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ABSTRACT

This thesis seeks primarily to contribute to an attempt to understand the patterns we
see in nature, such as pigmentation in animals, branching in trees and skeletal struc-
tures, as well as how the vast range of patterns and structures emerge from an almost
uniformly homogeneous fertilized egg, through survey and study as well as improve a
number of mathematical models of reaction-diffusion of the type activator-inhibitor and
related systems. The main objective is to conduct mathematical analysis and numerical
simulations of the such models under two different effects, the first one, is time-fractional
derivative instead of classical derivative; Where we have established algebraic conditions
for the asymptotic stability of time-fractional reaction-diffusion systems in these cases,
commensurate/incommensurate and linear/nonlinear. We have also presented in this
context, new predictor-corrector numerical schemes suitable for fractional differential
equations with/without delay and time-fractional reaction-diffusion systems. Numeri-
cal formulas are presented that approximate the Caputo as well as Caputo-Fabrizio and
Atangana-Baleanu fractional derivatives. In addition, a case study is considered where
the proposed schemes is used to obtain numerical solutions of the Gierer-Meinhardt
activator-inhibitor model with the aim of assessing the system’s dynamics. The second
one, is the effects of growth of spatial domain, evolving of domains was incorporated
into activator-inhibitor reaction-diffusion systems and others then the existence as well
as the asymptotic behavior of solutions is proved under certain conditions using Lya-
punov functionals combined with the regularization effect of the parabolic equation. To
confirm and validate the analytical results, numerical simulations are employed.

Keywords Reaction-diffusion, activator-inhibitor models, existence of solutions, asymp-
totic stability, fractional calculus, evolving domains.
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Résumeée

Cette theése vise principalement a contribuer a une tentative de comprendre les mod-
eles que nous voyons dans la nature, tels que la pigmentation chez les animaux, la ram-
ification des arbres et les structures squelettiques, ainsi que la fagcon dont une grande
variété de modeles et de structures émergent d’un ceuf fécondé presque homogene, par
le biais d’enquétes et d’études ainsi que 'amélioration d’un certain nombre de modeéles
mathématiques des systémes réaction-diffusion de type activateur-inhibiteur et des sys-
téemes associés. L’objectif principal est d’effectuer ’analyse mathématique et la simula-
tion numérique de ces modeéles sous deux influences différentes, la premiére est la dérivée
fractionnaire au lieu de la dérivée classique par rapport au temps ; Ou 'on établit des
conditions algébriques pour la stabilité asymptotique des systémes de réaction-diffusion
dans ces cas, équivalentes/non-équivalentes et linéaires/non-linéaires. Nous avons égale-
ment présenté dans ce contexte, de nouveaux schémas numériques a prédiction-corrigée
adaptés aux équations différentielles fractionnaires avec/sans retard et aux systemes de
réaction-diffusion incorporant la dérivée fractionnaire par rapport au temps. Des for-
mules numériques sont présentées qui ciblent plusieurs types de dérivés fractionnaires,
y compris Caputo ainsi que les dérivés Caputo-Fabrizio et Atangana-Baleanu. De plus,
une étude de cas particuliere est considérée ou les schémas proposés sont utilisés pour
obtenir des solutions numériques du modele activateur-inhibiteur de Gierer-Meinhardt
dans le but d’évaluer la dynamique du systéme. Le second, ce sont les effets de la crois-
sance du domaine spatial, et I’évolution des domaines a été incorporée dans les sys-
temes de réaction-diffusion de type activateur-inhibiteur et autres, ou lexistence des
solutions globales et leur comportement asymptotique sous certaines conditions ont
été démontrées a I'aide des fonctions de Lyapunov ainsi que l'effet de régularisation
d’équation parabolique. Pour confirmer et valider les résultats analytiques, des simula-
tions numériques sont utilisées.

Mots-clés: Réaction-diffusion, modéles activateur-inhibiteur, existence des solutions,
stabilité asymptotique, calcul fractionnaire, domaines évolutifs.
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LIST OF NOTATIONS

Symbol/Notaion

Descreption

Nor Z*
No

R

fxg

l.c.m

The set of all positive integers: 1,2,...
N U {0}
The set of real numbers
The set of all nonnegative real numbers
The set of all positive real numbers
The set of all N-tuples x = (x1, X2, ..., XN)
The transpose of vector x € RN
An open bounded subset of RN
The set of complex numbers
Convolution product of functions f and g

Least common multiple
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Symbol/Notaion

Descreption

g.c.d
D(A)
M—l

Tr (M)

det(M)

Greatest common divisor
The Domain of an operator A
The inverse of a matrix M
The trace of a matrix M
The determinant of a matrix M
The transpose of a matrix M
The real part of a complex number z
The argument of a complex number z
The partial derivative of g : RN — R with respect to xj
The Nabla operator of a function g: RN — R

The Laplacian of a function g : RN — R

The space of continuous functions on Q
The space of continuously k-differentiable functions on Q
Lebesgue spaces (where, 1 < p < 00) on Q
Sobolev space (where, 1 < p <00, k€Np) on Q
Sobolev space (where, p =2, k € Np) on Q

The multiplication m-times of Banach space & .
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INTRODUCTION

In many real-world systems, explaining how spatial patterns emerges from homo-
geneity as well as spread of epidemics (see Figure 1 and Figure 2) are key questions.

Fertilized egg Dividing cells Blastocyst

Figure 1: From a fertilized egg (almost homogeneous) to an elegant body (cf. [99]).

With the beginning of the fifties of the last century Alan Turing provide a sophisti-
cated explanation for this phenomenon through his pioneering scientific paper (cf. [104])
entitled: "The chemical basis of morphogenesis". Turing proposed that the patterns we
see during embryonic development are caused by morphogens, which are biochemicals
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Figure 2: Patterns in living things pigmentation as well as transmission of epidemics.

that have a spatial pre-pattern. Cells would then differentiate in a threshold-dependent
manner in response to this pre-pattern, precisely, the reason behind these patterns is
diffusion-driven instability in reaction-diffusion system (cf. [73, 74, 83]). This means that
an ODE system that is asymptotically stable but becomes unstable with the inclusion of
the Laplacian denoting spatial diffusion. Since then, this elegant idea has received great
attention from the research community in the fields of mathematics, biology, chemistry
and many more. Depending on the signs of the Jacobian matrix considered as the approx-
imation of nonlinearities (reaction kinetics) at the the equilibrium point of model, these
Turing systems can be classified into two main types: activator-inhibitor and positive
feedback. In this thesis, we are interested in activator-inhibitor systems. At least case
with two interacting substances, this means that one of the substances acts as an activa-
tor enforcing the formation of itself along with the second substance. On the other hand,
the second substance acts as an inhibitor preventing the formation of both substances.
Such systems include the well-known Gierer-Meinhardt system [2, 42], the Lengyel-
Epstein system [1, 57], the Brusselator system [87], and the Schnakenberg system [97].
This thesis is divided in four chapters, as follows:

Chapter 1: In this chapter, we provide some of the basic terminology as well as some
preliminary definitions for fractional calculus, semigroup theory, unbounded operators,
and formulas that will be important in the next chapters.

Chapter 2: Our aim in this chapter is to establish sufficient conditions for the asymp-
totic stability of generic time-fractional reaction-diffusion systems, which to the best of
the authors’ knowledge has not been investigated wholly in the literature. We present
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the derived stability criteria for commensurate and incommensurate, linear time-fractional
reaction-diffusion systems, as well as we deal with the stability of nonlinear systems. In
addition, two numerical examples with different parameter sets are presented to illus-
trate the derived theoretical conditions.

Chapter 3: This chapter is divided in three sections. In the first section, we have
employed two/three step first/second order Newton polynomial interpolation to derive
two new methods suitable for solving fractional differential equations with several def-
initions of the fractional derivative. The first method is an improved version of the
Newton interpolation based Atangana-Seda scheme, which has attracted the attention
of several researchers in the short time since its appearance. In our improved version,
we take into account previously neglected terms and show that the corresponding per-
formance improvement is worth the effort. The second proposed method is of the pre-
dictor corrector type which uses the improved Atangana-Seda scheme as the predictor
step. Numerical formulas are derived based on the new methods for three different types
of derivatives, namely: the Caputo, Caputo-Fabrizio, and Atangana-Baleanu fractional
derivatives. The effectiveness of the proposed methods is demonstrated by means of
various numerical examples in which we attempt to obtain accurate approximate solu-
tions for complex systems. In these worked examples, we start with some simple sin-
gle equations extracted from the literature and end with the well established realistic
Gierer-Meinhardt model describing the morphogenesis process. In the second section,
we derived a numerical approximation to the variable-order fractional delay differential
equations with multiple lags, based on Adams-Bashforth-Moulton method. The detailed
error analysis of the numerical method was studied under a specific condition on the
non linear term. Numerical examples showed the efficiency of the suggested scheme.
In the third section, we propose a numerical method for solving time fractional order
reaction-diffusion system. The numerical method are obtained considering the Method
of Lines (MOL) approach, the partial derivatives with respect to the spatial variables are
discretized to obtain a system of ODEs with respect to the time variable and then our
schemes and then our schemes mentioned in the previous sections in the current chapter
can be used to solve this fractional differential systems. This method is compared with
the finite difference method applied to a specific time-fractional Schnakenberg-reaction-
diffusion model.

Chapter 4: This chapter is divided in three sections. In the first section, we give a
positive answer to the open question about the global existence, uniqueness and uni-
form boundedness of solution of Gierer-Meinhardt system on a class of spatially lin-
ear isotropically evolving domain. In the second section, we prove the global existence,
uniqueness and uniform boundedness of solutions for a class of weakly coupled reaction-
diffusion systems on domains with unbounded growth, and nonlinearities of exponential
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growth. We will also show that under certain conditions on growth of domain, we get the
global asymptotic stability of such systems. To our best knowledge, this results seems
to be the first attempt to consider the nonlinearities of exponential growth in reaction-
diffusion systems on the time varying domains. In the third section, we present a uniform
boundedness of solutions for reaction-diffusion systems thus the existence of global so-
lutions on isotropic time-dependent domains and reaction functions are growing faster
than an exponential function respect to the second unknown function. Moreover, we ex-
hibit on a class of time-dependent spatial domains, the global stability of trivial solution
of the proposed systems.



CHAPTER

1

PRELIMINARIES AND BACKGROUND

This chapter collects some fundamental results and notations that will be utilized
throughout this thesis.
This chapter is divided into four sections: In the first section, we review several funda-
mental concepts of fractional calculus. In the second section, we mention some basic
concepts of semigroups and present their most important properties that will be used
later. In the second section, we outline the basic steps for obtaining a mathematical
model of real phenomena, more specifically when the latter includes systems composed
of of chemical compounds, population density, ... etc, where the sub-sections will re-
spectively assign the modeling of biochemical, population phenomena, ... etc, in a fixed
bounded domain evolved bounded domain. In the fourth part, we provide the most
important known results concerning the local and global existence and uniqueness of
classical solutions of reaction-diffusion systems as well as comparaison principle.



CHAPTER 1. Preliminaries and background 2

1.1 Fractional calculus

Throughout this section, we have relied on several references (see e.g. [51, 59, 60, 61, 69,

, 86, 95, 96]).

1.1.1 Some useful special functions for fractional calculus

In this part, we present two main functions for fractional calculus. We define Euler’s
Gamma function and Beta function, then we introduce some properties related to these
functions.

Gamma function

Definition 1.1.1. Let a > 0, the Gamma function I'(a) is defined by the following
Euler integral:

+00
I'(x) :f e Ss% ds. (1.1)
0

It is clear that the Gamma function is well-defined through the convergence of integral
(1.1). In the following, we collect the most important properties of the Gamma function:

Proposition 1.1.1. Let a >0, we have

1. I'(a) > 0.

2. The Gamma function I'(x) is continuous.

3. T'(a+1) =al (o).

4. T(n+1)=n! forall neN,.

Beta function
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Definition 1.1.2. Let o, > 0, the Beta function B(q,3) is defined by the follow-
ing integral:

B(a,ﬁ):f s 1 —s)f1ds. (1.2)

1
0

In the following, we enumerate the most important properties of the Beta function:

Proposition 1.1.2. Let o, > 0, we have

1. B(a,p) =B (B, ).

2. B(o,B) = 1;:()—_1;(5)) (where I'(.) is the Gamma function).
3. B(aB) = ——-B(ap—1), forall B> 1.

a+p-1

1.1.2 Fractional integrals

Definition 1.1.3. The left-sided a—order Riemann-Liouville fractional integral
of a function f(¢) is defined as

1 t
olf f (1) = mfo (t—9)*1f(9)ds, (1.3)

where a > 0.

Definition 1.1.4. Let f € C([0,T]), a(#) >0, and T > 0, the left-sided Riemann-
Liouville variable-order integral is defined as follows:

1

alr) _
A )

t
f(f—n)“m_lf(n)dn, t>0. (1.4)
0

Definition 1.1.5. The left-sided Caputo-Fabrizio fractional integral of a function
f (1) is defined as

CFpa £ (1) = % p(p) 4 Lftf(s)ds (1.5)
0 7 My M(a) Jo ’ ‘
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where a € (0,1), and M(a) is a normalization function satisfying M(0) = M(1) = 1.

Definition 1.1.6. The left-sided Atangana-Baleanu fractional integral of a func-
tion f () is defined as

AB(x -« a1
L= AB()fXU AB()I( )j‘fxﬁ(t ) ds, (1.6)

where a € (0,1), and

AB =1- e 1.7
() (x+r() (1.7)

Definition 1.1.7. The convolution kernel of order a > 0 for fractional integrals
is denoted by Y4 (#) and defined as

-1

tg 1 *
Yo () := T'() € Lloc (IR+)’

where

b if >0,

a—1
t+

0 if t=<o.

Remark 1.1.1. Y, has convolution property (i.e. Yo *x Yg = Yq4p, for all o, > 0), indeed

(Yo * Yp) (1)

a-1 ﬁ 1
F(ooF(ﬁ)f (=1 dt

B@P) aspr
T(T@) *
1 t(x+ﬁ—1
Ta+p) *
= Ya+ﬁ(t)- (1.8)

The above result was obtained by change of variables and the property 2 from Proposi-
tion 1.1.2.

Ll

loc

Remark 1.1.2. We suppose that the function f has some regularity (continuous,
([R?i), causal function); The left-sided a—order Riemann-Liouville fractional integral
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(1.3) can be rewritten as follows:
o2 f = DG f = Yok f, (19
where o > 0.
Remark 1.1.3. Thanks to the Remark 1.1.1 and Remark 1.1.2, yields:
oI%1§ =Dy %D,k = 18P =D P, (1.10)

where o, > 0.
1.1.3 Fractional derivatives

Definition 1.1.8. The left-sided a—order Caputo fractional derivative of a func-
tion f () is defined as

dn
RLyn— .
I(r)l,ta{ﬁf(t)},lfn—l<O(<I’ZEZ+,
n

atn

‘DY, f (1) = (1.11)

f@,ifa=nez*.

Remark 1.1.4. According to the Definition 1.1.3, then the left-sided a—order Caputo
fractional derivative of a function f(#) can be expressed by the following explicit form:

1 ¢ ar
CDC( f n-o-1 , f 1 , 1.12
O,tf(t)_—( 7 ), (t—39) —Snf(s)ds or n—l<a<n (1.12)

where ne Z*.

Definition 1.1.9. Let f € CL([0,T]), T>0, 0 < a(t) < 1 and be continuous, the
left-sided Caputo variable-order derivative is defined as follows:

o1 e 0 {%f(t)}, ifo<a(t) <1,

‘DY f() = (1.13)

d _ ~
— S0, fan) =1,
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Definition 1.1.10. Let f € CL([0,T]), T >0, and a € (0,1). The left-sided Caputo-
Fabrizio fractional derivative of a function f(¢) is defined as

M td t—
DY, f (1) = 1_(02[) %f(s)exp(—o‘i_:))ds. (1.14)

Definition 1.1.11. Let f € C}([0,T]), T > 0, and « € (0,1). The left-sided
Atangana-Baleanu fractional derivative in the Caputo sense of a function x(¢) is de-
fined as

AB() (! d a(r-9)"
ABCHa
D = — Eq|———— ) 1.1
sof =" [ om0 as (1.15)
where E(z) is the Mittag-Leffler kernel function of order a defined as
) Zk
E = _—, 1.16
(@) ,CZZO T(ak+1) (116)

fora>0and z€C.

Definition 1.1.12. The generalized function in the sense of Schwartz corre-
sponding to Yy (¢) is denoted by Y_(#) and satisfies the convolution

Yia*x Yoo = 5,

where 0§ is the Dirac distribution. Note that 8 here constitutes the neutral element of
the convolution operation.

Definition 1.1.13. The generalized fractional derivative with order a > 0 of a
function or distribution f is defined as

DY, f=Y_axf.

The most important properties of the fractional integral/derivative that will be useful
later are listed below.
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Proposition 1.1.3. Let o, >0, we have

1.
GDg,tGDgt _G Dg;ﬁ. (1.17)

2. For feC!([0,T]) with T >0, and a+p < 1, then

CDg,chg,tf(l‘) =¢ Dg;ﬁf(t). (1.18)

Dy %°DS, £ (1) = DE Dy (1) = £ (). (1.19)

4. Forn-1<as<neZz* and f"eL; (R}), then

n-1 .
“D§ f(1)=°Df f(0) = Y fVOY14j-a(0). (1.20)

j=0

Remark 1.1.5.  For the property 2 in Proposition 1.1.3 the condition a+f <1 is
important, we give a counterexample if this condition is not satisfied:
Let0<a,p<1witha+p>1,and f(¢) = t with ¢ > 0, then we have

1-a—p
B _ t
Dy, D, f (1) = e ap for t>0, (1.21)
on the other hand, we have
ST () P f NUERIS fP(9ds=0 (1.22)
0t re-a-p)Jo ' '

1.2 Semigroup and their properties

Throughout this part, we denote by & a real or complex Banach space provided with
the norm |.] o, (%) the Banach algebra of bounded linear operators on &, and .# the
identity operator in B(%’). We have relied on several references (see e.g. [7, 11, 12, 13,

, 107]).
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Definition 1.2.1. ([23]) A family {J ()};er, € B(X) is called a 6)-semigroup
(or strongly semigroup) in &, if it satisfies:

) T(t+5)=T ()T (t) forall t,s€R,,
i) 70) =9,

iii) tlimo 1T (t)x—xllgy =0 forall xe .

Definition 1.2.2. Let d; > 0 for each i = 1,...,N. We define operators A;, as
follows

AiW:diAW for \UEH%(Q);
where

H%(Q):{weHz(ml H=0 on ag}=D(Ai)-

Definition 1.2.3. ([107]) Let a; € (0,1), for i € {1,...,N}, we define the operator
families {F, (1)} ,5,, and {P, (D} -, by

Fo; (1) :foo%i (0)F(ct*)do,
0

(1.23)

o0
Py, (1) =(xif 0Dy, (0)T;(0t*)do,
0

where {F; (1)} ;>0 is the semigroup generated by —A; and @, (0) is the probability
density function defined on R} by

1 & (-0)" .
Dg,(0) ==Y T (na; ).
a; (0) & T (naj)sin(nna;)

Lemma 1.2.1. ([7]) When t>0,x€(0,1) and u € C(Q), we have

L [F(Du() oo < lu() oo
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H 2. 122D u®) oo < g 14D loo-

1.3 Derivation of mathematical models

In this part, we present how to model phenomena that depend on kinetics and diffusion
(espectially, chemical reactions) on fixed as well as moving (time-dependent, evolving)
spacial domains, by applying a set of physical laws.

