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Abstract

In this thesis, the deals with an asymptotic behavior of positive solution for
a new classe of parabolic system involving of (p(x),q(x))- Laplacian system
of partial differential equations using a new method which is a sub and super
solution according to some ([13]-[44]) which treated the stationary case, this
idea is new for evolutionary case of this kind of problem. The purpose of
our this thesis will provide a framework for image restoration. Furthermore,
fuild modeling electrolysis is widely considered as an important application
that treats non-homogenous Laplace operators. In the last century, many
studies of the experimental side have been studied on various materials that
rely on this advanced theory, as they are important in electrical fluids, which

states that viscosity relates to the electric field in a certain liquid.
Keywords

Parabolic differential equations-(p(x)-q(x))-Laplacian-Positive solutions- Sub-

super solution- Asymptotic behavior.
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Résumé

Dans cette these, le comportement de la présence de la solution positive a

été prouvé ainsi que son comportement convergent pour une nouvelle classe

d’équations parabolique (systeme de Laplace d’équations aux dérivées par-
tielles parabolique), en utilisant une nouvelle méthode, qui est la méthode des
solutions partielles considérant quelques des conditions aux limites données

dans les articles de recherche précédents liés aux équations aux dérivées

partielles elliptiques, Et nos résultats sont une extension de notre publi-
cation précédente dans ([13]-[44]), qui traitait de I’état stationnaire qui n’est
pas lié au temps variable, et cette idée est un nouveau cas évolutif pour ce
type de probleme, de nombreuses expériences ont été étudiées sur différents
probléemes physiques sur la base de cette étude mathématique présentée, car

ils sont importants dans les électro-fluides.

Mots clés

équations différentielles- parabolique-(p(x)-q(x))- systéme Laplacian-solutions

positive-sub-super solution- comportement asymptotique.
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Notation

Q : bounded domain in R

I' : topological boundary of €.

x = (71, ) : generic point of R

dr = dx1dxy : Lebesgue measuring on §2.

Vu : gradient of u.

Aw : Laplacien of u.

divu : diverge of u.

D () : space of differentiable functions with compact support in €.
D' (Q) : distribution space.

C* (Q) : space of functions k-times continuously differentiable in €.

LP (Q) : space of functions p-th power integrated on with measure of dz.
1

i1, = (£0m)"
Q

WP (Q) = {ue L?(Q), Vue L? (Q)}.

H : Hilbert space.

HY () = W,? (9).

H (Q) = W™ (Q).

Qr=(0,T)xQ,T>0

If X is a Banach space

T
P (0, T; X)= {f :(0,T) — X is measurable; [||f (¢)||% dt < oo}.
0

L>(0, T; X) =< f:(0,T) — X is measurable; ess —sup || f (¢)|[5 < oo
t €[0, T]

C* ([0, T]; X) :Space of functions k—times continuously differentiable for [0, T] — X.

D ([0, T]; X): Space of functions continuously differentiable with compact support in [0, 7.

Fuler’s schema method

Euler’'s Method assumes our solution is written in the form of a Taylor’s Series.We’ll have a

function of the form:

Contents 3
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This gives us a reasonably good approximation if we take plenty of terms, and if the value of

fx+h)=f(x)+hf(x)+ + ...

h is reasonably small.
For Euler’s Method, we just take the first 2 terms only.

f@+h) = f(z)+hf(x)

df (x)

The last term is just h times our expression, so we can write Euler’s Method as follows:

fl@+h)=fz)+hf(z)
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Introduction

Partial differential equations are of crucial importance in modelization and description of
natural phenomena in physics, mechanics, chemistry, biology ...etcs.

Several physical phenomena : Fluid dynamics, continuum mechanics, simulation of airplane,
calculator charts and time prediction are modelized by various systems of partial differential

equations.

