Magnetic Operator   

The magnetic operator of a nucleus with A nucleons, Z protons and N neutrons is gived by 
[9]: 
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!

where !! = !ħ
!"#; µN is the magnetic moment of nucleon k, !!(k) and !! (k) denote the orbital 

and spin gyromagnetic factors, respectively.  
where the free orbital and spin g factors have been introduced, as [9]: 
 

 !! (k) = 5.586    for a proton 
 !!(k) = -3.826    for a neutron 
 !!(k) =1             for a proton 
 !!=0                   for a neutron 

 
 

5.3  Reduced Probabilities of Electromagnetic Transitions 
 
The expressions of the reduced transition probabilities are given by [9]: 
 
B(EL) = !

!!(!!!)!e
2R2L !!

!!
          (e2fm2L )                                                                              (14) 

B(ML) = !"
!(!!!)!µ

2
N R2L-2 !!!!

      (e2fm2L-2)                                                                          (15) 

 
where R=1.2A1/3 (fm) and e is the electric charge, !γ and !W are the transition width and the 
Weisskopf estimate (in eV) respectively.  
 

" !W(E1)=6.748.10-2//!
!
!E3γ 

" !W(E2)=4.792.10-8/!
!
!E5γ//////////////////////////////////////////////////////////////////////////////////////////////////(16) 

" !W(E3)=2.233.10-14!! /E7γ 

 

The strength of a transition in Weisskopf unit (W.u) is defined by the formula: S= !!
!!

 

Notes: 
! If the initial state decreases to several final states, the total width of the initial state 

!T is the sum of the partial widths: !T= !!"!  , therefore : !!/!= !
!!/!!! . 

! The half-life is given according to the mean lifetime: τ1/2=τm.ln2. 

! We define the branching ratio (in %) of a transition k by the formula: BRK=!!"!! ×
100, with !!!=100. 

! The uncertainty relation of Heisenberg: ∆!∆! ≈ ћ , allows to define the width of a 

level (width of the gamma transition for a linked state) by: != ћ
!!

, ћ=6.582.10-16ev.s. 

/
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6 Nuclei of the sd Shell  

The region of sd nuclei are those with a number of protons and neutrons comprises 
between 8 and 20. This area includes 146 known experimentally nuclei of which 26 are stable 
(Figure II-3). This region is bordered by the doubly magic nuclei 16O and 40Ca.  

The experimental low excitation energy spectra [4] of these nuclei are characterized 
by the presence of 'normal' positive parity states (called also 0ħω) and 'intruder' negative 
parity states (called 1ħω), which are spherical. Under the shell model, the so-called normal 
states in which the most important orbital 0s1/2, 0p3/2, 0p1/2 are occupied and the pf orbitals are 
empty, they have a main configuration (sd)n, n being the number of nucleons in the sd shell. 
The intruder states correspond to the excitations of nucleons from the p to sd shells or sd to pf 
shells.  

Both positive and negative parity states can simultaneously be described within the 
full p-sd-pf valence space and using the PSDPF interaction [12, 13], the inert core is 4He. 

 

  

FigureII-3: The sd shell nuclei Chart [4].  

 

We illustrate on Figure II-4 the distribution of protons and neutrons that formed the 26Si in its ground 
state, a nucleus of sd shell model space: 

 

 

!

! ! ! ! ! ! 34Ca*! 35Ca! 36Ca! 37Ca! 38Ca! 39Ca! 40Ca%

! ! ! ! ! 32K*! 33K*! 34K*! 35K! 36K! 37K! 38K! 39K!

! ! ! ! 30Ar*! 31Ar! 32Ar! 33Ar! 34Ar! 35Ar! 36Ar! 37Ar! 38Ar!

! ! ! 28Cl*! 29Cl*! 30Cl*! 31Cl! 32Cl! 33Cl! 34Cl! 35Cl! 36Cl! 37Cl!

! ! 26S*! 27S! 28S! 29S! 30S! 31S! 32S! 33S! 34S! 35S! 36S!

! 24P*! 25P*! 26P! 27P! 28P! 29P! 30P! 31P! 32P! 33P! 34P! 35P!

22Si! 23Si! 24Si! 25Si! 26Si! 27Si! 28Si! 29Si! 30Si! 31Si! 32Si! 33Si! 34Si!