1.3.1 Reaction-diffusion equations on static spacial domains

Since in this thesis we deal with mathematical reaction-diffusion systems, we outline the
derivation of the reaction-diffusion equations on static spatial domain. Let

u(x, ) = (U1 (x, 1), Uz (X, 1), ..., U (x, )T,

be a vector of (chemical concentractions, ions, population densities, etc.) of species %;
(i=1,...,m) at a position x = (X1,...,x8) " € Q < RN (Q is bounded, simply connected
and smooth) and at a time ¢ € R;.. We denote by J; (i = 1,..., m) by the flux of species %;

and f; by its net production rates. Due to the law of conservation of mass', we get
d .
— | ui==| Tiv+| fi, (=1,...,m), (1.24)
dt Jo aQ Q

where Vv is the unit outward normal to 0Q. Then, (1.24) reads (chemical viewpoint), the
rate of change of a chemical concentraction u; in an arbitrary domain Q is equal to the
sum of the net flux of the chemical concentraction through the boundary of the domain
Q (i.e. 0Q) and the net production f; of the chemical concentraction within the domain
Q. According to the divergence theorem?, (1.24) becomes:

if u,-:—f V.I,-+ff,~, (i=1,..., m). (1.25)
dt Ja Q Q

IThe law of conservation of mass states that (in physics and chemistry) for any system closed to
all transfers of matter and energy, the mass is neither created nor destroyed.
2The divergence theorem: If & is a continuously differentiable vector field defined on a neighbor-

hood of Q, then:
F.NV= f V.F
0Q Q
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The differential operator and integral can be interchanged because the spacial do-
main Q is independant of temporal variable ¢, then (1.25) leads to the following:

ot

Since the integration in (1.26) holds on arbitrary (bounded, simply connected) do-
main Omega, and the integrand is continuous, thus

f(@ﬁ+vh—ﬁ):a (i=1,...,m). (1.26)
Q

a .
é?:—Vh+ﬂ,U:1w”mL (1.27)

The fluxes J; and the functions f; must now be modeled by adequate and constitutive
laws. When the transport of mass is only related to diffusion, in 1855 a simple model
was introduced by A. Fick [37]. According to Fick’s law the flux J; is proportional to the
gradient of concentration u; and given by:

Ji=—d;iVu;(x,0), (i=1,...,m), (1.28)
where d; > 0. Based on (1.27) and (1.28), we get

%%z%Am+ﬁ,U:1w”mL (1.29)
for each i =1,..., m, the functions f; := f;(x, t, u(x, 1)) (the dependence on u(x, t) being
often nonlinear) can be obtained by using the law of mass action® or by observations
and experimental methods.

In order to the well-defined of differential problem we need to specify initial condi-
tions and boundary conditions. The most common boundary conditions are homoge-
neous Neumann boundary conditions (zero-flux), which gives by the following mathe-

matical expression:

ou;
—=v.Vu; =0, (i=1,...,m). (1.30)
ov

Hence, a system expresses reaction-diffusion of m-species (2 < m € N) on static do-

main Q, as follows:

ou;
atl —diAu; = fi(x,t,u) iInQxRI, i=1,...,m,
ou;
1 =—=0 on dQxR*, i=1,...,m, (1.31)
ov
u;(x,0) = up; (y) onQ,i=1,...,m,

3The law of mass action states that the rate of the chemical reaction is directly proportional to the
product of the activities or concentrations of the reactants.
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1.3.2 Reaction-diffusion equations on evolving spacial domains

Throughout this subsection, We have relied on several references (see e.g. [15, 64]).
Consider a simply connected, bounded, time-dependent domain Q; RN (N = 1) with a
moving boundary 0Q; that is smooth (¢ € [0, 7], 7> 0). The domain Q; can be mapped
into a static reference domain Qg by using a Ck-diffeomorfism (k = 2) pr: Qo — Q4 e,
for each x:= x(f) € Q; there exists y € Qg such that (see Figure 1.1):

x=p:(). (1.32)

Figure 1.1: Diffeomorphism p; between evolving domain Q; and static domain Q.

Moreover, the diffeomorfism p;, is assumed to be a C? function with respect to t. The
change in the volume of domain Q; generates a flow of velocity denoted by

apt(y)

9(x, 1) =9(p:(y), 1) := 5 X€Q yeQq (1.33)
In the following, we need the following result:
0=(, 1) = (1.34)

where Z(y, ) denotes the determinant of the Jacobian ¢ (y, t) = Dp(y) of the diffeomor-
phism p; (i.e. Z(y, 1) = det( £ (3, 1))).

After this configuration, we are now ready to begin the process of deriving the equa-
tions of reaction-diffusion on time-dependant domain. As in the previous section, let

u(x, 1) := (U (x, 1), Up (X, 1), ..., U (x, 1),

be a vector of (chemical concentractions, ions, population densities, etc.) of species %;
(i=1,...,m) at a position x := x(f) = (x1(), ..., xn(0)T € Q; c RN and at a time ¢ € R,.
We denote by J; (i = 1,...,m) by the flux of species %; and f; by its net production
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rates. According to the law of conservation of mass and divergence theorem with time-
dependant domain, we get

if u,-:—f V.],-+f fi, (i=1,...,m). (1.35)
dt Ja, Q, Q,

Unlike the static domain, in this case the differential operator cannot be pass through
integration on a time-dependant domain. We deal with the left side of (1.35) separately,
for each i =1,...,m, we have

if u~(xt)—if ui(p:(y), D=y, 1)
dtQtl, —dtQOzth/,—y,

—f i(u( ), DEY, 1)
- Qodt lpty) -—'y)

—_ du;(p:(y), 1) 0=(y, 1)
= = » - ;. | y ) 1-
fQO (3, 1) P +ui(y, 1) a1 (1.36)

thanks to (1.33), (1.34) and differentiation rules, for each i = 1,..., m, we obtain

d . B duilp:(y,n ]:
PP QtUZ(x’t)_fQo TR +u; (V9| =
_f du;(p:(y), 1)
B Qo dt

du; 0
:f i, pt(y).Vui+ui(V.\°))]E
Qo

+ U; (V.ﬁ)] =

ot ot

a .
| & v +u;(V.9)
Q, 0t

aui
= V. (u;9). 1.37
a, o1 + V. (u;9) ( )

The equality (1.37) is known by Reynolds transport theorem. Now, by combaining (1.35)
and (1.37), we get

f(a”"+v.(uia)+f V.]i—f,-):o, (i=1,...,m). (1.38)
Q; ot Q

By completing as in the previous sub-section (reaction-diffusion system on static
domain), we reach to the final equations of reaction-diffusion (taking into account the
homogeneous Neumann boundary conditions) on time-varying domain:
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ou;
atl +V.(u9) -diAu; = fi(x,t,u) inQ, xR}, i=1,...,m,
ou;
I —=0 on0Q; xR}, i=1,...,m, (1.39)
ov
Ui (x,0) = up; (y) onQg, i=1,...,m.

1.4 Some basic results about reaction-diffusion equa-
tions

In this section, we will present the most important findings about reaction-diffusion
systems (1.31), represented in local existence & uniqueness of solution, comparaison
principle, and positivity of solution.

1.4.1 Local existence of solutions

The following basic assumptions on system (1.31) are assumed to hold:

(BA1) f=(f), : Q) x Ry x R™ — R™ is locally Lipschitz in each variable.
(BA2) uy= (uOi);?il e L (Q;R™).
Before declaring the main result in this sub-section we will need this definition (see [82]):

Definition 1.4.1. A function u:= (uy,..., Uy,) is a classical solution to (1.31) on
(0,T)if, for i =1,...,m, we have:

ui e C* (@ x (0,1)) N C (10, TH L™ (@),

and u satisfies (1.31).

The local existence of solution of system (1.31) follows from classical results, as fol-
lows:

Theorem 1.4.1. ([48, 92]) Suppose that (BA1)-(BA2) hold. Then the system (1.31)
admits a unique, classical solution on Q x [0, Tj;4x) Where 0 < T4y < 0c0. Moreover,

m
if Tmax < 400, then lim Z || ui(., t) ”Loo(Q) = +00Q. (140)

=1 max i=1
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Remark 1.4.1.  Thanks to (1.40), to prove global existence (i.e. Ty,qx = +00) of
classical solution for system (1.31), it is sufficient to get that:

m
V€0, Trmax), D Nuil, Do) <9 (1), (1.41)
i=1

where ¢ € C (R4;R,), and is nondecreasing function.

1.4.2 Comparaison principle and positivity of solutions

First, we will present an important theorem that helps in obtaining initial estimates for
solutions of reaction-diffusion systems, known as the comparaison principle:

Theorem 1.4.2. ([92]) Let T > 0, if the functions
u=(~U,...,up),V:=(1,...,Um) € [Cz'l (ﬁx (O,T))]m, (1.42)
satisfy
ou; ov;
% —diAu;— fi(x,t,u) < a_vtl —-diAv;— fi(x,t,v), inQx(0,T),i=1,...,m,
(1.43)
upi (X) < vp; (x), inQ,i=1,...,m, (1.44)
ou; O0v;
4 _ %% 0, ondQx(0,T),i=1,..,m. (1.45)
ov  O0v
Then
ui(x,)<v;(x,), inQx(0,T],i=1,..., m. (1.46)

Since the properties of chemical concentration, density of population, number of
individuals, ... ect, are positive quantities (either in the initial stage or after a period of
time), then we need to elicit this property in system (1.31). Before showing the positivity
of solution of (1.31), we need the following precondition:

Definition 1.4.2. (Quasi-positive function) The nonlinearity f = (f;)Z, (in
system (1.31)) is called quasi-positive if satisfies:

Vu=(ug,...un) €ER™, Vi=1,...,m, fi(u,...,ui-1,0,Uis1,..., ) =0. (1.47)
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According to the comparaison principle and the precondition stated above, we get
the following result about positivity of solution for system (1.31).

Corollary 1.4.1. ([85]) Suppose that (BA1)-(BA2) hold, moreover, the nonlin-
earity f = (f1)], is quasi-positive. Then the system (1.31) admits a unique, classical
solution on Q x [0, T,,,4x) Where, for i =1,...,m

VxeQ, up(x)=20=V(x,1)eQxI[0,Tha), uix,t=0. (1.48)

1.4.3 Global existence of solutions for reaction-diffusion equa-
tions

Consider the initial-boundary value problem (semilinear parabolic equation):

0
a—Ltt—dAu:f(x,t,u) in Q xRy,
0
! = @n=0 on 0Q x R*, (1.49)
ov
u(x,0) = up(x) in Q.

Where Q c RN (Q is bounded, simply connected and smooth), and d > 0. Furthermore,
we assume:

(LEA1) f:Q xR} xR — Ris locally Lipschitzian function of all its arguments.

(LEA2) o€ c(ﬁ).

Under the above assumptions (LEA1)-(LEA2), The problem (1.49) admits a unique
classical solution on Q x [0,T;;,4x) Where 0 < T;,4x < 0o. Moreover, we have the same
characterization of T,,,y (see (1.40) with m =1, and u = u;).

In light of the Remark 1.4.1, we conclude that the assumptions (LEA1)-(LEA2) are not
enough to guarantee the global existence of solution for (1.49). Indeed, this is what the
following example shows:
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Example 1.4.1. Let the initial-boundary value (special case of problem (1.49)):

)
a—L;—Au:uz in Q xR*,
ou
{ —(x,0H=0 ondQxR?, (1.50)
ov
u(x,0) = up(x) in Q.

Where ug € C (5; IR+), then the assumptions (LEA1)-(LEA2) hold. Furthermore, we as-
sume that

f up(x)dx>0. (1.51)
Q

Thus, the problem (1.50) has a unique nonnegative classical solution on Q x [0, T ;,4x).
On the other hand, integrating the first equation of (1.50) with respect to the spatial
variable, we obtain

d
—f u(x, t)dx:f u?(x, 1) dx, (1.52)
dt Jo Q
by means the Holder’s inequality, we get
if u(x t)dx—f u?(x t)dx>i(f u(x t)dx)2 (1.53)
drJo T e T T IQI U ‘ '

The solution of the differential inequality (1.53) has the following form:

€ 1Q

f u(x,t)dx = #, (1.54)
Q Q| -6t

where €6 := f uy(x) dx. Hence

Q
lim | u(x,t)dx=+oo. (1.55)
t—9Ja
. . N 10}
Thus, the solution of (1.50) blow-up (does not global) in the finite time T ;4 := z

Based on the foregoing, it is clear that conditions must be posed on the inputs of
the problem (1.49) in order to ensure the global existence of solution. This is what the
following theorem addresses:
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Theorem 1.4.3. ([44,
we assume for p > g,

, 56, 92]) Suppose that (LEA1)-(LEA2) hold. Moreover,

fx,, ) €L ((0, Tmax); LP(Q)), V(x,u) € QxR. (1.56)

Then, the unique solution of (1.49) exists globally (i.e. T ,4x = +00).

Remark 1.4.2. Practically, to deal with the system (1.31) we need to deal separately
with m-initial-boundary value problems as in (1.49).

Remark 1.4.3. To get the condition (1.56), priori estimates on (1.31) (taking into
account the Remark 1.4.2) can be used, or a suitable Lyapunov function?, ... etc.

1.5 General Activator-inhibitor model

Consider a 2-species in reaction-diffusion system (1.31) (i.e. m =2):

0 0
6_1: =dyAu+ fi(u,v), a_lt} =d,Av+ fo(u,v). (1.57)

Assume there exists a constant steady-state Eeq := (Uegq) Veq),
fl(ueqy Veq) = fz(ueqy Veq) = 0.

The Jacobian of the system (1.57) at E, is defined by:

ofi| o
e = Ju Ji2 | ou Eeq ov Eeq
Eeqg — T afz afz
Jo1 J22 ou 30
U |E,, U lEeq

We say that the reaction diffusion system is the inhibitory activator system if the
coefficients of its Jacobian matrix have the following relationships:

Ji1J22 <0, Ji2J21 <0. (1.58)

‘Lyapunov functional associated with system (1.31): It is each function £ : R, — R, satisfies

d

L0 <0, V(b weR; xR
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The corresponding species that achievesJ;; >0, (J;; <0) for i = 1,2, is called activator
(inhibitor), respectively.

Example 1.5.1. The Schnakenberg model is a simple system of reaction-diffusion
equations occurring in chemical kinetics and biological processes. It was first proposed
by Schnakenberg in 1979 (cf. [97]). The Schnakenberg chemical reaction can be repre-
sented by the following mechanism:

k
A=U, BRv 2u+vEB3y, (1.59)

k-1

where A, B, U and V are chemical reactants and products. The steps in (1.59) yield the
nondimensionalized Schnakenberg reaction-diffusion system:

ou

——dlAu:a—u+u2v::f1(u,v), xeQ,t>0,

gt (1.60)
v

a—dzAv:b—uzv::fg(u,v), x€eQ,1>0.

Subject to the homogeneous Neumann boundary conditions and initial data. In this
system, the reactions occur in a domain Q c RN (with N € N*), u:= u(x,t) and v :=
v(x,t) are the chemical concentrations of an activator and an inhibitor, respectively,
and dy,d>, a, b are positive numbers, such that b > a. In this case, it is clear that the
condition (1.58) is satisfied.
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2

TIME-FRACTIONAL REACTION-DIFFUSION
SYSTEMS

“My work always tried to unite the
truth with the beautiful, but when I
had to choose one or the other, I

usually chose the beautiful”

Hermann Weyl

This chapter concerns with a qualitative analysis of reaction-diffusion systems involv-

ing fractional derivative in Caputo sense respect to time variable. The results appearing
in this context have been published throught [31].
Understanding the dynamics and nature of solutions for such systems has been the sub-
ject of study by mathematicians and scientists for many decades. One of major interests
of researchers is the asymptotic stability of the solutions. Until a few decades ago, inter-
est in reaction—diffusion systems was limited to integer order derivatives both in time
and space. Although the inception of fractional calculus is centuries old, it was not un-
til recently that its practical meaning was noticed [25, 66, 94, 98]. It has been noticed
that fractional differential equations can represent a variety of problems more accurately
and efficiently, especially nonlocal problems such as anamolous diffusion [19] and the
modeling of materials with a memory [47].

19
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Since the fractional derivative in Caputo sense is a generalization of the classical
derivative, so the models that include the fractional derivative show a richness in their
dynamics, and this allows us to approach more than accurate modeling of phenomena.
Precisely, this chapter establishes conditions for the asymptotic stability of time-fractional
reaction-diffusion systems. The stability of linear systems is investigated by means of
the eigenfunction expansion of the Laplacian operator. Theoretical bounds are placed
on the arguments of the infinity of eigenvalues belonging to the instant Jacobian matrix.
Nonlinear systems are linearized by means of their Taylor series expansion. Numerical
solutions of two real- istic examples are presented to illustrate the theoretical findings.

The considered system

Let Q be a bounded domain in [R{N,, with a smooth boundary 0Q. In this section we
present the existence of solution for the time-fractional reaction diffusion system, of the
form:

DS, u(t,x) = DAu(t, x) + Au(t, x), t>0,x€Q, (2.1)

with initial conditions
u(0, x) = up(x), x€Q, (2.2)

and homogeneous Neumann boundary conditions, i.e.
(v.Vu(t,x) =0, t>0,x€0Q, (2.3)

where, u(x, t) = (uy(t,x),---, un(t,x)) " and N, N e N, A= (a; j)1<i,j<N is a real constant
matrix, D = diag(d,...,dy) with d; >0 for i =1,...,N and °D§ , = (°D{’,,...,.°Dg¥)7,
v is the unit outward normal to 0Q2.

In this chapter, we are interested in establishing sufficient theoretical conditions for
the asymptotic stability of time—fractional reaction—diffusion systems (2.1)-(2.3) and also
for the nonlinear reaction function.

The background related to the subject can be divided into two major parts, the stability
of fractional ODEs and the stability of integer—order reaction—diffusion systems. The
stability of fractional differential equations has been studied by many including [69],
where Matignon derived an upper bound on the arguments of the Jacobian eigenvalues
below which the system is guaranteed to be asymptotically stable. This work was later
extended in [26] for systems with multiple time delays. In their study, Deng et al. also
treated the incommensurate case, where the fractional orders of the system equations
are non-identical. Further results on the stability of incommensurate fractional ODE
systems were reported in [84] and [61]. In [58], Lenka et al. extended the results to
systems with fractional derivatives of an order in the range 0 to 2. Other relevant studies
include [76], where Odibat examined a range of issues related to this type of systems
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including the existence and uniqueness of solutions as well as their stability. In addition,
the solutions of such systems in the commensurate and incommensurate cases by means
of Mittag—Leffler functions was examine in [35].

The stability of nonlinear reaction diffusion systems relies mainly on linearization
about the system’s constant steady-state, which was first applied in [79]. The mathe-
matical justification for this technique came later on in [18, 17]. In [108], Wang and Li
derived a set of stability conditions, which they called the minor condition for the sta-
bility of constant steady—state solutions to reaction-diffusion systems with Neumann

boundary conditions. More recent works include [75, 41]. For more on the stability of
specific commensurate time—fractional reaction—diffusion systems, the reader may wish
to refer to [22, , ] and references therein.

2.1 Existence of solutions

In this section, we address the existence of solutions for the system (2.1)-(2.3). We have
inspired by the literature [91, 113]. The following definitions will be useful later on.

_ 1N
Definition 2.1.1. Let T >0 and (ug1,..., Ugn) € [C(Q)] , a vector function
_ N
(ul,...,uN)ec([o,T];[C(Q)] )
is called a mild solution of (2.1)-(2.3), if for each i € {1,...,N}, u; satisfy

N t
ui (1) = S, (Duoi + Y al-,-fo (1= )% Py, (1= $)uj(s),
j=1

where u; (1) = u;(t,.), %, (t) and &, are mentioned in definition 1.2.3.

_ 1N
Definition 2.1.2. A vector function u € C([O, TI; [C(Q)] ) is called a clas-

sical solution of the problem (2.1)-(2.3) if u is continously differentiable of order
o = (0y,...,an) on (0,T], for all ¢ € [0,T], u(t) € D(Ay) x --- x D(AN) and satisfies
(2.1)-(2.3).

The following proposition presents the existence of mild solution of the initial-boundary
problem (2.1)-(2.3), which is our preliminary result.



CHAPTER 2. Time-fractional reaction—diffusion systems 22

_ 1N
Proposition 2.1.1. Let (ug,..., UyN) € [C(Q)] , then the problem (2.1)-(2.3) for
a; €(0,1),i€{l,...,N} has a unique mild solution.

__ N
Proof. Consider the Banach space X :=C ([O,T]; [C(Q)] ) with the norm

-kt
lulle = II(u1,...,un)llx:= sup e " | u()lINco»
te[0,T]

where k € N which will be fixed later and || u(#)lIn oo := ZI,-\Izl lu;(H)llo . We define the
operator
Y =(Yq,...,YN) on X, where

N t
(Y;u) (1) = L, (D ugi + ) aijf (t— 9% 1Py (1 - suj(s)ds.
j=1 0

By the properties of %, () and %, (1) (see e.g. [39, 107]) we can get that Yu € X when
ue X. So Y maps X into itself, then the mild solution of the problem (2.1)-(2.3) is the
fixed point of Y.