The authors in their paper in [77] studied the existence of positively solution for the following

stationary problem:

—Apyu = M@ f(v) in Q,
—Ay@yv = MNPg(u) in Q,
u=v=0 on 0f,

where, we have the following condition:

1

NGO i B AT V)

U—+00 upP—

and the author did not consider any condition of symmetric and without any sign initial
condition on ¢(0) and f(0). Then they studied the existence of positively solution of the last
stationary problem, in this theoretical of the thesis, we will extend the previous study into

the following evolutionary problem: find u € L*(0,T, H}(2)) solution of

( % — Apyu = N Na(z) f(v) + prc(x)h(u)] in Qr = (0,T) x €,
% — Ayyv = X Mob(z)g(u) + ped(z)T(v)] in Qr=(0,T) x Q,

u=v=0 on 0Qr=(0,T) x 09,

\ u<x7 0) = (p(x)7
We assume also 2 C RY is a bounded domain, and the functions p(x), ¢(x) belong to C*(f2)

and satisfying the following conditions:

L<p = infplr) <p”:= sgpp(w) <00, 1<q = infg(x) <q":= su5Q(w) < 00
e

Contents 5
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and satisfy some natural growth condition at u = oco.

Ap(z) Is given by Apgyu = clz'v(|Vu|p(I)f2 Vu) is called p(x)-Laplacian, the parameters A\, A\, A, pi;
and ps are positive with a, b, ¢, d are regular functions. In addition we did not consider any
sign condition on f(0),¢(0),k(0),7(0).

The linear and nonlinear stationary equations with operators of quasilinear homogeneous type
as p-Laplace operator can be carried out according to the standard Sobolev spaces theory
of W™P and thus we can find the weak solutions. The last spaces consist of functions
having weak derivatives which verify some conditions of integrability. Thus, we can have the
nonhomogeneous case of p(.)-Laplace operators in this last condition. We will use Sobolev
spaces of the exponential variable in our standard framework, so that LP() (Q) will be used
instead of Lebesgue spaces LP ().

Also, we will denote the new Sobolev space by W™ () and if we replace L? (2) by LP0) (Q2) ;the
Sobolev spaces becomes W™?() (Q).Several Sobolev spaces properties have been extended to
spaces of Orlicz-Sobolev, particularly by O’Neill in the reference ([61]). The spaces W™2() (Q)
and LP*) (Q) have been carefully studied by many researchers team (see the references [29]-[30],
[50]-[56],[70]).

Here, in our study we consider the boundedness condition in domain €2, because many results
for p(z)-Laplacian theory are not usually verified for the p(z)-Laplacian theory, for that in
([37]) the quotient

\ fQ zﬁ |Vu|p(x) dx

p(w) in z
€W PO @O} g 5 |ulP™) da

becomes 0 generally. Then A,y can be positive only for some given conditions In fact, the
first eigenvalue of p(x)-Laplacian and its associated eigenfunction cannot exist, the existence
of the positive first eigenvalue A, and getting its eigenfunction are very important in the p-
Laplacian problem study. Therefore, the study of existence of solutions of our problems have
more meaning.

Many studies of the experimental side have been studied on various materials that rely on this
advanced theory, as they are important in electrical fluids, which states that viscosity relates
to the electric field in a certain liquid.

We shall introduce the existence of positively solution of the parabolic partial differential
equation and will be proved according to the conditions of symmetry, using super-solution

and sub-solution.

Contents 6
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The outline of the thesis is as follows:

- In the first chapter, we introduce some of the basic concepts of functional spaces, and we
present a brief description

of those aspects of the Hilbert space, Banach space, continuous function spaces, and functional
analysis, the L? space and Sobolev spaces, which lie at the heart of the modern theory of Partial
Differential Equations (PDE).

- In the second chapter, we introduce a elliptic boundary value problems system for (p, ¢, )—Laplacien,
we can be applied in evolutionary boundary value problems.

- In the third chapter we prove that model for parabolic problem involving (p(z),q(x))-
Laplacien system, we shall study is problems we prove the existence of positive solutions by
sup-super solutions methods. Finally we will study the asymptotics behavior of that models.
-In fourth chapter we provide a existence of positive solutions of Kirchhoff parabolic systems
involving of (p(x),q(x))-Laplacien systems with multiple parameter, she is nouvels models.
Where are apply the previous theories by existence of positive solutions and results.