21Al*! 22Al! 23Al! 24Al! 25Al! 26Al! 27Al! 28Al! 29Al! 30Al! 31Al! 32Al! 33Al!

20Mg! 21Mg! 22Mg! 23Mg! 24Mg! 25Mg! 26Mg! 27Mg! 28Mg! 29Mg! 30Mg! 31Mg! 32Mg!

19Na*! 20Na! 21Na! 22Na! 23Na! 24Na! 25Na! 26Na! 27Na! 28Na! 29Na! 30Na! 31Na!

18Ne! 19Ne! 20Ne! 21Ne! 22Ne! 23Ne! 24Ne! 25Ne! 26Ne! 27Ne! 28Ne! 29Ne! 30Ne!

17F! 18F! 19F! 20F! 21F! 22F! 23F! 24F! 25F! 26F! 27F! 28F*! 29F!

16O% 17O! 18O! 19O! 20O! 21O! 22O! 23O! 24O! 25O*! 26O*! ! !

!

! Stable!
! Very!short!
! >!1!min!
! >!1!hr!
! >!10!d!
! >!100!d!
! >!10!y!
! >!100.000!y!
!

Half,life%

N%

Z%
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Figure II-4: Distribution of nucleons forming the ground state of 26Si. 
/

/
7 Electromagnetic Transitions in the sd Nuclei   

 

The PSDPF interaction has a great success in describing the 0 and 1 ħω states in 
nuclei throughout the sd shell. This interaction has been used to calculate the energy spectra 
of many sd nuclei and some isotopic chains. The electromagnetic transitions, which are useful 
for testing the wave functions issued from the interaction, have also been investigated using 
the PSDPF interaction. 

Electromagnetic transition observables need certain parameters, effective charges for 
electric transitions EL and gyromagnetic factors for magnetic ones ML. The parameters of the 
transitions between states of the same parities, E2 and M1, were adjusted [14] in the case of 
the + states using the USD or USDA/B interactions [15]. Transitions connecting opposite 
parity states, E1, M2 and E3, can be studied using the (0+1)ħω PSDPF interaction.  

M. Labidi studied the E3 transitions by adjusting its effective charges [16, 17]. 
These adjusted parameters for the three transitions E2, M1 and E3 are presented in Table II-1. 
Any calculation of the electromagnetic transitions in this thesis uses these parameters. For the 

E1 transitions, the used effective charges are:  and . 

 

W. A. Richter et B. A. Brown [14] M. Labidi [16,17] 

Effective charges (E2) Gyromagnetic factor (M1) Effective charges (E3) 

ep = 1.36 glp= 1.159 ep=1.36 
gsp= 5.150 

en = 0.45 gln= -0.090 en=0.48 
gsn= -3.550 

 
Table II-2: Adjusted parameters for E2, M1 and E3 transitions (see text). 

 

ep = N
A
e en = −Z

A
e

π υ 
1d3/2 
2s1/2 
1d5/2 

 

 
1P1/2 
1P3/2 

 
1S1/2 
!
!

!

!"!"!"
!"
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8. Isospin 

W. Heisenberg has conceived the isospin notion in 1932 [18]. It aims to construct a 

mathematical basis that represents the proton-neutron similarity with respect to the strong 

nuclear force. Thus, like spin multiplets of a quantum state, one combines corresponding 

states of nuclear isobars in an isospin multiplet. For example, the Jπ = 0+ ground state of the 

mirrors 26Mg, 26Si and the Jπ = 0+ first excited state of 26Al are members of an isospin triplet. 

Obviously, one must remember that isospin is a useful approximation that neglects proton-

neutron differences that are related to their mass and their electromagnetic interactions [18]. 

Nuclei, which are members of an isospin multiplet, have the same properties, with the 

exception of their electric charge, i.e. they have the same spin and almost the same mass, and 

members of an isospin multiplet will have the same values of these properties as well [9]. 

The proton and neutron are now considered to be a nucleon with different values of 

the third component of this isospin. Subsequently this third component can take two possible 

values, we assign!!! = − !
! for the proton and !! = + !

!!for the neutron. The electromagnetic 

interactions couple to the electric charge, Q, of the particles and in the case of nucleons this 

electric charge is related to the third component of isospin by [9]: 

! = !
! 1− !! !//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////(17) 

The total isospin is related to its z component as follow: 

!! = !!"!
!!! = !!!!