Assume that u, v € X, for each £ €[0,T] and each i € {1,...,N}. Using Lemma 1, we have

G
I'(a;)

— cgl.
- T(w)

< i ||u—U||3eft(t—S)“"_leksds
I'(a;) 0

t
1Y) (1) — (Y 0) (D)oo < fo (t—8)% " u(s) = v(8)INoods

t
f (t— 9% Le ™| u(s) = v(9)llnco e ds
0

Cgi k

t
< —e u—"rix,
ra URLE:

where €; = l|(lal, ..., lainD gy, thus
N cg
IYu-Yvllx<} k_“l lu—vllx.
i=1
We can choose k € N large enough such that
N cgl,
> <l
i1 k%

Hence, Y is a strict contraction on X. Thus, by the Banach’s fixed point theorem, Y has
a fixed point u € X.
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Now, we prove the uniqueness. Let 1, v € X be two mild solutions of (2.1)-(2.3) for T > 0,
then we have

i (1) = Vi lloo = 1Y) (1) = (Y ;) (D)l oo

& [ -
i f(t—s)“’ Nu(s) = v(8)lIn oo ds.
(ai) Jo

<

r

Hence N
t
lu® - v®lneo <€ | Y. (6= 9% uls) - v(s) N ds,
0 j=1

61 haN
o)’ """’ T(an)

where € = max{ } Thus, by Gronwall’s inequality, we get that u=v. H

Remark 2.1.1.  We can extend the result in the Proposition 1 for «; € (0,1], i €
{1,...,N}, so that for each i € {1,...,N} we put

N t
Fu; (D ug; + Z aijf (t—s)“i_lﬁai(t—s)uj(s)ds if a;€(0,1),
iz 0
(Y w)(0) = N
%(t)u0i+2a,-j Ti(t—s)uj(s)ds if a;=1.
=1 o
For the classical derivative (see [106]). The following result is concerning the regu-

larity of the mild solution.

__ N
Corollary 2.1.1. For each uy € D(A;) x -+ x D(An), and u € C ([O,T]; [C(Q)] )

is a mild solution of the problem (2.1)-(2.3) for «; € (0,1], i € {1,...,N}, then u is a
classical solution of the problem (2.1)-(2.3).

Proof. By the same argument as in [106, 107].

2.2 Asymptotic stability conditions for autonomous time-
fractional reaction—-diffusion systems

Throughout this section, we will present our most important results about asymptotic
stability for autonomous time—fractional reaction-diffusion systems.

2.2.1 Stability criteria for linear fractional reaction-diffusion sys-
tems

In the following, we discuss the asymptotic stability criteria for system (2.1)-(2.3) in the
commensurate and incommensurate scenarios.
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2.2.1.1 Commensurate scenario

Let us start by assessing the stability of the solutions to the generalized linear time-
fractional reaction diffusion system (2.1)-(2.3) subject to the fractional orders being iden-
tical, i.e. a; =--- = ay = a € (0,1]. First, we must define some important notation to be
used in the proofs. We denote by {)\i, {wi j};ﬂ:il}ZO an eigenpair of the elliptic operator
(—A) on Q subject to Neumann boundary conditions where 0 = Ag <A; <Ay <.... The

algebraic multiplicity of the eigenvalue A; is m; € N. We also denote the eigenspace
corresponding to A; as Z;; and define

and the sets
__ 1N
E= {(ul,..., un) | € [CZ(Q) nC(Q)] | (v.V)ug =0, in 0Q, k = 1,...,N}, (2.4)

and
Eij={cw;;j| ceRN}.
Also, let us set define the operator

L=DA+A. (2.5)

Finally, note that = can be decomposed in the form

o0
E=P=. (2.6)
i=0
Theorem 2.2.1. Subject to a; =+ = an = a € (0,1], if for all i € Ny both the
roots of the characteristic equation
det(A—A;D—ul) =0, (2.7)
satisfy the criterion
an
|larg ()| > -
then the zero solution of system (2.1)—(2.3) is asymptotically stable. On the contrary,
if at least one root of at least one equation of (2.7) satisfies |arg(p)| < <, then the
zero solution of (2.1)-(2.3) becomes asymptotically unstable.

Proof. The characteristic equation can be given by

L(®@1,...,PN) " = p(@1,...,DN) . (2.8)
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Since
oo Mm;
(@1,...,00) " =Y. Y (a@rijy..., anij) wij, (2.9)
i=0j=1
we obtain
oo m;
ZZ(A—)\iD—pI)(élll'j,...,dNij)Twij:0. (2.10)

i=0 j=1
Note that for all i = 0, E; is invariant under the operator L, and p is an eigenvalue of L
on E; if and only if it is an eigenvalue of the matrix A— A;D for some i = 0, in which
case, there exists an eigenvector in =;. Hence, we have an infinite number of ordinary
differential systems with the second member A — A;D for i € N. As a result, the zero
solution of system (2.1)—(2.3) is asymptotically stable if for all i € N the matrix A—A;D
satisfies the criterion of asymptotic stability in Theorem 2 of [69] and unstable if at least
one matrix A — A;D satisfies the instability criterion stated in the same theorem. [ |
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2.2.1.2 Incommensurate scenario

The next step is to identify the asymptotic stability conditions for system (2.1)-(2.3)
when the fractional derivative orders oy for k = 1,...,N are not identical. We assume
that the fractional orders oy = rfi—’“k € (0,1] with Iy, my €N, and g.c.d(ly, my) =1 for k =
1,2,..,N. In addition, we let m = l.c.m{m,,...,mn} and [ = g.c.d{l;,..., In}. It follows
that for each pair (I}, my), there exist two positive integer numbers s and # such that
I = spland my = I—”Z By letting y = % we have ay = qrY, where gi = sgtpfork=1,...,N
with the convention gy = 0. We also define:

s
C; = Z qi+r,
i=0

with r, s € Nj.
The following Lemma defines an important equivalence that is necessary for the
proof of our main result.

Lemma 2.2.1. System (2.1)—(2.3) is equivalent to

. 0r(AD,v) ifp=C, k=1,...,N,
Dy, Vp(t,x) = (2.11)

Upt1(f,x)  otherwise,

where

N
Or(A,D,v) = deAvg (1,%)+ ) ax; vy (8,5,
_ = _

subject to the initial conditions

ug(0,x) ifp=C_,, k=1,..,N,
vp(0,x) = (2.12)

0 otherwise,

with p=1,..., CON, and boundary conditions

(v.V) VgL 1(t,x) =0, t>0, xe0Q, (2.13)

with k=1,..., N.

Remark 2.2.1.  The equivalence mentioned in Lemma 2.2.1 is in the following
sense:
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-
« Whenever (Ul(lf, x), v2(t, x),..., vCoN(t, x)) is the solution of system (2.11)—(2.13),

the vector of functions

T
u(t,X) = (Uc(l)(t, .X'), Uq(t! X),..., UC%\H(I’ x)) ’

solves the initial-boundary value problem (2.1)—(2.3).

« Whenever u(t,x) = (u1(t,x),---, un(t,x)) " is the solution of the initial-boundary
value problem (2.1)-(2.3), the vector function

U1

U2

Uql+l

Vg +q2

Vgt +qn-1+1

Vagr+-+qn

solves system (2.11)-(2.13).

1231

CDY

0,t W1

C?Y
DO,t u

Uy

Cnq2Y
DO,t [2%)

UN

CnhdNY
DO,t UuN

, (2.14)

Proof of Lemma 2.2.1. We introduce the CON functions vy,..., Ve s such that:
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v1(t, %) := uy (£, x),
UC%(t)x) = uZ(tyx)y

\ : (2.15)

v (£,%) 1= un-1(t, x),
N-2

va (t,x) ;== un(t, x).
N-1

By using the property 2 in Proposition 1.1.3, we can decompose the derivative opera-
tors CDgit for i =1,...,N into a composition of g; fractional derivative operators CDg "
Hence, equations (2.1) can be converted into to the form:

€Dy w1 (1, x) = va(t, x),

Dy, va(t,x) = v3(t, x),

DY ,vg,-1(t, %) = vg, (1, X),
CDY v, (t,x)=diAvi (6, )+ XN ayiva (t,x)
0,t’q " 1 144, j=1 1j ('j—l y Ay

CD(\)(,thlﬂ(t’ X) = Vg, +2(t, X),

CDg,thhH]z—l(t’ x) = Vq1+q2(t, x))

DY Vgeqo (6,0 = doAvg i (6,0 + XN azjva (£,%)
0,tYq1t+q21% q1+1, j=1 2] Cj—l , X),

CDg,tvql+42+1(tr X) = Vgy+qp+2(2, X),

“Dy,,vg 1 (1,%) = v (£,),

CDg,tUCON(t’ X) = dNAUC}\I,l(t’ x)+ 21}1:1 anj VC}_I(t’ X),



CHAPTER 2. Time-fractional reaction—diffusion systems 29

subject to the initial value conditions
Ul (0) x) = ul (0) x)) vq1+--~+qj_1+1 (0) x) = u] (0) x)) for j = 2} ey N)

v1(0,x) =0, for k#1 and k # c}._l,

j=2,...,N,
and homogeneous Neumann boundary conditions

v.V)vi(8,%) =0, (v.V)vp 1(t,x):O, for j=2,...,N,
i-

with >0, x € 0Q).
This problem can be written in compact form as in (2.11)-(2.13).

-
1. Suppose that (vl(t, X), V2(t,X),..., UC"NU’ x)) is a solution of system (2.11)—(2.13),
then
D) v,0(t,x) =0 (A,D,v)
0,t (1 ) 1 y ) )

CDg th0(t,X) = @2(A,D» U))
G (2.16)

D} v (£, %) = ON(A, D, v).
’ N

By Using the properties in Proposition 1.1.3, system (2.11)—(2.12) yields
Dy v (t,x) = Dy ,vg, (1, %),

C C
= Dy ,... “Dy 18, %),
P ——
q1

= °Dy ... Dy ,(°DY ,v1 (5, %) = v1(0, )Yy _y),
N ———

Q-1
= °DY,... °D} ,(“DZ" w1 (2, %) — 110, X)Y1-2y — v2(0, X)Y1_y),
—

q1—2

= D} ... “Dy ,(°Dy) w1 (1, %) = 11(0, Y1 2y),
———

qi—2

= GDlevl(t) x) - (0) x)Yl—qlY)

,t

SDLvi (5, %) = 01(0, X) Y1,

“Dy w1 (t, x).
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Performing the exact same procedure for k =2,...,N, we get the general formula

CY _ Ck
DO,tvC%(t’x)_ Do,tvclk,l(t’x)'

-
Hence, it is straight forward to see that u(t, x) := (Ucé (t, x), Vgl (t,x),..., v (t, x))
is a solution of system (2.1)-(2.3).

2. Now, let us prove the second part of the equivalence. Let (u; (¢, x), ux(t, x),..., un(t, T
be a solution of initial-boundary value problem (2.1)-(2.3) leading to

CDg'ltYul(ty x) = dlAul (t) x) +ZI}I:1 alj u] (t’ x) ’

D ua(t,x) = dyAuip (1, x) + X0, azjuj (£, %),

3 (2.17)

Dy un (8, %) = dnAun (5,0 + XN anju; (£, x).

By taking advantage of properties in Proposition 1.1.3, the first equation of system
(2.17) transforms into

N
CDgltYul(t7x) — dlAul (t, x) + Z a]]u] (tyx)!
j=1
. N
= DgyltYul(t, X)— (O,X)Yl—qu = dlAul (t,x)+ Z ajuj (£, %),
=1

N
= DYDY i (8, %) — w1 (0, 0)Y1-y) = diAus (£,) + Y ayju; (£,%),
j=1

N
(-1
= D} ,ur(t,x) =Dy "V [ diAuy (1,0)+ Y arjuj(t,x)|.
j=1

We also have
°D} ,u1(0,x) =0.

Applying the same steps for all k=1,...,N, we obtain

DY ,u(0,x) = Dyl ur(0,x) == DI ur(0,x) =0,

which implies that (2.14) is a solution of system (2.11)—(2.13). [ |
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Before we present the stability criteria for the incommensurate case, let us define some
new notations.

9u Y12 ... P1n g e ... AN

Doy D2 ... Don oy A ... dbN
@ = , ,Qf =

@Nl @NZ cee @NN le esz see dNN

The diagonal and off-diagonal submatrices &;; and «/;; are defined differently as
follows:

0 1 0 0
0O 0 . 0
0 01 0
0 0 0
o 00 .0
Dii=|: - , A= , i=1,...,N,
0O 0 . 0
0O 0 O 1
d, 0 . 0
4> a; 0 0 ... 0
qi*x (i
and
0O 0 . 0
0 0 0 O 0
@ij: s dz’j: , 1;5], i)j:l’.“,N.
0 0 0 O 0
qixqj
aij 0 0
qixqj

Hence, the equations (2.11) can be rewritten in the form:
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“Dy ,v(t,X) = DAv(t,x) + L V(1,X), >0, x€Q, (2.18)

-
where v(x, t) = (vl(t,x), vo(t,%),..., U0 (t,x)) .Let 7:= ('171,'172,..., '170),
CN (N
_ 10
%:{'v'e [c@|™ and 7y eC’@ | v.9)Ty =0, in GQ,k:I,...,N},
k-1 k-1

Xij= {cw,-jlc € [RQCON}, and &; = @;.n:"l Zj. This leads to the decomposition:

Q@ =

&y

~
Il
(=]

Xi. (2.19)

Finally, we define the operator £ = 2A+.4f. The following Theorem presents the stability
criterion for the incommensurate case of (2.1)—(2.3).

Theorem 2.2.2. Suppose that the fractional orders are given by aj = rfl—’“k €(0,1]
with I, mg €N, g.c.d(l,my) =1 for k=1,2,...,N and let m = l.c.m{my,..., mn}.
The zero solution of system (2.1)-(2.3) is asymptotically stable if both roots of equa-
tions

det(diag(E™™,...,EMN) ~ A+ ;D) =0, (2.20)

for all i € Ny satisfy
T
|arg (E)' > %

Alternatively, if at least one root of one equation from (2.20) satisfies |arg(&)| <
then the zero solution of (2.1)—(2.3) is unstable.

T
2m’

Proof. The proof is straightforward thanks to the Lemma 2.2.1, which transforms
the incommensurate time—fractional reaction—diffusion system ( 2.1)-(2.3) into the com-
mensurate form (2.11)-(2.13). Since the two systems are equivalent in the sense of Re-
mark 2.2.1, it suffices to guarantee the asymptotic stability of the second system. Con-
sider the characteristic equation

L@y, D) " = (@, D) T, (2.21)
where
T Y T
(q)l""’q)CON) :i;)j;(r]lij,...,f]coNij) LUl] (2.22)

This can be written more compactly as

oo m;

ZZ(.,Q{—)\i@—}J.I)(r]lij,...,‘r]coNij)Twij:O. (2.23)
i=0j=1
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For each i € Ny, we note that & is invariant under operator £ and that p is an eigenvalue
of £ on &% iff it is an eigenvalue of the matrix o/ — ;2 for some i € Ny, in which
case there exists an eigenvector in %;. As a result, we end up with an infinity of ODE
systems with the second member o —A;Z for i € Ny that depend on A;. Hence, it is well
established that the zero solution of system (2.11)-(2.13) is asymptotically stable if the
asymptotic stability condition stated in Theorem 2 of [69] is satisfied for all i € N, i.e.
the roots of equations
det(of —A\; 2 —ul) =0,

satisfy |arg(p)| > L7
Using the basic properties of the determinant, with [ = g.c.d.{l;,..., IN} then we obtain

det(ef —A\; D —&'1) =0 = det(diag(E™™,...,E™N) A+ \;D) =0,

leading to |arg (§)| > 3,-- The second part of the Theorem regarding asymptotic instabil-
ity can be proven using the same procedure. [ |

2.2.2 Stability criteria for nonlinear fractional reaction—-diffusion
systems

In this section, we treat the more general nonlinear case. Consider the nonlinear time-
fractional reaction diffusion system described by:

CDgytu(t, x) =DAu(t,x) +F(u(t,x)), t>0, xeQ. (2.24)

subject to initial states
u(0,x) = up(x), x€Q, (2.25)

and Neumann boundary conditions
(vVu(t,x)=0, t>0, xe€0Q. (2.26)

In this case, F(u(t, x)) = (Fy(u(t, x)),...,Fx(u(t,x))) " is a nonlinear function in C2. The
following definition describes the constant (or homogeneous) steady-state solution of
that nonlinear system.

Definition 2.2.1. The constant vector u, is said to be a constant steady-state
solution of (2.24) subject to the initial data (2.25) and homogeneous Neumann bound-
ary conditions (2.26) iff F(u.4) = 0.

In order to simplify the calculations, we transform our system to one with zero
as its steady state. We introduce the translation u(z,x) = 9(¢, x) + ue; where 9(¢,x) =
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©1(t,x),...,9x(t,x) " and Ueq denotes the homogeneous steady-state solution of sys-
tem (2.24)-(2.26). Since the Caputo derivative of a constant is equal to zero, we end up
with

DS ,9(t, x) = DAS(L, x) + F (9(£, %) + teg) (2.27)
The nonlinear function F can be linearized by means of its Taylor series expansion
around the steady-state u,, leading to

F (91, %) + treq) = F (tteq) +J1u,, (1, x) + @ (1192, )I7),

where

)

Ueqg — au] 1< j<N

is the Jacobian matrix corresponding to F. Ignoring higher terms, we obtain the approx-
imation
F(O(t, %) + tteq) =Ty, O(t, X).

Therefore, the linearized version of the system is simply
“D§ ,9(t,x) = DAD(L, x) +]4,, 9(£, %), >0, x€Q, (2.28)

with the initial and boundary conditions

(0, x) =9 (x), x€Q, (2.29)
(v.V)O(t,x) =0, t>0, xe0Q. (2.30)
Corollary 2.2.1. Subject to the identical fractional-orders a; =--- =any =a €

(0,1], the steady-state u,, of system (2.24)-(2.26) is asymptotically stable if both
roots of
det(Jy,, —A;D—ul) =0, (2.31)

satisfy |arg(u)| > ¢ for all i € Ng. Alternatively, if at least one root of one equation
satisfies |arg (p)| < %, then ue, is unstable.

Proof. Theorem 2.2.1 can be applied directly to the linearized system (2.28)-(2.30)
at the constant steady-state solution . [ |

Corollary 2.2.2. Subject to the non-identical fractional orders oy = nl1—kk € (0,1]
with Iy, mi €N, where g.c.d(l, mg) =1for k=1,2,..,Nand m = l.c.m{my,..., mn},
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the constant steady-state u.4 of system (2.24)-(2.26) is asymptotically stable if both
the roots of equations

det(diag(émo‘l,...,ﬁmo‘N) _”ueq + )\ZD) =0, i€ N(), (2.32)

satisfy |arg(€)| > 7. Alternatively, if at least one root of one equation satisfies

|arg ()| < £, then u,q becomes unstable.

Proof. This result follows directly from Theorem 2.2.2 when considering the lin-
earized system (2.28)-(2.30) at the constant steady-state u,,. [ |

2.3 Examples and numerical experiments

In order to validate and illustrate the theoretical stability criteria proposed in this paper
for linear and nonlinear time—fractional reaction—diffusion systems, we resort to some
numerical examples. We consider two specific examples:the Schnackenberg model pro-
posed in [114] and the Gause-type predator-prey model examined in [115]. Numerical
solutions in one-dimensional space are obtained by means of the numerical scheme pro-
posed in [21] with time step h; = 0.0625 and spatial step h, = 0.2. In the following, we
discuss the solutions and asymptotic stability of these two models subject to different
parameter sets.

Example 2.3.1. We start with the Schnackenberg nonlinear model [114], which is
described by

CDg}tul =diAuy+a—u +uiu,  in (0,00) x Q,

D% up = doAuy + b — u? i Q

0.t U2 = d2Aup + uyuy in (0,00) x £,
(2.33)

u1(0,x) = uy,0(x),u2(0,x) = Uz 0(x) on 2,

v.V)u(t,x) = (v.Viux(t,x) =0, on (0,00) x 002,

where a;, a7 € (0,1] and a, b, d;, dy > 0. System (2.33) has the unique steady state

Est: (6l+b, (a+b)2).
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By linearizing (2.33) at Eg;, we obtain the linear system

CDyLur = diAuy + (2 — Duy + (a+b)*up  in (0,00) x Q,

(2.34)
u1(0,x) = uy,0(x),u2(0,x) = Uz p(x) on €,
V.V uy (£, %) = (v.V)ua(t, x) = 0, on (0,00) x 0Q).

We assume the initial conditions

u1,0(x) = 0.68 + <25,

uz(x)=0.78 + %.

In order to assess the validity of the theoretical stability criteria derived earlier, let us
consider the following sets of parameters:

1. Let Q2 =(0,10), (a1, 02) = (\/E, \/g), and (a, b,d;,d>) = (0.14,0.54,0.02,0.01). Us-
ing Theorem 1, we conclude that the zero solution of system (2.34) is asymp-
totically stable. The numerical solutions depicted in Figure 2.1 agree with the
theoretical results. By Corollary 1, it follows that the unique steady-state Eg; =
(0.68,1.1678) of system (2.33) is asymptotically stable, which again agrees with
the results in Figure 2.2.

2. Let Q = (0,10), (a1,a2) = (3,3), and (a,b,d1,d,) = (0.14,0.54,0.02,0.01). Using
Corollary 2, we know that the steady-state Es; = (0.68,1.1678) of system (2.33) is
asymptotically stable. The numerical solutions are depicted in Figure 2.3.