During the period of the thesis study, we were able to publish the following article:

1.  Medekhel, H.; Boulaaras, S; Guefaifia, R. Existence of positive solutions for a class of
Kirchhoff parabolic systems with multiple parameters. Appl. Math. E-Not.(18), 295-306,
2018. (index in Scopus)

2. H. Medekhel, S. Boulaaras, K.Zennir and A. Allahem , Existence of Positive Solutions and
Its Asymptotic Behavior of (p(z), q(z))-Laplacian Parabolic System, 11(3), 332, Symmetry,
2019. https://doi.org/10.3390/sym11030332. (index in ISI)
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Chapter 1. Preliminary and functional analysis

In this chapter we shall introduce and state some necessary materials needed in the proof of
our results, and shortly the basic results which concerning continuous spaces, Banach spaces,
Hilbert space, the LP space, Sobolev spaces, Maximum principe and other theorems. The

knowledge of all this notations and results are important for our study.

1.1 Continuous function spaces

We give here some notations and conventions used in the following.

Let x = (21, x9, ..., x,) denote the generic point of an open set Q of R". Let u be a function

ou (x)
Ox

to x; (1 <i < n). Let’s also define the gradient and the p-Laplacian from u, respectively as

defined from €2 to R", we designate by D'u (z) =

the partial derivative of u with respect

following

2

ou
8337;

ou OJu ou | g X
d |Vul|® =
aﬂ:l ) ax2 9 Y axn) an | u| ;

(1.1)

Vu = (

Apu (z) = div (|Vu|p_2 Vu) (z). (1.2)
Note by C'(€2) the space of continuous functions from 2 to R, (C(2), R™) the space of contin-
uous functions from €2 to R™ and C} (ﬁ) the space of all continuous and bounded functions
on Q, it is equipped with the norm ||| :

[ul| o = sup |u (2)] (1.3)
z€Q

For k > 1 integer, C* (Q) is the space of functions u which are k times derivable and whose
derivation of order k is continuous on . C*(Q) is the set of functions of C*(Q), whose
support is compact and contained in €.

We are also define C* (Q) , as the set of restrictions to Q of elements from C* (R") or as being
the set of functions of C* (Q), such that for all 0 < j < k, and for all 2o € 99, the limit
IILIEODJ' u (x) exists and depends only on .

C° () or © (), is the space of the infinitely differentiable functions, with compact supports

called test function space.

1.1. Continuous function spaces 9



Chapter 1. Preliminary and functional analysis

1.2 Banach Spaces: Definition and Properties

We first review some basic facts from calculus in the most important class of linear spaces

”Banach spaces”.

Definition 1.2.1 A Banach space is a complete normed linear space X. Its dual space X is

the linear space of all continuous linear functional f : X — R.

Proposition 1.2.1 (/72]) X' equipped with the norm

[l = sup {If (w)] - fJullx <13,

1s also a Banach space.

Definition 1.2.2 Let X be a Banach space, and let (u,), .y be a sequence in X. Then uy,

converges strongly to u in X if and only if

i [, — uly =0,

and this is denoted by u, — u, or lim u, = u
n—oo

Definition 1.2.3 A sequence (u,) in X is weakly convergent to u if and only if

lim [ (un) = f (u),

n—-~oQ

for every f € X' and this is denoted by lim u, = u.

n—aoo

1.3 Hilbert spaces

The proper setting for the rigorous theory of partial differential equation turns out to be the
most important function space in modern physics and modern analysis, known as Hilbert

spaces. Then, we must give some important results on these spaces here.

Definition 1.3.1 A Hilbert space H is a vectorial space supplied with inner product (u,v)
such that ||u|| = \/(u, ) is the norm which let H complete.

1.2. Banach Spaces: Definition and Properties 10



Chapter 1. Preliminary and functional analysis

The Cauchy-Schwarz inequality Every inner product satisfies the Cauchy-Schwarz in-
equality

(1, @2)| < [l []2] -
The equality sign holds if and only if x; and x5 are dependent.

Corollary 1.3.1 Let (uy), .y be a sequence which converges to u, in the weak topology and

(Vn)pen @8 an other sequence which converge weakly to v, then

lim (v, u,) = (v,u).
n——aoo

1.4 Functional Spaces

1.4.1 The L? () spaces

Now we define Lebesgue spaces and collect some properties of these spaces. We consider R?
with the Lebesgue-measure pu.