!!! + !!!!
!!! = !!

! +
!
! =

!!!
!  //////////////////////////////////////////////////////////////(18) 

!"#!! = !! ,… , !!//////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////////(19) 

 
In this chapter, we presented a brief formalism of the shell model. Some of the sd 

shell properties, after defining this area of nuclei, were as well described. We introduced the 

interactions developed to reproduce the spectroscopic properties and the structure of these 

nuclei. 

In the last chapter, we will present a detailed discussion of the comparison of our 

results, using PSDPF, to the available experimental data for 26Si focusing on levels having an 

astrophysical interest. 

 



 

 

 

 

 

 

 

 

 

 

 
 

Chapter III 
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Chapter(III(!
Spectroscopic*study*of*the*26Si:$levels$

of#astrophysical#interest!
!

The rapid proton capture (rp-process) is a sequence of proton capture reactions and β+ 

decays passing through proton-rich nuclei. The rp-process reaction rates are crucial nuclear 

physics input to astrophysical models of nucleosynthesis in novae, supernovae, and explosive 

hydrogen burning conditions. Silicon is one of the elements produced in space through the rp-

process. We are interested to the study of the astrophysical rp reaction 25Al(p,γ)26Si using  the 

PSDPF interaction. 

A detailed discussion of the current study will be presented for the 26Si nucleus in this 

chapter. 

1. Study of the 26Si Spectroscopic Properties  

26Si is an sd shell nucleus, a set of nuclei, which start from 16O to 40Ca. Using the 

PSDPF interaction and the code NATHAN, we performed a shell model calculation of the 

excitation energy spectrum and the electromagnetic properties of 26Si.!Since this nuclide of 

interest is proton-rich with N<Z, its spectrum is not well known. We used the shell-model and 

analog assignments of the T=1 states in 26Mg and 26Al to determine the spin/parity 

assignments in 26Si, especially, those of astrophysical interest above of the proton threshold, 

5513.8 keV. These levels are crucial to calculate the 25Al(p,γ)26Si reaction rate.  

We separated our study into two main parts, excitation energies to define all the Jπ 

assignments based on shell model calculation and on the comparison to the T=1 isobaric mass 

doublet states in 26Mg and 26Al. The second part is dedicated to the study of the known 

electromagnetic transitions in 26Si. We discuss each part separately. 

1.1. Energy Spectra  

As !"!"!"
!"  has N<Z, so its spectrum is less known. We used the analog T=1 states in 

26Mg and 26Al to determine the Jπ assignments in the neutron deficient nucleus 26Si. We 

discuss the Jπi certainties, uncertainties, and states without Jπi for the various energy regions.  
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        E(Mg) E(Al) E(SI) Shell model 

Eex(Mev) Jπ  Eex(Mev)    Jπ   T Eex(Mev) Jπ Eex(Mev) Jπi 

0" 0+
 0" 0+""""""""""""""""""""""1" 0 0+ 0" 0+

1 

1,809" 2+ 1,841" (2+)"""""""""""""""""1" 1,797 2+ 1,87843" 2+
1 

2,938" 2+
 2,932" 2+" """"""1" 2,787" 2+

 3,04183" 2+
2 

3,589" 0+ 3,525" 0+""""""""""""""""""""""""""""1" 3,336" 0+ 3,82855" 0+
2 

3,942" 3+ 3,964" (3+)""""""""""""""""1" 3,758" (3+) 3,99025" 3+
1 

"  " " 3,842" (4+) "  

4,333" 2+ 4,32" 2+"""""""""""""""""""1" 4,139" 2+ 4,59027" 2+
3 

4,35" 3+ 4,371" (3+)""""""""""""""""1" 4,187" (3+) 4,38925" 3+
2 

4,319" 4+ 4,477" (4+)""""""""""""""""1" 4,446" (4+) 4,39701" 4+
1 

4,901" 4+ 4,904" (4+)"""""""""""""""""1" 4,797" (4+) 5,01278" 4+
2 

4,835" 2+ 4,913" (2+)"""""""""""""""""1" 4,811" (2+) 4,94449" 2+
4 

4,972" 0+ 4,967" (0+)"""""""""""""""""1" 4,831" (0+) 4,90916" 0+
3 

5,292" 2+ 5,316" (2+)"""""""""""""""""1" 5,148" 2+ 5,50031" 2+
5 

"  " " 5,229" (2+) "  