3. Let Q= (0,10), (a1,02) = (3, 1), and (a, b, dy, d>) = (0.042,0.626,0.02,0.01). Using
Theorem 2, we conclude that the zero steady-state of system (2.34) is asymptoti-
cally stable, and consequently, by Corollary (2), the steady-state E;; = (0.668, 1.4029)
of system (2.33) is also asymptotically stable. The numerical solutions of systems
(2.33) and (2.34) are depicted, respectively, in Figures 2.4 and 2.5.

4. Let Q = (0,10), (a1,x2) = (55, =), and (a, b, dy, dp) = (0.042,0.626,0.02,0.01). By
Corollary (2), system (2.33) is unstable, which agrees with the numerical solutions
in Figure 2.6.



37

CHAPTER 2. Time-fractional reaction—diffusion systems

Distance x

0

0

Time ¢

=
—

Distance x

0

-

0

Y
>

-
— (=]

\

Time ¢

-0.5

Numerical solutions of system (2.34) subject to the first set of parameters.

Figure 2.1

10

40

[in}

20

Distance x

0

Distance x Time ¢ 0

0

Time ¢t

Numerical solutions of system (2.33) subject to the first set of parameters.

Figure 2.2



38

Time ¢

CHAPTER 2. Time—fractional reaction—-diffusion systems

5
©
£ -
=2 < -
T | S
- R
- = 9]
//////////////Mﬂ@vv—" -~ A3 -
AW < RN
NN - L L\
NN g R
///////////////,/,//// . S ///%ﬂ = N
VAN - =
v 2
AN
R - j
< /o
W A - B
A g = = - - {
2 — = 7 o
(zfg)en \QQM
N
N N
) =B
g 5
,V///% ,:’ b Lm cm
A a
AN 2
/7 p
0o - 5
L 3
DN = ’
LRI =
L Ty
| 4 g E
§ J= &8 oz -
— M [=1 O“\w ™
(x47)In M
=
el0)
k2

Distance x

0

0

Distance x

0

0

Time ¢
Figure 2.4: Numerical solutions of system (2.34) subject to the third set of parameters.



39

CHAPTER 2. Time-fractional reaction—diffusion systems

=
—

Distance x

A (e
: _,l/ﬂfilq

W
R
R
4//.////4...,
A

\
o

0

Time ¢t

Distance x

0

Time ¢t

(=1
—

Distance x

0

LY
LT
LR
AL
WA=
e

0

Time ¢

Distance x

0

0

Time ¢

Figure 2.5: Numerical solutions of system (2.33) subject to the third set of parameters.

Figure 2.6: Numerical solutions of system (2.33) subject to the fourth set of parameters.



CHAPTER 2. Time-fractional reaction—diffusion systems 40

Example 2.3.2. Our second example is the Gause-type predator—prey model
discussed in [115], which is of the form

CDyLur = diAuy + rug(1— wi) — up/u;  in (0,00) x Q,
CDg,ztuZ = doAup +Puz(y/ur — 9) in (0,00) x Q,
) (2.35)
u1(0,x) = ul,O(x);uz 0,x) = uzyo(x) on Q,
(v.V)ui(t,x) = (v.V)ua(t,x) =0, on (0,00) x 00,

where ay,09 € (0,1] and r,$,8,d;,d> > 0. As shown in [115], system (2.35) has the three
steady—-states Ey = (0,0), E; = (1,0), and Ep = (82,r8(1 — 8%)). In our simulations, we
assume the initial conditions

11,0(x) = 0.047 + <25,

Up,0(x) = 0.083 + 28,
We consider three sets of parameters:

1. Let Q=(0,1), (07,00) = (\/g, \/g), and (,f,0,d;,d,) = (0.5,0.7,0.6,1,0.3). Corol-
lary (1) tells us that the steady-state E, = (0.36,0.192) of system (2.35) is asymp-
totically stable, which agrees with the numerical solution in Figure 2.7.

2. LetQ=(0,1), (a1, x2) = (,%), and (r,$,8,d1, d) = (0.5,0.7,0.6,1,0.3). From Corol-
lary (2), we see that the steady-state E, = (0.36,0.192) is asymptotically stable.
Again, this agrees with the results in Figure 2.8.

3. LetQ=(0,1), (a1, 0) = (2, 2), and (1, B, 8, dy, d2) = (0.5,0.7,0.3,1,0.3). Using Corol-
lary (2), we find that none of the steady-states are asymptotically stable.Indeed,
the numerical solution depicted in Figure 2.9 seems to be periodic in nature.
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CHAPTER

3

NUMERICAL METHODS FOR TIME-FRACTIONAL
REACTION-DIFFUSION/ODE SYSTEMS

In a reply letter to Leibniz in 1695,
L‘Hopital asked: “What if the order of
derivative will be %’?

Leibniz in a letter dated September 30,
1695 - the exact birthday of the
fractional calculus! - replied: “It will
lead to a paradox, from which one day
useful consequences will be drawn.”

Leibniz & L ‘Hoépital

This chapter is a continuation and support to the previous chapter, where an efficient
numerical method is derived for solving time-fractional reaction-diffusion systems.
The proposed numerical scheme is the method of lines (MOL), which depends on solving
fractional differential systems. The results appearing in this context have been published
throught [30, 34].
In the first two sections, we made several improvements to the predictor-corrector method,
relying on Newton’s and Lagrange’s interpolation, and we tested the effectiveness and
performance of these proposed methods on several examples.

43
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3.1 A Newton interpolation based predictor-corrector
numerical method for fractional differential equa-
tions

This section presents a new predictor-corrector numerical scheme suitable for fractional
differential equations. An improved explicit Atangana-Seda formula is obtained by con-
sidering the neglected terms and used as the predictor stage of the proposed method.
Numerical formulas are presented that approximate the classical first derivative as well
as the Caputo, Caputo-Fabrizio and Atangana-Baleanu fractional derivatives. Simula-
tion results are used to assess the approximation error of the new method for various
differential equations. In addition, a case study is considered where the proposed scheme
is used to obtain numerical solutions of the Gierer-Meinhardt activator-inhibitor model
with the aim of assessing the system’s dynamics.

3.1.1 The proposed predictor-corrector method

3.1.1.1 Classical derivative

We start with the simple classical initial-value problem given by

D9 _ (1, (1)),

(3.1)
y(0) =y,

where f is a smooth nonlinear function guaranteeing a unique solution y(#). In order to
develop a numerical formula approximating the solution of (3.1), we convert the differ-
ential equation into the integral

t
y() - y(0) :fo f(s,y(s)ds. (3.2)

In an iterative approximation, we may choose two distinct points in time ¢, = mAt and
tm+1 = (m+1)At. Substituting these points into (3.2) yields

Im

y(tm) —y(0) = A fs,y(8))ds,

and
Im+1

¥ (tm+1) — ¥(0) = 5 f(s,ys)ds,
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respectively. Taking the difference yields

Im+1

Y(tm+1) =y (tm) = f(s,y()ds. (3.3)

Im

Hence, the function f(s, y(s)) may be approximated over the interval [, ;,,+1] by means
of Newton’s second order interpolation polynomial given by

tm+1, V(Eme1) ) — tm, ¥ (tm)
A = Flimer,y (tmen) + U721 ”A)t f (b (i)
+f(tm+1;_)/(tm+1))_Zf(tm,y(tm))+f([m—1xy(tm—1))

2(A1)?
X (S_ tm) (S_ tm+l) . (3-4)

($— tm+1)

Substitution into (3.3) leads to the difference formula

[ , - tm, Im+1
Vsl = Ym = f[tm+l»ym+l)At+ f( m+1 J’m+1) f( m .Vm))f (S—tmsr) ds
Im

At
+ (f(tm+1,ym+1) _zf(tm: ym) + f(tm—l»J/m—l))
2(A1)?
Im+1
f (s—ty) (S— tpy1) ds. (3.5)
Im
Given that . )
m+1 At
f (s—tm+1)ds:—( ) , (3.6)
tm 2
and . s
m+1 At
f (s—ty) (s—tm+1)ds:—( 6) , (3.7)
Im

formula (3.5) reduces to the implicit form

At
Ym+a1—VYm = f(tm+1»J’m+1)At_ [f(tm+1yJ’m+1)_f(tmyJ/m)]7

= [f (tm+1, yme1) =2 (tmy Ym) + f (tm-1, Ym-1) ] % (3.8)

The term y,,+1 appears on both sides of the formula. The predictor-corrector scheme
works by first producing an approximation of y,,+1 denoted by ygl +1> and then using
(3.8) to correct the approximation. The correction formula is, thus, given by (it is the
same the two step Adams-Moulton scheme)

At

5 2
Ym+1=Ymt Ef(tm+1;y51+1)At+ gf(tm»J/m)At_f(tm—bJ/m—l) E; (3-9)
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where the predictor yfn .1 is obtained by means of the Atangana-Seda scheme (two step
Adams-Moulton method), it is the same the three step Adams-Bashforth method (cf. [9]
and [14, p. 110]), i.e.

5 4 23
me+1 = ym"'ﬁf(tm—Zyym—Z)At_ gf(tm—lyym—l)At"' Ef(tm;ym)At- (3.10)

Throughout the remainder, We deal with various fractional derivatives.

3.1.1.2 Caputo fractional derivative

The most commonly fractional derivative used is the so-called Caputo fractional deriva-
tive one. We consider the initial-value problem:

SDYy(1) = f(1, (1)),
(3.11)

¥(0) = yo,

with a € (0,1], and f being a smooth nonlinear function such that (3.11) admits a unique
solution y(#). Following the same procedure of the standard case, we start with the
integral

t
y0-y0 = == [ fis.yne- 9 ds. (3.12)

Note that we have applied the left-sided a-order Riemann-Liouville fractional integral to
both sides of the Caputo fractional differential equation, i.e. the first equation of (3.11),
and incoporated the initial condition (cf. [27]). At the single point #,,1; = (m+1)At, we
have

1 tm+1
Y (tme1) = y(0)+ﬁ i F(5,7(8) (tms1 — ) ds
1 7 Li+1 a1
= y(0)+ﬁl§0 . f(s,y(9) (tps1 — ) ds, (3.13)

with #p = 0. Function f(s, y(s)) can be approximated over the sub-interval [#;, #;11] as a
polynomial by means of

Ni(s) if i=0,
HNi(s) = (3.14)
Ni(s) if iell,...,m},

where

f(ti+1,J/(ti+1)) _f(tl)Y(tl))

Ni(8) = f(t;,y(8:) + A

(s— 1), (3.15)
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and
o~ ti y (tl ) - ti) (tl)
TS = fltiny )+ LY “A)t Sty ) oy
+f(ti+1yy(ti+1))_Zf(tiyy(ti))+f(ti—1»J/(ti—1))
2(A1)?
X (s—t;)(s—tis1). (3.16)

Using the Newton polynomial (4.108), formula (3.13) becomes
[, y(t)) — f (2o, y(10))

n

1
Y(tma) = y(0)+—

I (20, y(10)) + ( )s] (tme1— ) Lds

I'(a) At
1
+_
I'la)

f(ti+1,y(ti+1))
m fi (tHl y(tHXl f(tl y(tz)) (S— ti+1) 1
Zf 1 b (tme1 — 9% ds. (3.17)
i=1Y1 f(tz+1 y(ti))=2f (8, y(t))+ f (ti-1,y(ti-1)

2(A1)2
x(s—1;) (s— ti+1)

Simplifying and rearranging the terms leads to

1 2 1 (t) )_ (t ) ) h _
Ym+1 = J’o+mf(l‘0,J/0) (tme1— 9 ldS+F(cx) (f L Atf 0. Yo )fo S(tme1— ) ds

liv1
Zf tz+h}’z+1)f (tm+1_3)a_1d5

F( ) iz
1 tiv1, Viel) — F Lt vi) [lia B
+F(0() l:Z‘if( i+1 ylz)t f(t yl)fti (= tix1) (bma1 — 9% ' ds
L1 i iy, yier) =2f (ti yi) + f (ti1, yic1)
NG =t 2(A1)?
li+1
xf (s= 1) (s = tis1) (bme1 — 9 ' ds. (3.18)
li

The four different integrals in (3.18) can be calculated as

(A Z.)O(+l
aloa+1)

5]
f s(tpe1— )% tds= [(m+1)°‘+1—m°‘+1—((x+1)m°‘], (3.19)
0

tit (04
f 1(t,nﬂ—s)"“lds: (Aoi) [((m—i+D%=(m-1%], (3.20)
L;
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(A[)a+l
ala

li+
f 1(s—z‘,-+1)(tm+1—s)"‘_lds— [(m—l—(x)(m—l+1)°‘—(m 1)‘”1] (3.21)
Ii

and

2im—-i2—am—-i+1)
(m—-i+1)®
tiv1 +2(m—l)
f (5= 1) (5= ti1) (ts1 — )% ds =
g 2m—-i)?+a(m—1i)
-(m-0*

+2(m—1i)

(A t)u+2
ala+1)(a+2)’

(3.22)

respectively. By substituting these calculations into (3.18), we obtain

= an® o 0
Ymi1 = y0+1“(0(+1)f(t0’y0)[(m+1) m"|
(At)a a+1 a+l o
rarg )= flio ) [m+ D —m® = (et 1ym]
(At)a 4 . o4 Ol
F(O(+ 1) ;f(fm,yzﬂ)[(m—wl) (m-1) ]
(AH* ' ' . .
F((x+2)z‘( (tz+1,yz+1 f(l‘i,yi))[(M—l—(x)(m—z+1) —(m-1 ]
i=1
(At)(x m
g i i) =2F () + £t y1c1)
2m-i)?—am—-i+1)
(m—-i+1)®
+2(m—1)
x : (3.23)
2(m—-i)?+a(m—1i)
_(m_l')(x
+2(m—1i)
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In order to simplify the formulas to come, let us define the expresion

(An™ L o
Yy = F(OH_I)Zf(tl+1»%+1)[(m—l+1) —(m—1i) ]
(At)a i( (t Vi )_f(l- y)) [(m_l_(x)(m_l+l)a_(m_l)(X+1]
r((x+2) = i+ Vi+1 D JYi
AD* L2
g 2 U (e yom) =2 (102) 4 £ 11, :1)
2(m—i)? —a(m—i+1)
(m—-i+1°
+2(m—1)
X : (3.24)
2m—-i)?+a(m—1i)
_(m_ l)(x
+2(m—1i)
with the convention
Yo=0. (3.25)

Using this notation, (3.23) can be rewritten in the form

(An)*

Yme1 = Yo+ Ymo1+ Mf(tOrJ’O) [(m+ 1% — m(x]
(At)a at+l o+l o
F( +2) ——— (ftr, y1) = f(t0, y0)) [(m+ 1) m (a+1)m*]
An® a(AD)®
+F((X+ 1)f(tm+1,J’m+1) + Ta+2) (f(tm,ym) _f(tm+1»J/m+1))
A<
_;Ea:s) (f (tme1, yme1) =2 (tm ym) + f (tm-1, Ym-1)) - (3.26)

Formula (3.26) will serve as our implicit part, i.e. the corrector. The terms y,,+; on
the right hand side will be replaced by the predictor y¥ .|, which will be an improved
version of the Atangana-Seda scheme derived for the Caputo fractional derivative in [8].
To obtain our predictor formula, let us go back to (3.12) and use the predictor notation

yP(t), which yields

¥ -y = @ f sy (E—9*ds,
and, consequently, at #,,+1 = (m+ 1)At, we have
1 I rliv
W tm) =y @+ == | f(5y(8) (tme1 -9 ds. (3.27)

T =,
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The function f(s, y(s)) can be approximated over each sub-interval [#;, t;+1] using a de-
layed version of the Newton’s polynomial seen earlier, given by

AP(s) if i€{0,1},
N ()= (3.28)
NFP(s) if i€(2,...,m},
Where (tie1, V(tia1) — f L1, (1)
JV?(s):f(ti,y(t,-m(f Aaihs l“m Sty )(s—t,-), (3.29)
and
ti—1, v (ti- — ti—o, ¥V (ti—
'//V;P(S) = f(tica,y(ti22)) + UURDAU 1))Atf(l 2) 2)))(8—ti—z)
+(f(tiyJ’(ti))—zf(ti—lrJ’(ti—l))+f(ti—2,.V(ti—2)))
2(A1)2
x(s—ti2)(s—1ti—1). (3.30)

Substituting the interpolated approximation of f (s, y(s)) into (3.27) yields the predictor

1 li+1
J’fnﬂ = Z (tz,% ft (tm+1—3)0‘_1d8
i=0 i
1 tiv1, ti, Vi Lit
F(a) Z f( i+1 yl+;)t ( i J’l)f ! (5= 1) (e _ 9%l s
i=0 li
m liv1 )
Zf li-2,Yi- )f (tme1— 9 " ds
F( ) iz t
1 m ti—1,Vie1) — ti_o, Vi tiv1
+F(O() Zf( i-1> )i I)Atf( i-2,Yi 2)[ (5=t 2)(l‘m+1—s)a_1 ds
i=2 ti
N 1 i ftiyi)=2f (ti-1, yie1) + f (ti2, yi-2)
I'o) ;5 2(A1)?
liv1
Xf ($—ti-2) (S — ti—1) (tm+1 — ) ds. (3.31)
ti

We can calculate the integrals as

(A t)(x+l

- [((m—i+D*! = (m - = (a+1)(m- D],

(3.32)

Liv1
f (5= 1) (tmy1— )" T ds=
li
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(At)oc+1 (m—i+1)“(m—i+3+2(x)

i+l
f (5= i) (tmar — %V ds = . (3.33)
I

ala+1) ) )
—-(m-9D%m-i+3+3x)

and

2(m—0)%+ Ba+10)(m— i)
(m—-i+1°
fi +20% + 90+ 12
f ($=—tim2) (S— ti=1) (tmy1 — ) Hds =
t; . .
2m—1)2+ 5o+ 10)(m — 1)
-(m-0*
+60% +18a+12

(A Z.)O(+2

X— (3.34)
ala+1D(ax+2)

Substituting these calculations into (3.31) produces the improved Atangana-Seda scheme
predictor
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p — (At)a - _ o [0
Ymi1 = Yo+ F(O(H)Zf ti,yi) [((m—i+1)* = (m—i)°]
(AZ.)O( 1
T(a+2) ;)(f(tHl»J/Hl)_f(tz,J/z))
x[(m—i+1D)" = (m-)" — (a+1)(m— )]
P BT S e i) [(m= i+ D= (= i)
T'a+1) Lz, i

i=2
Aan* &
1“(a+2) Z( (ti—l’yi—l) —f(ti—z,J/i—z))

m—-i+1D%m-i+3+20)

-(m-1)%m-i+3+3a)

21“(?013) Z [f (2 yi) = 2f (ti1, yi1) + f (G2, yi-2)]

. 2m—1)2%+ Ba+10)(m—1i)
(m—-i+1)

+202 +9a+12
X ) (3.35)

2(m—i)%2+ 5a+10)(m— i)
-(m-0*

+6a% + 18a+ 12

In each iteration, the predictor (3.35) is calculated and then corrected by means of the
implicit formula

ALY
Yme1 = Yo+t Ym+ F(((x—z 1)f(lfoyyo) [(m+1)*—m"]

(Aan® a+l o+l o
a2 ——— (f(t1,y1) = f(to, y0)) [(m+ D** ! = m**! — (a+ 1)m]

(At)o‘ P (X(At)a B p

traanyf e )+ foyy U (o vm) = £ (e, Vi)
A)¥
s (f(tm+1’ypm+l)_zf(tm»J/m)+f(tm—1,ym—1)). (3.36)

2T(0+3)
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3.1.1.3 Error Analysis

In this sub-section, we would like to present a detailed error analysis for the proposed
Newton interpolation based predictor-corrector applied to the Caputo fractional differ-
ential equation (3.11).

Lemma 3.1.1. Subject to f(., y(.)) € C3([0,T]),

liv1

F(a) Z (F(5, () = A L)) (tms1 — 9% L ds| < CALP, (3.37)

where C >0 and

2 if ie{01},
p= (3.38)
3 if i€f2,...,m}.

Proof. We have two distinct cases depending on the index 7, namely 7 € {0,1} and
i €1{2,...,m}. We focus on the second case. The first case can be proven by following the
same steps. According to the well-known Taylor’s theorem, for s € [¢;, t;41], there exist
Yi () € [t;, ti+1] such that

li+1 3) (. .
PP f FP i), yyi(s)
r((x)l =2J1;

3 (s = ti-2)(s = 1i-1) (s = ;) (tns1 = ) | ds

Liv1
—ti_2)(5i— ti_ )(E‘—r)f (tms1— 9% 1 ds
6F( ) i—2)\97 i—1)\97 i | " m+1
MNP [l
< tme1 — )% 1d
6T ) lzzzft (tme1—98)* " ds
MAB
= — tma1 — 1) = (a1 — tis1)®
6T (o + 1) lzzé(( m+1 l) ( m+1 z+1) )
J%t—gllAﬁ*,
6Il'(a+1)
where /4 = sup |f3(8,y(6))| and's; € [£;, £i41] u
6€[0,T]

Lemma 3.1.2. Subject to f(., y(.) € C3([0,T]),

liv1

F(a) Z (F(s, 7)) = Ai(8)) (Ems1 — 9% ' ds| < CALY, (3.39)
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where C >0 and
2 if i=0,
g = (3.40)
3 if ief{l,...,m}.

Proof. This proof is analogous to that of Lemma 3.1.1 and thus has been omitted.®

Theorem 3.1.1. Suppose that f(.,y(.) € C3 ([0, T]) fulfils a Lipschitz condition
with respect to its second variable. Then, for the predictor-corrector scheme (3.35-
3.36), we have

max |y () - yi|=0(AF). (3.41)

O<ism+1

Proof. Using the assumtions stated in the theorem, formulas (3.35) and (3.36), Lem-
mas 3.1.1 and 3.1.2, and simple mathematical induction for 0 < i < m + 1, the result
follows directly. [ |

3.1.1.4 Caputo-Fabrizio fractional derivative

In this section, we will follow the same steps to derive a predictor-corrector scheme for
the Caputo-Fabrizio fractional initial-value problem

SEDYy (1) = (2, y(1),
(3.42)

y(0) = yo,

where the fractional order a € (0,1) and f is a nonlinear smooth function chosen such
that system (3.42) admits a unique solution y(#). Similar to the previous section, we apply
the left-sided Caputo-Fabrizio fractional integral to both sides of the Caputo-Fabrizio
fractional differential equation in (3.42) and incoporate the initial condition (cf. [80]) to

produce
—a a

1
y(@) —y0) = ——f(£, y(1) +

t
M@ M fo fs,y(8)ds,

which when evaluated at two points in time t,, = mA¢t and t,,+; = (m+ 1)At yields

l1-«
Y (tm) = y(0) = ——f (tm, y (tm)) +

tm
M () f(s,y(s)ds,

M(a) Jo
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and

Im+1

1-
¥ (tms1) — y(0) = mf(tm+1,y(rm+1)) +% £(s,y(s)ds, (3.43)

respectively. Taking the difference of the two points produces
Im+1
(s, y(s)ds.
M@y, 1Y

(3.44)
Function f(s,y(s)) can be approximated over the sub-interval [#,,, t;;,+1] by means of
the same second order Newton polynomial (3.4), which was employed in the classical
derivative case. The result is

1-«a
Y (tme1) = ¥ () = M@ [f (tms1, ¥ Ems)) = f (80 ¥ (E))] +

Ym+1 = Ymt f(tm+1»_Vm+l)

-

tm+1;)’m+1 f(tm;J/m))f[m“
tm

(S—tms1)ds

(
M(a (
( (tms1) Yms1) 2f(fm,J/m)+f(fm—1,Ym—1))

M((x) 2(At1)?

Im+1
X f (s—ty)(s—tme1) ds. (3.45)
Im
Replacing the integrals by their respective values from (3.6) and (3.7) leads to the formula

1-
M@ 2 (tmsrs ¥ ) = £ (e y ()]
aAt alt

Ym+1 = YmT

+mf(tm+1»_)/m+l) - [f(tm+1,ym+1) _f(tm;ym)] m
— [f(tm+1rym+l)_zf(tmrym)'i'f(tm—l»ym—l)] #A(ta) (3.46)

Again, the terms y,,+1 appearing on the right hand side of the implicit formula (3.46) are
replaced by the prediction me 1 obtained using the Atangana-Seda scheme developed
for the Caputo-Fabrizio fractional derivative in [8]. This yields the implicit corrector
formula

1-
Ym+1 = J/m"'m[f(th’J’mﬂ) f(tm:ym)]

o
+
M(a)

5 At
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with the predictor term takes the following form:

l1-«a
y51+1 = J’m+m[f(tmrJ’rn)_f(tm—l’J’m—l)]
(0
+
M(x)
5 4 23
X Ef(tm—z;ym—z)At_gf(tm—lyJ/m—l)At"‘Ef(tmrym)At . (3-48)

3.1.1.5 Atangana-Baleanu Fractional Derivative

The third type of fractional derivative we would like to consider is the Atangana-Baleanu
derivative. Let us consider the initial-value problem

ABCDYy (1) = f (1, y (1),
(3.49)

y(0) = yo,

where, as usual, the fractional order a € (0,1) and f is a smooth nonlinear function
that guarantees the existence of a unique solution y(#) for (3.49). In order to obtain a
predictor-corrector numerical scheme that solves (3.49), we apply the left-sided Atangana-
Baleanu fractional integral to both sides of the Atangana-Baleanu fractional differential
equation in (3.49) and incoporate the initial condition (cf. [9]) to produce

Fis, )N (t—9)*ds,

0 -y0) = —% it (m+Lft
Y=y =S fy + v b

which leads to the approximation of y(¢) at #,,+; = (m+ 1)At given by

- o m Li+1

-«
Y tme) = YO+ 3o f bty (men)) + Jprommes 2 )

(8, y() (tme1 — ) ds,
(3.50)
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where ty = 0. Using the Newton polynomial (3.14) to approximate function f(s, y(s)) in
(3.50) yields

J/(tm+1) = y(0)+AB(a)f(tm+1;J/(tm+l))
h f(tl,y(tl))—f(to,y(fo))) ] _a-l
+—AB(0()F(0()f0 [f(to,y(fo))+( A7 S| (Eme1—9)" " ds
. a
AB()TI' (o)
f(ti+1yJ’(ti+1))

tiv1,Y(tiv))—f (5,y(5)
+f( LY HA)t fy )(S—ti+1)

m il
< [
i=1Y1%;

S (Ee1 — )% ds, (3.51)
f(fz+1 y(ti)) =21 (6, y(&))+f (ti-1,y(ti-1))
2(A1)2

X (s—=1;)(s—tis1)

which can be simplified and rearranged to the form

o
Yms1 = y0+mf(tm+1»y(tm+l))
x h (X—ld
+mf(%)’o)fo (tm+1—9) S
_ t
r—= (f(n,yn f(ro,yw) f St — )%V ds
AB((X)F(O() At 0

m Liv1
AB((X)F(O( Z ( i+1»J’i+1)];i (tm+1_3)0(_1 ds

i=1

nf(tin, yie) = (8 i) (in .
AB((X)F((X ; At ﬁi (s—ti+1) (tms1—9) ds
i f(tier, yvier) =21 (8, i) + f(tiz1, yi-1)
AB((X)F((X i=1 Z(At)z

liv1
Xf (s= 1) (5= Li41) (Eme1 — 9 ds. (3.52)
I
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Replacing the integrals with their respective values from (3.19)-(3.22) leads to

- J (tme1, y ()

Ym+1 = yo+m
a(AD™ ) )
AB(a)r(a+1)f(l‘0,J/o)[(m+1) m ]
Bl Uy = flio, yo)) [m+ DE = m™ ~ (ot mf]
a(An? m

+mi;f(ti+b%+1)[(m—l+l) —(m-1) ]

(At)()( m

. . _ . 1. 7 ] a_ _ o+l
F(a+2)i;(f(l‘z+1,yz+1) ftoy)) [(m-i-m=-i+ %= (m-i)*]

(At)(x m
21“(a+3) Z (f(ti+1»J/i+1) _Zf(tiyyi) +f(ti—1)yi—1))
i=1

(m—i+D*[2m=-i)?-a(m—i+1)+2(m—1i)]
x : (3.53)
—(m-D%[2(m-)*+a(m—i)+2(m—1)]

Using the notation Y,,_; defined earlier in (3.24)-(3.25) and replacing the terms y,,4+1 on
the right hand side of the formula by the predicted value y¥ . |, we obtain the predictor-
corrector method described by the implicit formula

Ym+1 = y0+AB(a)f(tm+1;J’m+1)+AB(a)Ym—1+AB((x)r(a+1)f(t0,yo)[(m+1) m ]
__a@ant _ w1 an )
+AB(0()F(0(+2) (f (1, y) = f (t0, y0)) [(m+ 1) m (o +1)m°]
a(An® p o2 (AN ,
ABT (o 17 et Yme) ¥ Ry gy U Umeym) =1 e Y )
a®(AD)“ >
(f(tm+1’ym+l)_2f(tm’ym)+f(tm—lyym—l))’ (3.54)

" 2AB(@)T (o + 3)
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with the improved explicit Atangana-Seda predictor

Yme1 = y0+AB((x)f(fm,J/m) AB@T(a+1) ; (t,,y,)[(m i+D%=(m l)]

a(ADS 1

mZ( f(tien, yie1) = £ (2, 3))

[(m—l+1)°‘+1—(m—i)“*l—(o(+1)(m_i)a]
a(Ap« m

AT & iz i) [(m=i+ D% = m =07
a(Ap« m

*AB@rary & (o yim) =1 (2, yie2))

m—-i+1D*m-i+3+2a)

X
—(m-0)%m-i+3+3a)
a(Ap«
T 2AB(I(«+3) & Z Lf (i yi) = 2f (i1, yi-1) + f (ti-2, yi-2) ]

(m—i+1D)%[2(m-)?+ @Ba+10)(m—i) +20* +9a + 12]
x : (3.55)

—(m—D%[2(m—i)?+ (5a+10)(m — i) + 60* + 18a + 12]

Note that this predictor is obtained in the same way as that of the Caputo derivative in
Section 3.1.1.2.

Concluding Remarks

Remark 3.1.1.
« The predictor term yP .| used in each of the previous scenarios can be replaced
by any other scheme including, for instance, the ones in [27, 77]. In the cases of

the Caputo-Fabrizio/Atangana-Baleanu fractional derivatives, some minor modi-
fications would have to be made to the methods.

« In the initial-value problem (3.11),if n—1<a<neNand y, = (J/O,l, . --;yO,n); then
the initial value yy on the right hand side of (3.35) and (3.36) needs to be replaced

by the sum
n-1 I,‘k

m+1
Z T.VO k+1-
k=0
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3.1.2 Examples and numerical experiments

In this section, we will present simulation results obtained by means of the predictor-
corrector numerical methods proposed in this paper for different initial value problems.
In the last example, we will consider a fractional activator-inhibitor Gierer-Meinhardt
model whose dynamics are to be analyzed based on the obtained numerical solutions.
Throughout this section, we use the absolute error
ti) — yil.
OSIiI;arr)z(+1|y( D= il

In addition, we use the acronyms: predictor—corrector (PC), proposed predictor—corrector
(PPC), Atangana—-Seda (AS), improved Atangana—-Seda (IAS), two step Adams-Moulton
(TSAM), and three step Adams-Bashforth (TSAB).

Example 3.1.1. We start with the classical initial-value problem

D —2y(1)+3,
(3.56)
y(0) =1,
which has the exact solution
5, 3
y(l') = Ee - 5 (357)

Figure 3.1 depicts the exact solution (3.57) along with the numerical solutions obtained by
means of the proposed method and the standard Atangana-Seda method. The absolute
error results are shown in Table 3.1 for different values of the numerical step size. We
see that the proposed method for the classical derivative given in (3.9) as well as the
Caputo method in (3.36) applied with o = 1 achieve a considerably lower error than the
two-step Adams-Bashforth (cf. [14, p. 110]) methods.

Example 3.1.2. Let us consider another initial-value problem with a classical
derivative:
D _cos2n)y2 (1),
(3.58)
y(0) =1.

The exact solution of this problem is known to be

y(1) (3.59)

T 2+sin@2n’

The exact solution (3.59) is depicted in Figure 3.2 alongside the numerical solution ob-
tained by means of the proposed numerical scheme (3.9) and the Atangana-Seda solution.
The error performance is detailed in Table 3.2. Again, the proposed schemes achieve a
noticeably superior performance.
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Figure 3.1: Solution of problem (3.56) for ¢ € [0, 1].
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Figure 3.2: Solution of problem (3.58) for ¢ € [0,30].
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Example 3.1.3. Next, we consider the fractional Caputo initial-value problem
D%y (1) = P,
(3.60)
y(0) =0,
for some real constant 3, which admits the unique exact solution
r(ﬁ +1) o+P
=—m——"— 3.61
yi) INa+p+1) (3.6

Figure 3.3 shows the exact solution (3.61) along with the numerical solution obtained by
means of the proposed predictor corrector scheme (3.36) and the standard and improved
Atangana-Seda methods for § = 0.9 and « € {0.25,0.87}. The absolute error results are
presented in Table 3.3 for the same value of § and « € {0.25,0.56,0.87} with different nu-
merical step sizes. In all scenratios, the absolute error achieved by the proposed method
is lower than the improved Atangana-Seda method, which in turn is lower than the
standard one.

a=0.25 o =0.87
3.5 ! T T 45 ! T T
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E e /
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2.5 z I
/ 3t 4
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2r a 25} ;
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= i} > Vd
15 # 2r 4
g
o a
J &
7 L5 s
1t 4 @
4 7
s 1+ »
0.5} ¥ B
%4 05 =
v &
A B
2 B
0k L L L I sl L L L L
05 1 15 2 25 3 0.5 1 15 2 25 3
Time ¢ Time ¢

Figure 3.3: Solution of problem (3.60) for § = 0.9 and ¢ € [0, 3].
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Example 3.1.4. Let us consider the fractional Caputo initial-value problem

2—a 1-a
ngyu):g%zﬁ_féqﬁ—}qn—t+t%
(3.62)
y(0) =0.
(3.63)

The exact solution of (3.62) can be shown to be
y() =t>-t.

Figure 3.4 and Table 3.4 present the numerical solutions of (3.62) in comparison to the

exact solution (3.63) for different fractional orders and numerical steps sizes. Again,
the proposed method (3.36) is superior to the Atangana-Seda method and the improved

method (3.35).
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01 T T T 02 T T T
] i
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Figure 3.4: Solution of problem (3.62) for ¢ € [0, 1].
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Example 3.1.5. In the previous examples, we considered some simple single dif-
ferential equations with known exact solutions. Let us now analyze a realistic fractional
activator-inhibitor model using analytical stability theory and validate the theoretical
results numerically by means of the proposed method. Consider the system described

by

$D%a(r) = gop + cQ 4L - pals),
1 SD%h(p) = c'p'a(n)® - vh(1), (3.64)

a(O) = o, h(O) = h())

where a(t) and h(t) denote the concentrations of the activator and inhibitor substances
at time instant t, respectively. The constants ,0,¢,l,¢’,Q’,do,ho and v are assumed to be
positive real numbers, and the fractional differentiation order a € (0,1]. For a = 1, system
(3.64) reduces to the well known Gierer-Meinhardt model describing the morphogenesis
process [43, 93]. Morphogenesis is the biological process driving living organisms to
take specific shapes. Inclusion of a diffusion part in the Gierer-Meinhardt model was
useful in modeling the head formation of a fresh-water animal known as hydra [42]. It
is well established that system (3.64) admits the unique equilibrium point (cf. [93]):

E*=(a",h"), (3.65)
where .
o = Q0eCe+ cov (3.66)
uc'e
and L
h* = %(a*)z. (3.67)

Evaluating the Jacobian matrix of system (3.64) at the unique equilibrium E* yields

2cpy n _Q( uv )2
IlE* — cvV+C P Qo e \cv+C'P'oo (368)
2p(ev+c'e'00) v
n
The determinant and trace of the Jacobian are given by
2uve
tr]|gx = p—” ol VA (3.69)
ve+pop'c

and
det]|g+ = nv, (3.70)



CHAPTER 3. Numerical methods for fractional reaction-diffusion/ODE systems 68

respectively. Hence, the characteristic equation of associated with E* is
A2 —Atr)|gs +det]|g- =0, (3.71)

leading to the eigenvalues

1
M =5 (e £ Vi — ddet]s- ). (3.72)

The dynamics of (3.64) can be analyzed by means of the results in [5, Section 3]. Firstly,
if the discriminant of (3.71) is equal to zero, i.e.

tr?J|g+ —4det]|g: =0, (3.73)

the eigenvelues (3.72) reduce to the real quantity
1
A2 = Etr”E*- (3.74)

Hence, the equilibrium E* is asymptotically stable when trJ|g+ < 0 and unstable when
trJ|g+ > 0 for all @ € (0,1].
Secondly, if the discriminant is strictly positive, i.e.

tr’J|g+ — 4det]|g= > 0, (3.75)

the eigenvalues (3.72) are also real. However, we distinguish two cases with respect to
the asymptotic stability:

o If tr]|g+ > 0, then

1
M= (trIIE* +V/tr?] g —4detI|E*) > 0. (3.76)

Thus, |arg()\1)| =0 and E* is unstable for all a € (0, 1].

o If tr]|g+ <0, then
Tt
larg(A12)| = > - for o€ (0,1]. (3.77)

Thus, E* is asymptotically stable for all a € (0, 1].
Thirdly, if the discriminant is strictly negative, i.e.
tr’J|g+ —4det]|gs <0, (3.78)

the eigenvalues become

1
Mo=s (715 + iv/4detle: — 2, (3.79)

leading to three distinguishable cases:



CHAPTER 3. Numerical methods for fractional reaction-diffusion/ODE systems 69

o If tr]|g =0, then

)\1,2 =+iy/det]|g*, (3.80)

leading to
larg(A12)| = g > O;—JT for a€ (0,1). (3.81)

Hence, E* is asymptotically stable for all a € (0, 1).

o If tr]|g+ <0, then
T am
larg(A12)| > 5> for o€ (0,1), (3.82)

and, consequently, E* is asymptotically stable for all a € (0, 1].

o If tr]|g+ > 0, then E* is asymptotically stable for all a € (0,1) if

apv (cv+op'c)

an
tan” (|arg(A12)|) = > tan® [ — | +1, (3.83)
(ev(i=v) —gog'c’ (+V))* | 2 )
and unstable for all a € (0,1) if
4 Y
hv(ev+og'c) <tan2(a2—n) +1. (3.84)

(ev(pn—v) —po'c'(u+ v))2

Remark 3.1.2.  If the unique equilibrium E* of (3.64) is unstable for some o €
(0,1), then E* is also unstable for a = 1. Since an exact solution is not available for

system (3.64), visualizing the system dynamics requires numerical solutions, which can
be obtained using the proposed predictor-corrector method described by (3.35)-(3.36).
The parameters adopted for the simulations are listed in Table 3.5.
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Table 3.5: Parameter values of system (3.64) adopted in the numerical simulations.

Parameter || o | o | M | v | ¢ | ¢ ay | ho

Condition (3.78) can be easily verified and tr]|g = g > 0. For a =0.85, we have

392 T
tan” (|arg(A12)|) = 5 > tan? (?) +1~18.3497, (3.85)
which implies that the equilibrium E* = %, %) is asymptotically stable. The numerical

solutions and corresponding phase plot depicted in Figures 3.5 and 3.6, respectively,
agree with the theoretical analysis as the solution converges towards (;71, %). For a =
0.95, we have

tan” (|arg(A1,2)]) = % < tan” (0‘2_“) 1~ 1624475, (3.86)

and thus, the equilibrium E* = (sz ‘31—2) is unstable. Again, the numerical results shown in

in Figures 3.7 and 3.8 coincide with the theoretical results as the solution is periodically
stable around (%, %). According to Remark 2, we conclude that the equilibrium E* of
(3.64) is unstable for a = 1. This result is confirmed by the numerical results depicted in
Figures 3.9 and 3.10.
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Figure 3.5: The numerical solution of system (3.64) for a = 0.85 with the parameters
listed in Table 3.5.
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Figure 3.6: Phase plot of system (3.64) for a = 0.85 with the parameters listed in Table
3.5.
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Figure 3.7: The numerical solution of system (3.64) for a = 0.95 with the parameters
listed in Table 3.5.
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Figure 3.8: Phase plot of system (3.64) for a = 0.95 with the parameters listed in Table
3.5.
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Figure 3.9: The numerical solution of system (3.64) for a = 1 with the parameters listed
in Table 3.5.
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Figure 3.10: Phase plot of system (3.64) for a = 1 with the parameters listed in Table 3.5.
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3.2 A predictor-corrector method for variable-order frac-
tional delay-differential systems with multiple lags

Due to its effectiveness in real world fractional delay differential equations is receiving
importance in various branches of science [25, 38, 54], the last one is dynamical systems
involving non-integer order as well as time delays. The delay introduces information
from the past and introduction it in the model enriches its dynamics and allows a precise
description of the real life phenomena, the applications of delay differential equations
is clearly observed in many practical systems such as neuroscience, automatic control,
traffic models, lasers, and so on [24, 36].