5,476" 4+ 5,498" (4+)"""""""""""""""""1" 5,289" 4+ 5,55323" 4+
3 

5,716" 4+ 5,696" (4+)"""""""""""""""""1" 5,518" (4+) 5,9249" 4+
4 

5,691" 1+ 5,8" (1+)"""""""""""""""""1" 5,676"   1+ 5,69343"   1+
1 "  

"  " " 5,890" 0+ "  

6,125" 3+ 6,136" (3+)"""""""""""""""""1" 5,929" 3+ 6,2829" 3+
3 

6,256" 0+ 6,186" (0"to"2+)"""""""""1" 5,946" 0+ 6,27795" 0+
4 

6,634"  6,573" 1+, (1-,2-)     0,1" 6,461" 0+ 6,66761" 1+
2 

"  " " "  "  

6,745" 2+ 6,623" "(2+)"""""""""""""""0,1"" 6,295" 2+ 6,66772" 2+
6 

"  6,647" (2+)"""""""""""""""""1" "  "  

6,623" 4+ 6,59" "(4+)""""""""""""""""1" " 4+ 6,8154" 4+
5 "  

6,876" 3‾ 6,736" "(32)""""""""""""""""1"" 6,81" 3‾ 6,71589" 3‾1 
7,062" 1‾ 6,858" ""12""""""""""""""""""1" 6,383" 1‾ 6,66256" 1‾1 

"  6,913" (22)"""""""""""""""(0,1)" 7,154" 2‾ 6,73566" 2‾1 
6,978" 5+ 6,994" (5+)"""""""""""""""""1" 7,198"   5+ 7,08649"   5+

1 

7,542" 2‾ 7,025" (2)2""""""""""""""""""""""""""1" 7,496" 2‾ 7,69725" 2‾2 
7,1" 2+ 7,08" (2+)"""""""""""""""""1" 7,018" 2+ 6,93602" 2+

7 "  
7,283" 4‾ 7,12" "(4)2"""""""""""""""""""""""""1" 7,522" 4‾ 7,89774" 4‾1 

"  7,17" (3)2""""""""""""""""""1" 7,886"  "  "  
7,349" 3‾ 7,181" (4)2""""""""""""""""""1" 7,701" 3‾ 7,49536" 3‾2 
7,851" 2‾ 7,211" 0,(1,2)""""""""""""1" 7,418" 2‾ 7,95136" 2‾3 
7,246" 3+ 7,236" (3+)""""""""""""""""0,1" 7,674" 3+ 7,34062" 3+

4 

"  7,267" (3)+""""""""""""""""""""""""0,1" "  "  

"  " " 7,606"  "  

8,034" 2-
 7,269" "(2)2"""""""""""""""""""""(0,1)" 8,008" 2-

 8,1601" 2‾4 
"  7,311" (2)2"""""""""""""""""""""""""1""" 7,921"  "  
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Table III-1: Comparison theoretical versus experimental [4] energy spectra of the isospin 

mass triplet T=1 states in A=26 nuclei, 26Mg, 26Al, and 26Si. 

 

7,371" 2+ 7,333" (2)+"""""""""""""""""""""""""1" "" 2+ 7,21409" 2+
8 

"  7,376" (2)2"""""""""""""""""""""""(0,1)" 7,962"  8,81914" 2-
5 

7,396" 5+ 7,399" (5)+"""""""""""""""""""""""""""1" 8,144" 5+ 7,44707" 5+
2 

7,428" 1+ 7,585" 1+"""""""""""""""""""""""""""""0,1" 8,254" 1+ 7,92968" 1+
3 

7,818" 2+ 7,637" (2)+"""""""""""""""""""""""(0,1)" 8,282" 2+ 7,57468" 2+
9 

8,576" 1+    7,651 1+                          0,1 8,144" (1-,2+) 8,44321" 1+
4 

7,677" 4+ 7,663" (4+)""""""""""""""""""1""""" 6,88" 4+ 7,53007" 4+
6 

7,53007" 4+ " " 8,222"  "  
7,726" 3+ 7,71" (3)+"""""""""""""""""""""""""""1" 8,431" 3+ 7,6998" 3+