On the other hand, a fractional calculus has been acknowledged as a promising math-
ematical tool to efficiently describe the historical memory and hereditary properties of
complex dynamic systems [40]. However, various literature indicated that the mem-
ory and hereditary properties of the system may change with time or other conditions
[63, 102]. Hence, the variable-order fractional derivatives provide an excellent approach
for the modeling of memory and hereditary properties [98, 100].

The variable-order fractional calculus are an extension of the classical fractional calcu-
lus, namely the order of fractional derivatives or integrals depends on the time and/or
another variable. In 1993, Samko and Ross [95] firstly proposed the variable-order in-
tegral and differential as well as some basic properties. After that, the variable-order
differential operators have been discussed by several authors [20, 96, ]. Since the
kernel of the variable order derivatives which appear in differential equations has a
variable-exponent, analytical solutions of variable order fractional differential equations
are more difficult to obtain, thus the effective and applicable numerical techniques for
solving such equations are always needed. But numerical techniques to solve variable
order fractional differential equations are at the early stage of growth. Several recent re-
searches concerned with the exictence, uniqueness and numerical solutions of variable
order fractional delay differential equations [103, 71, 50].

The purpose of this section is to present numerical solutions of variable-order frac-
tional delay differential equations with multiple lags based on the Adams-Bashforth-
Moulton method, where the derivative is defined in the Caputo variable-order fractional
sense. Since the variable-order fractional derivatives contain classical and fractional
derivatives as special cases and also single delay is a special case of multiple delays, sev-
eral results of references are significantly generalized. The error analysis for this method
is given and the effectiveness of the algorithm is highlighted with numerical examples.

3.2.1 Formulation of numerical method

Throughout this sub-section we denote by VOFDDEs for variable-order fractional delay-
differential equations with multiple lags.
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In this part, we modified the Adams-Bashforth-Moulton predictor-corrector method de-
scribed in [28] to solve VOFDDEs. We consider VOFDDEs defined by

DYy () = (¢, (@), y(t—T1),...,y(t=Tp), tel0,T], keN*, (3.87)

y(O)=d(t), te[-1,0], T=max{t|..., 5}, (3.88)

where y(£) = (y1,...,yn), NeEN*, T>0,0<a(f) <land 1; 20, j =1,...,k; denotes
the delay coeflicients. Furthermore, we assume that ¥ € C ([O,T] x RAN+N/ RN). Consider

a uniform grid {ti —ih: i= —mj,—mj+1,...,—1,0,1,...,n}a where m; and n are in-

tegers such that n = [%] and m; = % for j =1,...,k. Note that

yti—t) =ylih—mjh) = y(li—m)), i=0,...,n; j=1,...,k (3.89)

Now, the approximation to the delayed term y(#; — 7;) which consist of the following
two types.

+ When 71, is constant. Susppose that (m;—98;)h = 1; with 0 <d; <1. When
8 =0, y(t; — 1) can be approximated by

yi—mj lf i>m]- )
yti—15) = , j=1...,k. (3.90)

& if i<m;

When 0<$; <1, j=1,...,k cannot be calculated directly. Let w;;1,; be the ap-
proximation to y(#j+1 — T;) for the case (m; —1)h <tj <mjh, j=1,...,k. On
interpolating it by the two nearest points, that is

Wi+1,j =8 Yi-mj+2 + (1 =8;)Yi—m;+1, (3.91)

the last equality implies the implicit of the numerical equation if m; > 1 which
can be directly determined. However, when m; =1 and §; # 0, that is T; < h the
first term in the right-hand side of (3.91) is 8;y;41. Further prediction is required
in this case, that is

Wi+1,] :Sjyf+1+(l—6j)yi. (3.92)
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+ When 7, is time varying. If T; = 7;(¢) the approximation seems to be intricate.
Let
W;+1,j = y(fi+1—7;), the linear interpolation of y; at point # = £;,1—T;(#;+1) is used
to approximate the delay term. Let T;(;41) = (mj41,j—0i+1,j)h where m;1 ;€ Z,
and §;11,j € [0,1), then

Wit1,j = 8ir1,jVi—my j2 + (L= 8ix1,)) Vimmy,y j+1- (3.93)

Further prediction is required if 72;,1,; = 1 in the first term in the right-hand side
of (3.93) and it is not needed if m; 1 j > 1. Hence in each step of the computational
procedure, a condition m2; j = 1 or not is initially checked for further prediction or
not.

Without loss of generality, we restrict to the first case study, we display the numerical
algorithm for VOFDDE:s (3.87)-(3.88).
By applying OIZ(ﬁH) on both sides of (3.87) and using (3.88), we get to:

_ 1 fit altis1-1)
y(tl+1)—<b(0)+r(a(ti+l))f0 (tiy1—0) Y(o,y(0—11),...,y(0—T11))do. (3.94)

Further, the integral in equation (3.94) is evaluated using product trapezoidal quadrature
formula. Then by using (3.89) the corrector formula is thus (we denote the numerical
calculation of y by )

Qj+1
V(t; =b0)+ —————Y(t;41, V(E+1), V(Eti41- e, V(41—
V(tiv1) = ¢(0) + T +2) (tiv1, Y(WEiv1), Y(tiv1-my) Y(tiv1 mk))
R i (3.95)

Y aj i P, YD), Y Emm)y o V(Ej—m)),

+ —_—
T(@j1+2) =

where o;41 = a(t;41) and

{6 — (1~ ) (D, j=0,

S (i—j+2%H 2 - j+ D%t 4 (- Ut 1<j<i-1, (3.96)
’ 2(2%+1 — 1), j=1,
L, j=i+1.

Now, we replace y(¢;+1) on the right hand side of (3.95) by an approximation ?P( tis1),
called predictor. Product rectangle rule is used in (3.94) to derive predictor term:
p Q41 i
Y (ti:1) =$O0)+ —————= ) b int VY, ¥y), y(Ej—my)s - Y(Ej—m)), 3.97
Y (tiv1) =¢ F(O‘i+1+1)]g') ji+1 T UL, VL), YU j—my YU j—my (3.97)

where
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(- j+ D% —(i— )%, 0<j<i-—1,
bj,i+1 = { . . (3.98)
1, J=1.
The algorithm to solve (3.87)-(3.88) is as follows
Algorithm 1 Solving fractional delay-differential system with multiple lags.
Input: ¥ = [¥y,..., Ynl,a(®), T = [T11,..., Tc], T, $(8) = [P1(D), ..., dn(D)], .
1. Compute values n,m;,8;,a;.
2. Set, M = max{my,..., my}.
3. Fori=0:-1:-M, y(ih) = d(ih).
4. Fori=1:ndo
« Compute y(t; —1;);
+ Compute ?P(tiﬂ);
« Evaluate w1, ;
« Compute y(#;+1).
Output: $(—Mh), p(-Mh + h),...,d(=h), $0), (1), ..., T(En).
3.2.2 Error analysis of the numerical scheme
Under the following condition on ¥,
k+1
1P (2, w1, iz ey ugr) =W (8, Wy, W, Wes )iy < ) Lj |1 = wj g (3.99)
j=1

for all re€[0,T], uj,ijRN and L; >0, for j=1,...,k+1. we can get

Theorem 3.2.1. Suppose the solution y € C2([0,T]) of (3.87)-(3.88) satisfies the
following two conditions:

i) Q1 —1C O hein C Yi 16
f (tir1—0)* "1 Dy y(0)do — Y bjicgDY T ye)||  <=Crll k™,
0 Aj+1 j=0
RN
(3.100)
Liv1 . h%i+ d i
f (ti+1— )47 EDG y(0)do - —————— 3 ajiagDyy()| = G2 R,
0 aj+1(0G 1+ 1) j=0 RN

(3.101)
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with some y1,Y2 =0, and 01,0, > 0, then for some suitable T > 0, we have

max || y(t;) = y(t) || gn < # Y, (3.102)

0<js<n

where n = [%], g =min{0; +a(t),0,}, and C, £ are a positive constants.

Proof. We prove the result by using the mathematical induction. Suppose that the
conclusion is true for j =0,...,i. From the assumptions (3.99), note that

k+1
W (t, ur, up..., ugs1) = (8, wi, Wa..., W) lgy <Cnh7 ) Lj, (3.103)
j=1
where Cy > 0, from (3.87), (3.103) and the following inequality
Qi1 & Ti+1
Y bjis < , (3.104)
Ai+1 j=o (G|
we have J— C T
—_p 0 1 i+
tiv) =y (L < R + h4, 3.105
RGO R T I ra " T 1T (3.105)
where C; > 0. Since
h(xi+1 i
_— ajisy < T+ 3.106
0‘i+1(0(i+1+1)]§6 U ( )
and thanks to (3.101), (3.103), (3.105), we have
|y (tie1) = F(tis1) || gn < H RO (3.107)

For the detailed, see [103].

3.2.3 Examples and numerical experiments

The computer code of Algorithm 1, was written in Matlab, and the time step used in the

simulation was h = 1—10.

Example 3.2.1. Consider a VOFDDEs version of delay differential equation given
in [112]

Crya(r) _ 2y(t-2)
oD YD) = i agms — Y,

(3.108)
y(t) =05, t<0.

The approximate solution of (3.108) for fractional derivative o = 0.95 is shown in Fig.
3.11, whereas Fig. 3.12 shows phase portrait of the system i.e. plots of y(#) versus y(t—2)
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and y(¢) versus y(t—2.6) for the same value of a. It be analysed from this figures that the
system (3.108) shows chaotic behaviour almost different to those generated by a single
delay (see [103]).

Fig. 3.13 shows the numerical solution of (3.108) for the variable order fractional deriva-
tive a(t) = 0.93 — ﬁ, and phase portrait of the system (3.108) for a(#) = 0.93 — et—lﬂ is
shown in Fig. 3.14. In the following experiment, we have changed the variable order
fractional derivative by a(t) = 2'8++inm, and the approximate solution is shown in Fig.
3.15, Fig. 3.16 shows the phase portrait of the system (3.108) for the same value of deriva-
tive.

The portrait phase of the variable order fractional derivative (Fig. 3.14 and Fig. 3.16)
shows us that the chaotic behaviour is more complicated than fractional derivative and

thus the general behavior of the solution of system (3.108) depends on kind of derivative.
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Figure 3.11: The numerical solution of system (3.108) with fractional derivative.
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Figure 3.12: Phase plot of system (3.108) with fractional derivative.
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Figure 3.13: The numerical solution of system (3.108) with VO fractional derivative.
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Figure 3.14: Phase plot of system (3.108) with VO fractional derivative.
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Figure 3.15: The numerical solution of system (3.108) with VO fractional derivative.
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Figure 3.16: Phase plot of system (3.108) with VO fractional derivative.
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Example 3.2.2. Consider a VOFDDEs version of four dimensional enzyme kinetics
with an inhibitor molecule given in [78]

Dy (1) = 10.5—W5“y)2u_4),
CpUDy, (1) = WM—WUL
16D ys(0) = y2(t) — y3(1), (3.109)
S ya(n) = ¥3(8) = ya(0),
y(1) = [60,10,10,20]", r<0.

where y(t) = [y1(2), y2(£), y3(8), ya(0)]*.

The approximate solution of (3.109) for fractional derivative a(#) = 0.98 is shown in
Fig. 3.17, which looks a bit different to the system (3.109) generated by a single delay
(see [103]). In Fig. 3.18, we depict approximate solutions of system (3.109) for variable
order fractional derivative a(t) = 0.97 — ﬁ, Fig. 3.19 shows numerical solution of sys-
tem (3.109) for variable order fractional derivative a(t) = 0.93 — ﬁ In the following,
we have selected the variable order fractional derivative a(t) = 2'8++mm, it has many

variation on [0, 160], Fig. 3.20, showed a completely different behavior of system (3.109).
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Figure 3.17: The numerical solution of system (3.109) with a(#) = 0.98.
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Figure 3.18: The numerical solution of system (3.109) with a(#) = 0.97 — etlﬂ.
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Figure 3.19: The numerical solution of system (3.109) with a(#) = 0.93 — ﬁ
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Figure 3.20: The numerical solution of system (3.109) with a(t) =
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3.3 Method of lines for time-fractional reaction-diffusion
systems

In this section, We propose a numerical method for solving time fractional order reaction
diffusion system. The numerical method are obtained considering the Method of Lines
(MOL) approach, the partial derivatives with respect to the space variables are discretized
to obtain a system of ODEs in the time and then the algorithms in previous two sections
can be used to solve this fractional ODE system. This method is compared with the finite
difference method applied to a specific model of time fractional order reaction-diffusion.

3.3.1 Numerical simulation of time-fractional reaction diffusion
systems

We consider the following time-fractional reaction-diffusion system (TFRD):

2
u .

“Dpu—- i =Fwv) inOr,

21/
“Dp%v - dgw =G(u,v) inQr,

\ u(x,0) =) on Q, (3.110)

v(x,0) = y(x) on (,
ou Ov
— =—=0, 0Q.
0x Ox on

Where Q = [0,L], Qr = [0,L] x [0,T], 0Q ={0,L}; d1,d>,L, T >0, u:= u(x,t), v:=v(x, 1),
0<aj<1for j=1,2; We assume that the functions EG, ¢, satisfy the conditions in
order that the solution of the system (3.110) exists and is unique.

The first step in our solution process is to replace g%‘, 22712’ in the first and second equa-
tions of (3.110) by a finite difference approximation accurate to order such as

0%u;  uj_1—2u;+u; ?v;  vi_1—2vi+v; EEN
i _ Uinl it 90 _ Vi mevivliel 7. (3.111)
0x2 Ax? 0x? Ax?

Where Ax = %, N eN-{1,2}, and u; = u(iAx,t), v; = v(iAx, t). The region is divided
into the strips by N+1 dividing straight lines (hence the name method of lines) parallel to
the t direction, therefore system (3.110) becomes a system of fractional order differential
equations and can be written in matrix form as
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“Dg U() = di AU (1) + (F(ug, vo), .., F(un, va)) T in [0, T],
1 CDgV() = doAV (1) + (Glug, o), ..., Glun, va)) T in [0,T], (3.112)

U(0) = Up, V(0) = V.

Where, A is an (N + 1) x (N + 1) matrix given by

-2 2 0 0 0 0

1 -2 1 0 0 0

0 1 -2 0 0 0

1 . . . . . .
I (3.113)

0 0 0 -2 1 0

0 0 0 1 -2 1

0 0 0 0 2 -2

and U () = (g, ..., un) T, V(8) = (v, .., v8) T, Ug = (9(0), p(Ax), ..., g(NAX)) ",
Vo = (W(0), w(AX),...,y(NAx)) . Now, we can solve the system (3.112) by the suggested
algorithms in the previous two sections.

3.3.1.1 Examples and numerical experiments

We consider specific time-fractional reaction-diffusion model, with the Schnackenberg
nonlinear reaction (see [31]):

F(u(x, 1), v(x, 1) =0.14—u(x, ) +u?(x, Hv(x, 1), Gux, 1), v(x, 1) = 0.54—u’(x, Hv(x, t).

The unique positive constant steady state solution is denoted by E. = (us, v+), where
b

(a+b)?

We choice different parameters for simulation, as the table below shown:

U.=a+b, v, =

Figures (k=1,2) aj, j=1,2 d dy L T o) W)

=

set 1 A, Cr a=ap=4/3 0.01 0.02 8 50 0.68 + <) 0.78 + <250

set 2 By, Di o = 0.01 0.02 8 120 0.68 + <250 0.78 + 320

[N

ap =

W=
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The Numerical solutions are obtained by finite defference method (FDM) and method
of lines (MOL).
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Figure 3.21: The numerical solution of time-fractional Schnackenberg model by FDM
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Figure 3.22: The numerical solution of time-fractional Schnackenberg model by MOL
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4

COUPLED REACTION-DIFFUSION SYSTEMS ON
TIME-VARYING SPATIAL DOMAINS

“Tell me - a nut-cracker
mathematician exclaims - just tell me
in rigorous mathematical terms what
the main problem in embryology is,
and I will solve it.

OK, here is the problem: What is the
mathematical formulation of the main
problem(s) in embryology?”

Micha Gromov (see [16])

Since the spatial domains in several fields (e.g. biomathematics) are living organ-
isms (cells). In this context, the evolution of the spatial domain in which interactions
(changes) take place is a basic concept for understanding the dynamics of models. Thus,
a good illustration of reaction-diffusion models must include the evolution of the spatial
domain (cf. [15, 64]). This chapter is a partial contribution to answering the open ques-
tion about the global existence of solutions for reaction-diffusion systems on a class of
time-varying spatial domains, as well as the behavior of solutions. The results appearing
in this context have been published throught [32, 33].

89
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4.1 Formulation of reaction-diffusion systems on isotrop-
ically evolving spatial domains

Let Q, is a subset of RN with (N € N), where it satisfies the following properties: bounded,
simply connected, time-varying, and its moving boundary 0Q; has some smoothness.
Through to a suitable C!-diffeomorfism (I = 2) pr: Qo — Q, the time-varying domain
Q; can be reffred into a static domain Qg (see Figure 1.1). Furthermore, we assume that
the diffeomorfism p; is to be a C?> map with respect to the variable ¢. Flow velocity
9 (x, 1) resulting from the change in the volume (over time) of domain Q; generates two
extra terms (9.Vu, and u (V.9) which are called an advection term and a dilution term,
respectively) to the equations of classical reaction—diffusion model, for more details (see
sub-sub-section 1.3.2). In the present chapter, we deal with some classes of semilinear
parabolic equations on a class of evolving domains, which take all along this chapter,
the following basic assumptions:

(EDA1) The flow velocity 9(x, t), given by

dx
9=—. 4.1
(EDAZ2) Isotropic domain deformation, i.e., the diffeomorfism =, satisfies (for T > 0)
oM =x=xOy, ¥y=01,.... N €Q, te€[0,TI, (4.2)

with x € C? ([R+; Ri), moreover x(0) = 1.

Remark 4.1.1. Thanks to the assumptions (EDA1)-(EDAZ2), the flow velocity O has
the following explicit form

X(2)

x,)==—x, x€Q; t€[0,T], (4.3)
x(1)
: dx(2) : NP
where % (1) := T Thus, the divergence of the flow velocity O is given by
X (1
-] »
x(2)

By means the difeomorphism py, each function u; (i = 1,..., m) of the system (1.39)
can be mapped as a new function u; with the following relation:

Uiyt = ui(ey), ) = ui(x, 1), i=1,...,m (4.5)
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where (ﬁ,-)?il =:u. Then, foreachi=1,...,m

ou; Ou; __0p;l(x) du;
—=—livu =—_9.Vu,, 4.6
or Ot Y ot “i (4.6)

X( )_

V.Ou;) =9.Vu; + u;(V.9) =9.Vu; + N—— ( ) i (4.7)
X
N 0p;l(x) op;tx) __ 0%p;l(x) 1
Aui:Znyui atx. . atx' +Vu;. atz = Z(I)Aui’ (4.8)
Jj=1 J ] xj X

where p;! denotes the inverse of p; with respect to the spatial variable, and 7, u;
denotes the Hessian matrix of u; (for i = 1,..., m). Therefore, the system (1.39) (suppose
that f(x, 1, 1) = f(u) := (fi(w))]L,) is transformed in equivalent way into the auxiliary
reaction-diffusion system in the static reference domain Q:

Ou; dA @ -NY inQex (O], i=1,...,m
- n X ) sy L=1,..
ot X Uj i X i 0
Y7
9 ﬁzo on0Qyx{tr>0}i=1,...,m, (4.9)
ov
u;(y,0) =uoi(y) onQg,i=1,...,m.

By using the following change of variables (cf. [55]):

t
e(?) ::fo ﬂ, (4.10)

X2 (s)

and #;(y,0) := V;(y, t), within system (4.9). Then, the system (1.39) is equivalent to the
following reaction-diffusion system in the static reference domain Q:

on _
=L diad; =il - Nigcdti in Qo (0.T], i=1,...,m
o1

iy ondQ x (>0} i=1,...,m, (4.11)
ov
i; (,0) = Tip; () onQ,i=1,...,m,

where (ﬁ,-):?i = i,T= o(T), and we have used (without ambiguity) the fact p(#) = t.
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4.2 Global existence for activator-inhibitor reaction-
diffusion systems on a class of evolving domains

The aim of this section is to give a positive answer to the open question about the global
existence, uniqueness and uniform boundedness of solution for Gierer-Meinhardt sys-
tem on spatially linear isotropically evolving domain.

4.2.1 Formulation of coupled activator-inhibitor reaction-diffusion
systems on time-varying spatial domains

In this section we deal with the Gierer-Meinhardt type system on a time-varying domain
which takes the following form:

ou uf |
— +V.0u)-diAu=0,—-pu+p1(u,v)— in Q;x(0,T],
ot v9
ov u"
— +V.Ov) —doAv =02 — v +p2(u,v)— in Q;x(0,T],
] ot v (4.12)
ou ov
—(x,0)=—(x,0=0 on 0Q; x {t >0},
ov ov
u(y,0) = up(y), v(3,0) = vo(») on Qy,

where T >0, u:= u(x, 1), v:=v(x, 1), x:= x(t) = (x1(£),...,xn(2)), with v being the unit
outer normal to 3Q;, p > 1, 02,5 =0, q,r,01,1;,d; >0, p; € C' (R2;R,) (i = 1,2). All
along the sub-section, we will use the following assumptions:

d
(A1) The flow velocity 9(x, #) is identical to the domain velocity, i.e., 9 = d—);
(A2) Isotropic domain deformation, i.e., the diffeomorfism =; satisfies
X=E,)=x(0y, yeQo, x€Q; rel0,T], (4.13)

where x € C? (R4;R%), and x(0) = 1.
(A3) There exist 6,%6», %63 >0, such that

dy (1)
dr

G < Yi(t) := pix2(t) + Nx(2) <6, Vte€l0,9),9 >0 (i=1,2), 414

and

X()=%€63, VYi>0. (4.15)
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. q
A4) —— — 1.
(ad) r <mln(s+1 )
(A5) There exist pl_,ﬁi >0 (i = 1.2), such that

EiSpi(wl,wz)sﬁi, w;i=0 (i=1,2). (4.16)

Remark 4.2.1. Ifthe domain growth function x has positive derivative (e.g. logistic
function which is feasible in biology) then for any p;, p2 € RY satisfy the assmption (A3).
By means the difeomorphism p;, # and v can be mapped as a new functions with the

following definition:
Uy, 0= uE W), 0=ulx,0, 9y 0:=vEW,1=0vx0. (4.17)

Then, similar to (4.5)-(4.8) the system (4.12) can be transformed in equivalent way into
the auxiliary reaction-diffusion system in the static reference domain Qg:

u_d g —( +NM)ﬁ+ (ﬁmﬁ—p in Qg x (0, T]
or e T\ ) TP e e
o dy ,_ ( X(t))_ __u .
—_—— Av=0,— +N=—|v+p2(u,v)— 1in Qg x (0, T],

JEETERE0) S L)) e ° (4.18)
@( t)—@( =0 n 0Qqg x {t >0}
PRARr VA © 0 ’
u(y,0) = up(y), v(3,0) = vo(y) on Q.

By using the change of variables (4.10), and
Ay, :=uy 1, (0 :=0(0, (4.19)

within system (4.18). Then, the system (4.12) is equivalent to the following reaction-
diffusion system in the fixed reference domain Qy:

on aP _
- AT =01 () + XA (0P (B, D)= ~ 1 (DA =F(@ ) inQx(0T],
ot 04
ai)\ ~ 2 2 o~ ar ~ PP . ==
5, ~ A0 =020 (1) + X (Dp2(, D) =~ Y2(09=:G(@,9) in Qo x (0,T|,

.
o n=20n=0 3Q x {£ > 0}
PR = — = X
av vy on 0% ’
1(y,0) = up(y), 0(,0) = vo() on Qq,

(4.20)
where T = p(T), and without ambiguity we have used the fact ¢ := p.
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4.2.2 Local existence and uniqueness of lower-bounded solution

Since the nonlinearity (E G) is continuously differentiable on R, xR} and by suppose that
up, Vo € L (Qop). It is a classical task to show the existence of a unique local nonnegative
classical solution of system (4.20) on [0, Tynax), Where T,qy is the eventual blowing-up
time in L*°(Qy) (see e.g. [46, 92]). By the equivalence of the systems (4.12) and (4.20), we
get to the following result

Theorem 4.2.1. Suppose that 1y, vy € L°(Qyp), and (A1)-(A2) are satisfied. Then
the system (4.12) admits a unique classical solution (&, v) on Q; x [0, T ;,4x), where
0 < T,4x < 00. Moreover,

if Tmax<oo, then lLm (lu(,Dli=@q, +1v( Dlixq,) = +oo. (4.21)

r—

max

The following result follows from the comparison principle.

Corollary 4.2.1. Under the same assumptions given in Theorem 4.2.1, in addition
(A2) and ug, vg > 0 hold. Then there exists € > 0, such that

Ay, 0,0, =€, Vyely, Vte(O,Tmax). (4.22)

Remark 4.2.2. Since the systems (4.12) and (4.20) are equivalent, then we have the
same result of Corollary 4.2.1 for the solution of system (4.12).

4.2.3 Existence of global solution

To prove the global existence of solution for system (4.12), it suffices to prove the global
existence of solution for system (4.20). Thus our task amounts to establish a uniform

boundedness of || (., £)]lo and || (., 1) |ls On [O,Tmax). to do that is enough to derive a

4 _
uniform estimate for =7 on [O,Tmax) for some T > g For this purpose, we use
LT (Qo)
the following candidate Lyapunov functional:
u”
L) = f —dy, (4.23)
Q, DP

where
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(A6) o and P are positive constants, such that

2d\dy B. (4.24)

(x>2max(1 ng) d
> ,— |, and ——— >
cgl (d1+d2)2

Now we are ready to state the main result and the proof will be mentioned later after
some preparatory.

Theorem 4.2.2. We assume that the conditions (A1)-(A5) hold, in addition
Uy, Vo € L*(Qg), and ug, vy > 0, then the solution of the system (4.12) is global and
uniformly bounded.

The proof of Theorem 4.2.2 based on the following results.

Lemma 4.2.1. Let p, g, 1, s the same parameters of system (4.12) satisfy (A4). For
all a,B,Y,€ > 0, there exist £ := £ (a,B,Y),d >0 and 0:=0(a) € (0,1), such that

(04

N
+a_6l/(—ﬁ), w=0, z=Yy. (4.25)
z

wp+a—1 wta

<
« zd+p _aﬁzs+ﬁ+l

Proof. Following the footsteps the proof of [88, Lemma 33.11], and we use e-Young’s
inequality instead of Young’s inequality. [ |

Proposition 4.2.1. Let (i, D) the solution of (4.20) on Qg x [O,Tmax). We assume

that the conditions (A1)-(A6) hold, then there exists a positive constant C such that
the functional £ satisfies

L) <C, Vte [O,me) . (4.26)

Proof. Let T € (O,Tmax). By using the homogeneous Neumann conditions on the
boundary and the Green’s formula, we get

~a—2

d e u
ag(t):jl +. %+ QOQ(UVU,MVU)WCLV, (427)
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where the notations above represent

~o—1 mp+a—1

u ~
JI:—aYl(t),%(t)onlxz(t) —dy+(xx2(t) p1 (U, V) ————dy,
Qo P Qo pa+p

5 T+a
u

— 2 2 ~
o =PY2()Z (1) —Po2x (t)fQO P dy—Px (t)fgopz(u, V)Wdy’

2 (OVH, VD) = —a(a—1)d 92 |Val? + of(dy + do) DVA.AVD — PP + D do 2 |V DI?,

2 is a quadratic form with respect to Vil and #V7, in the light of assumption (A6)
2 (VVi, uVD) is nonpositive, thus we obtain

d
af(t) <S+5hHh=9. (4.28)

On the other hand, thanks to the assumptions (A3) and (A5), we get

~a—1
I < (a6 +B62) L (1) +ao1X ~ dy+ | R, dy, (4.29)
Q U Qo
where X:= max x2(t), and
te[O,T*]
o sp+roa—1 , TR
%(u, U) = X(Xpl W — ﬁ(g?) 82 ﬁ5+ﬁ+1 . (430)
50
By virtue of Corollary 4.2.1 and Lemma 4.2.1 with € = 5 %2 (taking into account the
1
assumptions made), we get
s (a®
(U, D) < pyXE Z(%) , (4.31)

where the constants §,.# > 0 and 0 € (0,1) are mentioned in Lemma 4.2.1. Estimate
(4.28) can be expressed by (4.29)-(4.31), as follows

d %\ s [ 1 5 a\°
—ZL(() < [-a¥] +P6) L () +ao1 Y — —d+__s_If(—)d,
dr (1) ( 1 ﬁ 2) (2) 1X Qo(i/\ﬁ) (i}\g) YrPX Q% P y
(4.32)
By virtue of Corollary 4.2.1 and using Holder’s inequality, we obtain
d o
— L) < (a6 +BC) LD+ EL (1) + 6,200, (4.33)

dt
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1 _ _ o
210 [k
where 63 := M, and 6, := 51%( p;X H IQoll_e. Thanks to the assumption
<ga 35

(A6), we have (—0(%”1 + [3‘62) < 0, on the other hand, since 63,%, > 0, and 0, O‘T_l €(0,1),
then according to [67, Lemma 2.2], there exists a positive constants C satisfies the desired
inequality (4.26). [ |

Lemma 4.2.2. Let (I, D) the solution of system (4.20) on Qg x

O,Tmax), then for

T€[1,+00), we have
=q eL 0, Trax|;L" (Qo) |, 4.34

Proof. For sufficiently large o and thanks to the Young’s inequality, forthermore to
the Corollary 4.2.1, we obtain

P are\ _ppr_
f Ardy B f e |V © quy
Qo yq QO PNl

U« |
< 2(t)+[ﬂo P S dy
C+ cg((xq-lli)zf(la—pr)‘l ’ (435)
on (O,Tmax). Thus, the desired result is achieved. [ ]

Proof. (Theorem 4.1.2) Thanks to the transformations (4.17) and (4.19), it suffices
to prove that the solution (i, D) of system (4.20) satisfies the following estimate:

Ve (0, Tmax)s 176 Dy + 190, Doy =4 (), (4:36)

where ¢ € C (R;;R.). Indeed, thanks to the Lemma 4.2.2 and LP-regularity theory for
the heat operator; We get

C€5 = sup ” ﬁ(, t) ”LOO(QO) < O0. (437)
te(O,Tmax]

LetT € (O,Tmax), through the comparison principle, ¥ is bounded from above by the

solution V of the following initial-boundary value problem:
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oV . . .,
57~ DAV = 02X+ 5pX6as— 6V in Qo (o,T )
oV
1 —(,1=0 on 9 x {t > 0}, (4.38)
ov
V(,0) = Do(y) on Qy,

where €3 5 := €7.5(€,%5) > 0. Using again the LP-regularity theory for the heat opera-
tor, we get
sup 19, Dllieay < sup V0, 0| e, < oo (4.39)
te(O,T*) te(O,T*)

According to (4.37) and (4.39), the assertion (4.36) holds, hence the proof is complete. B

4.2.4 Examples and numerical experiments

In this sub-section, we consider as examples a special cases of system (4.12). We have
used numerical analysis and Matlab computer simulation to obtain Figures for the aim
to examine the theoretical results mentioned above in this chapter.

Example 4.2.1. In system (4.12) the parameters are selected as:

01=3 w@p=5 p=2 g=1

: (4.40)
02=2 M2=3 r=2 s=0
and
10 1
— . * 4.41
Pl(u»’/)—1+10_4xu2, pl(u,v)—z, Vu,veR:. (4.41)
The logistic growth of domain’s evolution function is considered:
= 4.42
x (1) T4 o@D’ VieR,, ( )
with the initial data (for y € Q¢ :=(1,3) cR):
uo (y) =2.8—0.03cos(y),
(4.43)

vo () =2.53-0.03cos(y).

It is not difficult to verify that the parameters (4.40) and the functions (4.41)-(4.43) satisfy
the conditions of Theorem 4.2.2.
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Figure 4.1: The approximate solution of system (4.12) on evolving domain Q; =
(x(1),3x(1)), subject to the parameters in Example 1.

Figure 4.1 depicts the approximate solution of the system (4.12) in the case of evolving
(logistic growth) domain according to the input (4.40)-(4.43), which confirms the theo-
retical existence and uniform boundedness results; Moreover, shows interesting vertical
patterns.

Example 4.2.2. In system (4.12) the parameters are selected as:

o1=1 W@=9 p=2 g=2
) (4.44)

02=0 =10 r=2 s=1

and
p1(u,v) =3, p1(u,v)=2, Yu,veR:. (4.45)

The exponential growth of domain’s evolution function is considered:

x(6) =e"%!, vreR,, (4.46)
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Figure 4.2: The approximate solution of system (4.12) on evolving domain Q; = (0,4x(?)),
subject to the parameters in Example 2.

with the initial data (for y € Qg :=(0,4) cR):

U (y) =0.38-0.03cos(y), )

vo (¥) =0.53-0.03cos(y).

It is clear that the parameters (4.44) and the functions (4.45)-(4.47) satisfy the conditions
of Theorem 4.2.2.

Figure 4.2 depicts the approximate solution of the system (4.12) in the case of evolv-
ing (exponential growth) domain according to the input (4.44)-(4.47), which confirms
the theoretical existence and uniform boundedness results; Moreover, shows interesting
horizontal patterns.
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4.3 Global existence and asymptotic stability for a class
of reaction-diffusion systems on growing domains

The main purpose of this section is to extend the result of A. Barabanova [10] on the
global existence, uniqueness, uniform boundedness, and the asymptotic behavior of so-
lutions for a weakly coupled class of reaction-diffusion systems on a growing domain
with an isotropic growth, as well as numerical simulations are used to affirm and support
the analytical findings.

4.3.1 Formulation of a class of coupled reaction-diffusion sys-
tems on growing domains

In this section, we study a class of reaction-diffusion systems on a growing domain, that
take the form:

W V. (Ou)—diAu+ f(u,v)=0 in Q; x (0,T),
W 4V.(0v) - doAv— f (4, 0) =0 in Q; x (0,T),

1 (4.48)
(=5 n=0 on 3, x (0,1),
u(3,0)=up(3) =0, v(y,0)=v9(3) =0 in Qo,

where T >0, x:= x () = (x1 (8),..., xn (8)), Vv is the unit outer normal to 0Q;, d;,d> >0,
and the function f € C! (R3;R.). According to [6, 45, 48], R. H. Martin posed the initial
problem regarding the global existence of solutions on fixed domains when f (u,v) =
uv’. This gave rise to several interesting studies, with the a constraint on the initial
data. Firstly, N. Alikakos [6] established the global existence and L*°-bounds of solutions
for positive initial data and 1 <r < % This result was extended by K. Masuda [68]
who showed that solutions to this system exist globally for all r = 1. A. Haraux and A.
Youkana [45] generalized the method of K. Masuda to nonlinearities of the type f (u, v) =
uy (v) where

_og(1+w(n)

n—oco n

=0.

Perhaps the greatest accomplishment in this respect was achieved by A. Barabanova
[10] as she considered the condition v (v) < e*’. Her work included all the previous
results regarding the global existence of solutions to system (4.48) on fixed domains
for any dimention N. Other related results can be found in the literature taking into
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consideration different forms of subgrowth nonlinearity with and without the addition
of other diffusion terms including [81, 48, 52, 53, 89, 4, 90, 3, 29].

The studies discussed above deal only with fixed domains. The open question of the
global existence of solutions for reaction-diffusion systems over time-varying domains
(cf. [49]) has been partially answered by C. Venkataraman et al. [105]. Throughout this
section, we impose the following assumptions:

(GDA1) The flow velocity O (x, ) is identical to the domain velocity, i.e. Y = %.
(GDAZ2) Isotropic domain deformation, i.e. the diffeomorfism p, satisfies
x=p:(¥)=x®y, y€Qo, x€Qy, £=0. (4.49)

(GDA3) x € C?(Ry;R%), x(0) =1, and

. dx (D)
Xa:=inf=4

> 0. (4.50)

(GDA4) There exists a function ¢ € C! (R;;R,), where ¢ (0) =0, and a constant o > 0 such
that

FEMN=@E ™, V(En) eRE. (4.51)

Remark 4.3.1.  From assumptions (GDA1)-(GDA3), we note that the domain is
ever growing over a period of time, which is the case in several natural phenomena such
as the ones exhibiting linear or exponential growth.

By using the difeomorphism p;, functions u and v can be mapped as the new func-
tions defined by:

uy,0:=ulp:(y), 1) =ux,1,
(4.52)
7,0 :=v(p:(y), t) =v(x, 0.
Then, similar to (4.5)-(4.8) the system (4.48) can be transformed in an equivalent way into
the following auxiliary reaction-diffusion system on the static reference domain Qy:

%_xzd(lt)AaJrf(ﬁj)JrN%ﬁ:o in Qo % (0,T),
%_xzd(zﬂ __f(ﬁj)JrN%v:o in Qo x (0,T),
< (4.53)
S (10)= 2o (w1) =0 on 000 x (0.1,
(y,0) =T (y) 20, ¥(y,0) =T (y) 20 in Qo.
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By means the change of variables (4.10), and

u(ye)=u(yt), v(ye)=7v(n1), (4.54)

within system (4.53). Thus, the system (4.48) is equivalent to the following reaction-
diffusion system on static domain Qg:

aa—lt‘—dlAaz—xz(t)f(a,m—Nx(t)x(tm=:F(a,m mQOX(O,T),
Y o o - o _
—— —dAD = X2 (1) f (@, D) = N{ (D) X () D =: G(T, D) mQOx(o,T),
. gi . (4.55)
u v _
a(y,f)za(w‘):() on GQo><(0,T),
u(y,0)=1t(y)=0,0(y,0)=0o(y) =0 in Q,

where T = p (T). Note that without ambiguity we have used the fact that ¢ =g (f).

4.3.2 Local existence and uniqueness of positive solution

According to the assumptions stated above, the nonlinearity (E G) is quasi-positive, i.e.
F(0,n),G(&,0) =0 for all §,n = 0. Hence, by supposing i, Uip € L™ (Qo), it is a classical
task to show the existence of a unique local nonnegative classical solution of system
(4.55) on [0,Tax), where T,qx is the eventual blowing-up time in L*(Qg) (see e.g.
[46, 92]). The equivalence of systems (4.48) and (4.55) leads to the following result.

Theorem 4.3.1.  Suppose that 1y, vp € L™ (Qp;R;) and (GDA1)-(GDA4) are
satisfied. System (4.48) admits a unique nonnegative classical solution (u,v) on
Q; % [0,T;,4ax), Where 0 < T,y,4x < 00. Moreover,

imeax <00, then lim (” U(., t) ”LOO(QI) + ” v (., t)”LOO(Q[)) = +00Q. (456)

I—=Tmax

By applying the comparison principle to the first equation of (4.55), the boundedness
of u(x, t) follows such that

0<u(x,t)<|luplloo, ¥ (x,8) € Qs x [0, Trpax), (4.57)

where ||.lloo = II.llLoo(q;r,). The following two Lemmas will become useful later on (cf.

[3].
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Lemma 4.3.1. Let ® and ¥ be two nonnegative continuous functions on R,
with

lim ® (£) = +oo.
E—+o0

Then, there exists a positive constant % such that

YEOA-0E)<E, VEER,. (4.58)

Lemma 4.3.2. Denoting the solution of (4.55) by (#, D), the following inequality
holds:

[ ranay<-= [ a(nia. (459
Qo dr Qo

Proof. Integrating both sides of the first equation of (4.55) over Qg and combining
the result with the assumption (GDA3), yields the desired result. [ |

4.3.3 Existence of global solution

To prove the global existence of solutions to the original system (4.48), it suffices to prove
the global existence of solutions to the equivalent system (4.55). Hence, our task is to

establish the uniform boundedness of || (., )]l o, On O,Tmax), to which end it is enough

to derive a uniform estimate for |G (&, D)ll1»(q,) on [O,Tmax) for some p > g For this
purpose, we suggest the candidate Lyapunov functional

x(r):f [ﬁﬁ+ eP? (5 4 1)P° (K—ﬁ)'”]dx, (4.60)
Qo

where K, a, B, |1, 0 and p are positive constants such that

4d,d u+1
luglloo <K, p< p*i= ———— a<-—, 0>M (4.61)

(di-dp)?’ ~ Kp' T p(pr-p)’
with d; # d» and f to be specified at a later stage.
Theorem 4.3.2. We assume that conditions (GDA1)-(GDA4) hold and that

Uy, Vo € L (Qo;R4). Then, the solution of system (4.48) is global and uniformly
bounded on Q; x [0,00).
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The proof of the theorem has been omitted as it is an immediate consequence of the
following results.