5 
7,774" 4+ 7,725" (4)+"""""""""""""""""""""""""""1" "" 4+ 7,88299" 4+

7 
7,84" 2+ 7,754" (2)+"""""""""""""""""""""""""""1" 8,356" 2+ 8,37889" 2+

10 
8,227" 1- 7,772" (1)2""""""""""""""""""""""""""""1" "" 1- 8,07699" 1‾4 
7,95" 5- 7,783" (5)2""""""""""""""""""""""""""""1" 8,269"  8,31756" 5‾1 
"  " " ""  "  

8,052" 2+ 7,836" (2)+"""""""""""""""""""""""""""1" 8,689" 2+ 8,99252" 2+
11 

"  7,839" (5)2""""""""""""""""""""""""""""1" ""  "  
"  8,303" (4)""""""""""""""""""""1" "" " "  

8,201" 6+ 8,519" (6+)"""""""""""""""""(0,1)" "" " 8,2523" 6+
1 

"  8,696" (4)""""""""""""""""""""1" "" " "  
"  8,832" (4)""""""""""""""""""""1" "" " "  
"  9,043" """"""""""""""""1" "" " "  
"  9,058" (5)""""""""""""""""""""1" "" " "  
"  9,083" (3+,4)"""""""""""""""1" "" " "  
"  9,758" (7+)"""""""""""""""""""1" "" " "  

7,261" 1‾           "" 1‾ 7,49237" 1‾2 
7,697" 1‾   "" 1‾ 7,7342" 1‾3 
7,824" 3‾   8,558" 3‾ 7,93748" 3‾3 
7,2" 0+   " 0+ 8,06955" 0+

5 
8,251" 3+   " 3+ 8,30072" 3+

6 
"    "  "  

8,399" 4-   " " 8,39571" 4‾2 
8,67" 5+   " " 8,49039" 5+

3 
8,706" 4+   " " 8,68232" 4+

8 
8,185" 3-   " " 8,70693" 3-

4 
8,93" 4+   " " 8,75708"  4+

9 
8,504" 1-   " " 8,76562" 1-

5 
8,625" 5‾   " " 9,06324" 5‾2 
8,959" 1‾   " " 9,40081" 1‾6 
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We have calculated, using PSDPF, the excitation energies from 0 to ~ 8,6 MeV. 

PSDPF is a coulomb free and isospin independent interaction so it gives the same results for 

all the T=1 isobaric mass triplet states in A=26 nuclei, 26Mg, 26Al and 26Si. The comparison of 

the obtained results to the experimental spectra [4] is presented in Table III-1. Note that for 

the 26Al, we subtracted the energy 228.3 keV of the first state T=1, 0+ from all the T=1 states. 

This spectrum contains up to 9.8 MeV totally 85 theoretical levels against 49 

experimental ones in 26Si, 64 in 26Mg and 50 in 26Al. Among of the total states number in each 

nucleus from the isobaric mass triplet we have:  

• 15 certain states in Si, 31 in Mg and 6 in Al. These levels have well defined Jπi. 

• 25 uncertain states in Si, 19 in Mg and 44 in Al. These states are in parenthesis with a 

doubt in their Jπi assignment and have to be confirmed. 

• 9 without Jπ assignments in Si, 12 in Mg and 4 unknown parity states in 26Al. A 

prediction of their Jπ assignments based on shell model calculation is recommended. 

We remark that we have a one to one correspondence between the calculated and 

experimental states in all the three nuclei. The calculated levels are in good agreement with 

experiment, especially, in the case of Al. Some discrepancies were obtained for states colored 

in red that are predicted higher in energy than their experimental counterparts, which means 

that they have a collective character. The prediction made for many states in Si were based 

also on those in the Refs. [19, 20]. 

I.2. Electromagnetic Transitions 

Using the PSDPF interaction, we calculated the electromagnetic properties of states in 

the 26Si nucleus that have known half-lives. The comparison of the obtained results to the 

experimental data [4] is shown in Table III-2. We can see the good agreement between theory 

and experiment, for most states, concerning the branching ratio. All the calculated mean 

lifetimes have the same order of magnitude as experimental ones. This study gives more 

credit to the PSDPF interaction in reproducing the spectroscopic properties of nuclei even in 

the middle of the sd shell which could not been included in its fit.  
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Table III-2: Comparison experimental [4] versus calculated spectroscopic properties 

of the 26Si. 