Proposition 4.3.1. Let (i, D) be the solution of (4.55) on [O,Tmax). Then, there
exist two positive constants C; and C, such that the functional £ satisfies

d e
L NS-CLWD+Co, V0T, T e (O,Tmax). (4.62)

Proof. Using Green’s formula and homogeneous Neumann conditions, we get

d _
Efﬁ(t) =+ 5+ I— | 2NVa, VD) el 0 +1)P° K-n) H2dx. (4.63)
Qo

The notations used in this equality are defined as

d
A =p— uly t)dy,
1 ﬁdtfgou(y)y
47
u-K

jZ:NX(t)X(t)f [ —po(c @+ 1) +a)| P (D +1)P° (K- ) Mdx,
Qo

yg:xz(t)f [pK=@) (a+0@+1)7Y) =] £(@ D) P (0+1)P° K- @) Ldx,
Qo

and
2NVa, VD) =p(u+1)d VAP +pup(dy +do) (a+ 0 (0+ D7) (K- D) VAVD
+ pdy (po® +2pac (0+1) "' +0 (po—-1)(D+1)"%) (K- D* VDI,
Note that 2 is a binary quadratic form with respect to Vii and V7. In the light of (4.61),

2 (Vii, VD) is nonnegative, which yields

d
&f (1) <+ .9+ F3. (4.64)

From (4.61) and Lemma 4.3.1, we get

Fr < =Ny (D) x (1) L (1) +N)'((t)x(t)f [1-pD(c(@+1) 7" +q)] e’ 5+ 1)P° (K- ) Mdx,
Qo

(4.65)
Fr < ~NxaZ (1) + Nx*B1Qol (K- lltolloo) ", (4.66)
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where P is a positive constant and x* = | In addition,

|XX”L°°([0,T*])'
I3 <X (K—Iluolloo)_”_lf [Kpo — (u-Kpa) (0+1)] e (5 + 1)P°L £ (@1, D) dx,
Qo
(4.67)
I3 <P (K- lugllog) ™" fQ f(@,vdx, (4.68)
0

where P is a positive constant and X = Xl oo o 77y BY letting p = B (K= llugloo) ™
and applying Lemma 4.3.2 to (4.68), we obtain the inequality (4.62) where

C1=Nxa, Co =Nx*BI1Qol (K- lluolloo) ™. (4.69)

Corollary 4.3.1. Under the assumptions (GDA1)-(GDA4) and iy, Uy €
L (Qo;R,), the solution of system (4.55) is global and uniformly bounded on [0,p),
where

0:= lim p(f). (4.70)
t—+00

Proof. When d; = d», simple use of the maximal principle yields the announced
result. The case d; # d» is not as straight forward. According to (GDA4) and (4.57),
there exists a positive constant € such that

max {7, f (@I, D)} < €e*. (4.71)

The differential inequality (4.62) gives us Z () < % + 2(0)e % on (O,Tmax). There-
fore, G(u, V) € L™® ((O,Tmax) ;LP (Qo)). By using the regularizing effect of the parabolic

equation (cf. [46, 44]), we obtain U € L™ ((O,Tmax) (L (Qo)). Then, together with (4.57),
we conclude that the solution of (4.55) is global and uniformly bounded on [0,p). [ |

4.3.4 Asymptotic behavior of solutions

In this subsection, we have inspired by the literature [109]. We establish the global
stability of solutions for system (4.53) based on the following Lyapunov function:

1
V(r):—f [¢w* +2uv +7°] dy, (4.72)
2 Ja,
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where
(dy + dp)?

4d\d,
We need to have the following two Lemmas.

(4.73)

Lemma 4.3.3. ([65]) For a uniformly isotropic growing domain, the divergence
of the flow velocity is constant if and only if the growth function is exponential.

Lemma 4.3.4. Let (,7) be a solution of system (4.53) satisfying (o, Vo) €
—\\2
(C2 (QO)) . Then, there exist v € (0,1) and C* > 0, such that

1202 11,00 1702 311 00 S €7 VY EQ, (@.74)

and

\|ﬁ(.,t)||cv+2(5o)+||3(., ) CWZ(ﬁo]SC*’ Vi=1. (4.75)

Proof. By the well-known parabolic-type L” and Schauder estimates and embedding
theorems (see e.g. [56, 62, , ]) we can get the desired results. [ ]

Now, we are ready to state the main result of this part.

— 2
Theorem 4.3.3. Assume that (GDA1)-(GDA4) hold, and let (%o, 7o) € (CZ (QO)) ,

we assume also the growth function is exponential. Then the constant steady state
(0,0) of system (4.53) is globally asymptotically stable in the sense that

lim [[z(, ], = lim [[7C, ]|, =0. (4.76)

Proof. To prove that the equilibrium (0,0) of system (4.53) is globally asymptoti-
cally stable, we need to establish that 7 (¢) is a Lyapunov function. First, clearly 7 (¢) is
positive definite function. By simple use of Green’s formula and taking into account the
Neumann conditions, we get

d 0% ou_ ov o7
Cyw=c| 7 U5+ Pala 7Y g
a’ Cfgouat y+f90(at”+at”) y+[govat y

=9+ P+ P+ Yy,
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where
A ——q—f |va|* dy - cf uf@,vdy - qNX() _Zdy,
X2(1) x(1)
d; x(1) _
=— Vu.vV N=—o )
B2 20 Jo, uNvdy - f vf(u,v)dy— Y () uvdy.
3= — glz Vﬂ.VEdy+f uf(u,v)ydy - N—f uvdy,
x“ (%) Ja, Qo Qo
d —2 f X(®) 72
Iy = ——— Vo|“dy+ dy—-N=— dy.
120 Jo, IV Ay BTy NI Y
Then q
ay(t):jl+j2r
where
1 -
- _ SV VD) dy, 4.77
Hi==50 |, 2a oy (&.77)
X0 [ — X(1) X0 [ -
=(1- dy—2N=—— uvdy — ¢gN=—- wdy-N2— dy,
Se=(mq) | Dy =2 G Y =N D Jay T N @ oy T
(4.78)
with

B(VI, VD) = ¢d |Va|* + (dy + d) VIV T + dy VT

According to (4.73), 2(Vu, V) is nonnegative quadratic form. Hence
#1<0. (4.79)

From (4.73) and by using Young’s inequality, we get
(dy + do)* o1

=1, 4.80
4d,d> (4.80)
taking into account that (GDA3), (4.80) and u, v, f(u, V) = 0 hold. Then
jg <0. (4.81)
Thus, it follows from (4.79) and (4.81) that
4y = A1+ £ <0. (4.82)

dt
From (4.77) and (4.82), we get

d
— V() <—¢ f wV.9dy- | v*v.9dy. (4.83)
dt Qo Qo
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By Lemma 4.3.3, there exists ¢ > 0, such that

d

—7V () < —ccf ﬁzdy, (4.84)
dt Qo

d —2

—7V () < —cf vedy. (4.85)
dt Qo

Integrating (4.84) and (4.85) from 1 to ¢, we get

t
f f T (4.86)
Qo
f f dyds<ﬂ<+ (4.87)
Q0 c
Hence
+00
f f wWdyds < +oo, (4.88)
1 Jo
+00
f f 72 dyds < +oo. (4.89)
1 Qo
From Lemma 4.3.4, we deduce
lim | wdy=lim | 7°dy=0. (4.90)
t—00 Qo t—o0 Qo
By the well-known Gagliardo-Nirenberg inequality there exists € > 0, such that
N —
[5C 0]l =€ (II 0|5 o 76 D52, + 6 D IILZ(Q(,)), t>0, (491
2
(76 0] =€ (II T 0 176 D152, + 1700 IILz(QO))» t>0.  (492)

It then follows from (4.90)-(4.92) and Lemma 4.3.4, that (4.76) holds.

4.3.5 Examples and numerical experiments

In this sub-section, we consider as examples a special cases of system (4.48). We have
used numerical analysis and a Matlab computer simulation to obtain Figures for the aim
to examine the behavior of the system’s solutions over time.

Example 4.3.1. The system parameters are selected as T =30000, (d;, d») = (1,2),
f(u,v) =10ubv” (see [85]), and x (¢) = el The initial conditions are assumed to be

up (y) = 1.905+0.09 cos (4y),

vo (¥) =2.71-0.09sin (47y).
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Figures 4.3 and 4.4 depict the approximate solution of the system in the cases of fixed
and time-varying domains, respectively. Figure 4.4 confirms the theoretical existence
and uniform boundedness results presented in Theorem 4.3.2 with parameters

(K, 1" o, p,0) =(2,7,8,3,1.1,60). (4.93)
Also in Figure 4.4, we can observe that the solution (u, v) do converge towards to (0, 0).

Example 4.3.2. The system parameters are selected as T = 5000, (d;,d>) = (1,3),
fu,v)= TueV3v (see [10]), and x (#) = ¢3*107't The initial conditions are assumed to be

up (y) = 0.73+0.09 cos (4my),

vo (¥) =0.93-0.09sin (47y).

Figures 4.5 and 4.6 depict the approximate solutions of the system in the cases of fixed
and variable domains, respectively. Figure 4.6 confirms the theoretical existence and
uniform boundedness results presented in Theorem 4.3.2 with parameters

(K, 1, 1*, o, p, 0) = (1,2,3, V3,11, 10). (4.94)
Also in Figure 4.6, we can observe that the solution (u, v) do converge towards to (0, 0).

Example 4.3.3. The system parameters are selected as T =800 , (d;,d>) = (1,5),
X () = 5107
be

tand f(u,v) = u(u+v+ l)ﬁe”2+3”. The initial conditions are assumed to

uo (y) = 0.07 +0.02cos (2y),

vo(y) =1.9-0.4sin(2my).

Figures 4.7 and 4.8 depict the approximate solutions of the system in the cases of
fixed and variable domains, respectively. Figure 4.8 confirms the theoretical existence
and uniform boundedness results presented in Theorem 4.3.2 with parameters

5
(K, 1", p,0) = (0.1, L35 \/5,6). (4.95)

Also in Figure 4.8, we can observe that the solution (u, v) do converge towards to (0, 0).
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4.4 Global existence and behavior of solutions for reaction-
diffusion systems with more than exponential non-
linearity on growing domains

This section primarily seeks to extend the results of B. Rebiai and S. Benachour [89] on
the global existence, uniqueness, uniform boundedness, and the asymptotic behavior of
solutions for a weakly coupled reaction-diffusion systems with exponential nonlinearity
on a growing domain with an isotropic growth, the desired results are obtained by using
Lyapunov functions’ method. The theoretical findings are supported and affirmed by
numerical simulation.

4.4.1 Formulation of coupled reaction-diffusion systems with ex-
ponential nonlinearity on growing domains

In the present sub-section, we deal with a class of semilinear parabolic equations with
exponential nonlinearity on a class of growing domains, which takes the form:

W V. (Ou) —diAu+ fi(u,v)=0 in 21(1),
8 4 V.(90) — d2AV — fo (u,0) =0 in 27(1),
3 (4.96)
% ()= (x,n=0 on I'r(#),
u(y,0)=uo(») =0, v(y0)=vo(») =0 in Qy,

where 21(t) :=Q;x(0,T), 't () :=0Q;x (0,T), T>0, x:= (x1(£),...,xn(8), Vv is the unit
outer normal to 0Q, dy,d» >0, and f; € c! (Ri;RJr) (i =1,2) where R, := [0, +00).

The problem concerning the existence of global solutions of system (4.96) on static
domain Q := Qg (when fi (u,v) = fo(u,v) = uv’, r > 0) was proposed by R. H. Martin
(cf. [6, 45, 48]). This has given rise to several of interesting investigations, among them:
[6, 68, 44, 45,72, 10, 53, 89, 3]. In [105] C. Venkataraman et al. have answered partially
to the open problem regarding the existence of global solutions of reaction-diffusion
equations on evolving domains. In their research, they proved the existence of unique
global solution for n-components (n = 2) reaction-diffusion systems such that the re-
action functions satisfying polynomial growth condition and other conditions attached
to the Lyapunov-type function on bounded, isotropic, time-dependent domain for any
spatial dimension N. On the other hand, when the reaction functions of system (4.96)
have exponential growth, i.e.

AEN =LEND=@Ee™, V(En) eRE,
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(where ¢ € Cl (R4 R,), ¢ (0) =0, and a > 0) the existence of global solutions, uniform
boundedness, as well as the asymptotic behavior of solutions for system (4.96) on a grow-
ing domain with an isotropic growth, they have been proved by R. Douaifia et al. (cf.
[32]). Throughout the present section, we use the following notations: Ry : [0, +00) and
RY :=(0,+00) , some conditions are imposed:

(A1) We assume that 9 = % (i.e. the domain velocity equals the flow velocity).
(A2) The diffeomorfism p; satisfies
x=p:(¥)=x®y, y€Qo, x€Qy, £=0. (4.97)
i.e. the isotropic deformation of domain Q; over time.

(A3) x€C?(Ry), x(t) >0 forall =0, x(0)=1, and

Xd = infdx(t)

> 0. 498
=0 dr ( )

(A4) f1(0,m)=0,VYn=0.

(A5) There exists ¥ € C' (R4;R,), and f = 1 where limy— nP~ly(m) = €= 0, such that
LEM=Y(n)AEMW, Y(En) eR:. (4.99)
(A6) There exists ¢ € C! (R;;R,), where ¢ (0) =0, and a constant a > 0, such that

hEM=@® ™, v (&,n) eR?, (4.100)

where P is the same as in (A5).

Remark 4.4.1. From the conditions (A1)-(A3) we note that the domain’s evolution
function ¥ is increasing function (e.g. exponential, linear growth, and others) which is
appearing in several natural phenomena (e.g. the spread of epidemics, the expansion of
the breeding area of bacteria, ect). Thanks to the diffeomorphism p;, we can define new

functions u and v related to u and v, as follows

uy, 0:=ulp:(y),t)=ux,1,
(4.101)

vy, 0:=v(pe(y), ) =vix 0.
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Thus, the system (4.96) turns to the following system on static domain Qy:

W__hAg+f(7,9)+ N7 =0 in21(0),

ar  x2(p) x(®)
& - 5AT- (5 V) +NAGT =0 in 21(0),

X (4.102)
% (x,)=3(x,0)=0 on I'1(0),

u(y,0)=uo(y), v(,0) =10 () in Q.

Again, we need to do another transformation through the change of variables (4.10), and

i(y0):=a(nt), 7(ye) =71, (4.103)

within system (4.102), yields the following equivalent system on Qg:

% _ g, AT =F (@, D) in 2(0),
9 _ d,AD=F, (@, D) in 2(0),
{ (4.104)
W= xn=0 on T3(0),
(y,0) = o (y), 7(1,0) = Do (y) inQo,

where

F1 (@I, D) := —x* () fi (@, D) =Ny (D x (1) &,
Fo (@1, D) := X (1) fo (I, D) =Ny (D X () D,

with T = o (T). we use that t = p (#) (without ambiguity).

4.4.2 Local existence and uniqueness of positive solutions

According to the conditions mentioned in the previous sub-section, the reaction func-
tion (Fy, Fy) is quasipositive, i.e. F1 (0,1),F2 (§,0) = 0 for all §,n = 0. Hence, by supposing
tly, Uy € L™ (Qp), It is a well-known challenge to demonstrate the local existence, unique-
ness, and nonnegativity of classical solution to the system (4.104) on Qg x [0, Tnax) (cf.
[46, 92]). Hence, we get the following result:



CHAPTER 4. Coupled reaction-diffusion systems on time-varying spatial domains 117

Theorem 4.4.1. We assume that ug, vg € L (Qg;R;) and (A1)-(A4) hold.
Then, there exists a unique nonnegative classical solution of the system (4.96) on
Q; x [0, T;ax), Wwhere 0 < T4y < 0o. Furthermore,

if T)ax < oo, then

lim (lu(, Olie@)+ v Dlie@q,) = +oo. (4.105)

=1 max

Thanks to the comparison principle, we get
Osu(x ) <llulle, V(x,2) € Q2 x [0, Tmax), (4.106)

where [|.[loo := II. Lo (Q;R,) -

4.4.3 Existence of global solutions

In order to prove the existence of global solutions to the system (4.96) we will derive an
estimate for ||Fy (&, D) ll1p(q,) on [O,Tmax) for some p > g For this aim, we suggest the
following Lyapunov function (cf. [29]):

pPa(@+1)P
$(t):f ——dy, 4.107
o, K" y ( )

where K, o, B, i, p > 0, such that

luplloo <K if ¢=0,
(4.108)
luolloo <K< k7 if €>0,
and i d
142
=], pus——m—, 4.109
P H (d1 — do)? ( )
with dl # dg.

Theorem 4.4.2. Suppose that uy, vy € L™ (Q) and the conditions (A1)-(A6) hold.
Then, the solution of the main system (4.96) exists globally and it is uniformly bounded
on Q;x[0,00). The proof of the theorem follows immediately from the following results.
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Proposition 4.4.1. The functional (4.107) satisfies the following differential
inequality:

d e
TLN=-CLW+Co V10T, T e (o,T,,mx). (4.110)

Where C; and C; are some positive constants.

Proof. It is semilar to that found in the previous section. [ ]

Corollary 4.4.1. Under the assumptions (A1)-(A6) and iy, Uy € L™ (Qp), the so-
lution (#I, V) of system (4.104) is uniformly bounded. Thus, the solution (%, D) exits

globally.

Proof. It can be reached by following the same footsteps in the previous section. B

4.4.4 Global stability of solutions

In this part, we prove the global stability of solution of the system (4.102) (thus, for the
main system) by using the following candidate Lyapunov function:

1
V(t):—f [¢w® +2uv +7°] dy, (4.111)
2 Ja,
where )
(d1 + d>)
> 4.112
4d,d> ( )

We must have the following Lemma:

2
Lemma 4.4.1. Suppose that (ﬁo,?o) € (CZ QopnC (QO)) . Let (1, v) be a solution

of system (4.102). Thus, there exist two positive constant v € (0,1) and C*, such that
the following estimates hold:

1702 M 31100 1P o1y 0 S E72 ¥y €D, (4.113)

and

a0

+]|7C, 0

ove(a) crofmy) SC VIZL (4.114)
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Proof. Thanks to the parabolic-type L” and Schauder estimates as well as embedding
theorems (cf. [56, 62, 110, 111]) we can get the required results. [ |

Theorem 4.4.3. Suppose that the assumptions (A1)-(A6) hold, in addition to
0<¥Ym <1 VYneR,,

2
and let (ﬁo,vo) € (C2 (Qo)nC (Qo)) , we suppose also the evolution function x is ex-

ponential. Hence, the trivial solution (i.e. (0,0)) of system (4.102) is globally asymp-
totically stable in the following sense:

li u(., =1 v(., =0. 4.11
lim [[%(, 0o = lim [[7C, ], =0 (4.115)
Proof. It is semilar to that found in the previous section. [ |

4.4.5 Examples and numerical experiments

We examine a specific case of system (4.96). To create the Figures, we employed numer-
ical analysis as well as Matlab software. We have selected the parameters as follows:
T =10000, (dy,d2) = (1,3),

FEW=E(1+n)eT,
gE ) =¢gem,

Y =1

(&) =¢.

3x107

and x(f)=e 't We assume that the initial data are bounded and smooth:

Uup(y) =1+0.09cos(7my),

Vo(y) =0.98 —0.09sin(7my).

Figures 4.9-4.10 represent the numerical solution (u(x, t), v(x, f)) of the main pro-
posed system (4.96) in the cases of time-varying domain, they confirm the theoretical
results (existence and uniform boundedness of solution), as well as, we observe that
(1, v) do converge towards to the trivial solution (0, 0).
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Figure 4.9: The numerical solution of the main proposed system (4.96) on growing do-
main Q; = (0,2x(#)) with ¢ € [0,T], and subject to the proposed data.
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Figure 4.10: The numerical solution of the main proposed system (4.96) on growing
domain Q; = (x(¢),3x(#)) with t € [0, T], and subject to the proposed data.



CONCLUSION

The primary goal of this thesis is to investigate reaction-diffusion systems as a model
for pattern formation. The main outcomes of this investigation can be divided into two
categories. Firstly, we have analysed time-fractional reaction-diffusion systems as well
as we proposed efficient numerical methods to solve such systems. Moreover, our analy-
sis pave the way for a study of the Turing-Instability of time-fractional reaction-diffusion
systems, these results give more dynamics in order to model biological pattern forma-
tion. Secondly, we discussed the open question about the global existence of solutions of
activator-inhibitor reaction-diffusion systems and other system related, on the evolving
domains, and we also came to identify the behavior of solutions for such systems under
certain conditions, we used numerical analysis to support and confirm our results. In-
cluding evolving of spacial domain in partial differential equations during modelisation
is an effective tool for deep understanding of phenomena in which the spatial domain is
dependant on the time variable, especially in developmental biology.

During the preparation of this thesis we came across many new ideas that can be
studied on reaction-diffusion systems, among the possible extensions of our work, we
cite as example:

» Consider time-space fractional reaction-diffusion systems with various smooth
nonlinearities and prove the global existence of solutions, as well as investigate
behaviour of solutions.

+ The question about global existence of reaction-diffusion systems with complexe
evolution of domains and general reaction terms is still open, the same for asymp-
totic behaviors of solutions for such systems.
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