 

2. States of Astrophysical Interest in 26Si  

Among of silicon isotopes, the 26Si has a significant interest in astrophysics. The level 

structure of 26Si is also a key to understand the nucleosynthesis and energy generation, 

because it plays an important role in the calculation of 25Al(p,γ)26Si stellar reaction rate. This 

reaction itself is important for understanding explosive hydrogen burning environments like 

novae. The Jπ assignments for levels above the proton threshold, 5513.8 keV, are crucial for 

the reaction rate determination. We propose on Table III-3 the Jπ assignments of states of 

astrophysical interest in 26Si. We think now that the reaction rate can be calculated based on 

this study. 
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E(SI) Shell model 

Eex(Mev) Jπ Eex(Mev) Jπi 

5,518! (4+) 5,9249" 4+
4 

5,676!   1+ 5,69343"                 1+
1 

5,890! 0+ "  
5,929! 3+ 6,2829" 3+

3 
5,946! 0+ 6,27795" 0+

4 
6,461! 0+ 6,66761" 1+

2 
!  "  

6,295! 2+ 6,66772" 2+
6 

!  "  
! 4+ 6,8154" 4+

5 
6,81! 3‾ 6,71589" 3‾1 
6,383! 1‾ 6,66256" 1‾1 
7,154! 2‾ 6,73566" 2‾1 
7,198!   5+ 7,08649"   5+

1 
7,496! 2‾ 7,69725" 2‾2 
7,018! 2+ 6,93602" 2+

7 
7,522! 4‾ 7,89774" 4‾1 
7,886!  "  
7,701! 3‾ 7,49536" 3‾2 
7,418! 2‾ 7,95136" 2‾3 
7,674! 3+ 7,34062" 3+

4 
!  "  

7,606!  "  
8,008! 2-

 8,1601" 2‾4 
7,921!  "  

"! 2+ 7,21409" 2+
8 

7,962!  8,81914" 2-
5 

8,144! 5+ 7,44707" 5+
2 

8,254! 1+ 7,92968" 1+
3 

8,282! 2+ 7,57468" 2+
9 

8,144! (1-,2+) 8,44321" 1+
4 

6,88! 4+ 7,53007" 4+
6 

8,222!  "  
8,431! 3+ 7,6998" 3+

5 
"! 4+ 7,88299" 4+

7 
8,356! 2+ 8,37889" 2+

10 
"! 1- 8,07699" 1‾4 

8,269!  8,31756" 5‾1 
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Table III-3: Jπ assignments proposed for levels in 26Si having astrophysical interest. 

 

In this chapter, we studied the spectroscopic properties of the !"!"!"
!"  nucleus using the 

PSDPF interaction. As we have shown, the PSDPF interaction describes quit well these 

properties. This study led us to confirm the uncertain states (levels with uncertain Jπ) and to 

predict Jπ assignments for the unidentified ones (states with unknown Jπ). The Jπ assignments 

for states of astrophysical interest were also proposed. 
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General conclusion 
 

mong of silicon isotopes, 26Si has a significant interest in astrophysics. The 

level structure of 26Si is also a key to understand the nucleosynthesis and 

energy generation.  

The main aim of our work was the calculation of the spectroscopic properties, 

excitation energy spectrum, and electromagnetic transitions, using the PSDPF interaction of 
26Si. This study is very important in order to determine the spin/parity assignments for states 

of astrophysical interest above of the proton threshold, 5513.8 keV. These levels are essential 

to calculate the 25Al(p,γ)26Si reaction rate. 

The obtained results show a good arrangement theory versus experiment for all the 

spectroscopic properties of the 26Si. In order to determine the Jπ of the uncertain levels in this 

nucleus, we used its T=1 isobaric mass doublet, 26Mg and 26Al.  

This study allowed us to confirm the undefined states and to predict spin and/ or parity 

assignments for the unknown states. These predictions were made using not only the 

comparison between calculated and experimental excitation energies for each state but also 

taking into account the electromagnetic transitions issued from these states or feeding them as 

well the reaction types in which they are observed.  

The 25Al(p,γ)26Si stellar reaction rate can now be calculated based on our study. 
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