If Q C R?is a measurable set, two measurable functions f, g :  — R are called equivalent,
if f =g a.e. (almost every where) in .

An element of a Lebesgue space is an equivalence class.

Definition 1.4.1 Let 1 < p < oo, and let Q2 be an open domain in R™, n € N*. Define the
standard Lebesque space LP (2), by

LP(Q) =< f:Q — R is measurable; /|f ()P dr < oo
Q
Notation 1.4.1 Forp e R, and 1 < p < oo denote by

Il =1 [ [f @) de
/

If p = o0, we have

[ (Q) = f:Q — R is measurable and there exist a constant C,
such that, ; |f (x)] < C a.e on Q.

Also, we denote by
Il = esssuplf ()] = int {C. |f (@)] < C a.e on Q).
€

1.4. Functional Spaces 11



Chapter 1. Preliminary and functional analysis

Theorem 1.4.1 ([72]) (LP(Q), HHp) (L), ].]l,) are a Banach spaces.

Remark 1.4.1 In particularly, when p =2, L? () equipped with the inner product

(f, Do /f

18 a Hilbert space.

1.4.2 Some integral inequalities

We will give here some important integral inequalities. These inequalities play an important

role in applied mathematics and also, it is very useful in our next chapters.

Theorem 1.4.2 ([72]) (Hélder’s inequality)
Let 1 < p < oo. Assume that f € LP (Q) and g € L1 (Q), then, fg € L' (Q) and

/ 1l 4z <11l 190omcey -
Q

1 1
where — + — = 1.
p q

Lemma 1.4.1 (Minkowski inequality)
For1 <p < oo, we have

lw + 0l oy < N[l oy + 101l oo

1.5 Sobolev spaces

1.5.1 Weak derivative

Definition 1.5.1 Let Q be an open set of R, and 1 < i < n. a function u € L}, () has an

it" weak derivative in L} (Q) if there exists fi € L} (Q) such that for all ¢ € C5° () we

loc

have

f ( )8190 :_ffz

Q

This leads to say that the i'" derivative within the meaning of distributions of u belongs to
Ll

loe (82) , we write

ou

:fi

1.5. Sobolev spaces 12



Chapter 1. Preliminary and functional analysis

1.5.2 W (Q) spaces
Let Q be a bounded or unbounded open set of R, and p € R, 1 < p < 400, the space W7 (Q)
is defined by

Wi? (Q) = {u € LP(Q); such that du € LP (2),1 <i < n} (1.4)

where 0; is the i'" weak derivative of u € Lj,, ()

Theorem 1.5.1 The space WP (Q) is continuously embedded into L™ () (WP (Q) —
L>*(Q)) for all 1 < p < 400, i.e that there is a constant C (depending only on 2 ) such

as
Jull oo < Cllullyyrp, Yu € WHP(Q)

furthermore if 0 is bounded we have

WP (Q) — C (Q) with compact imbedding , 1 < p < 400,
Wh(Q) — L7(Q) with compact imbedding , 1 < q < +o0.

Corollary 1.5.1 Suppose that Q an unbounded open set of R™, and let u € WP (Q). Then

lim u(z)=0
|z| =400
€]

1.5.3 W™P(Q) Spaces

Let €2 be an open set of R”, m > 2 and p a real number such that 1 < p < 400, we define the
space WP () as following

WP (Q) = {u € LP () such that d;u € L? (), Vo, |a] < m}

where o € N", |a| = a1 + ... + o, the length of o and Jju = 97"...0%" is the weak derivative

of a function u € L} () in the sense of definition 1.5.1.

loc

The space W™P (Q) is equiped with the norm

lullwme = llull + 32 N0l

0<|a|<m

1.5. Sobolev spaces 13



Chapter 1. Preliminary and functional analysis

1.5.4 W,”(Q) Spaces

Definition 1.5.2 For 1 < p < 400 we define the space Wol’p (Q) as being the closure of D (X2)
in WH (Q), and we write

Wi o) = D@
Definition 1.5.3 Hg" () is given by the completion of D (2) with respect to the norm ||. || gm g -

Remark 1.5.1 Clearly Hy* (Q2) is a Hilbert space with respect to the norm ||.{| gm q)-
The dual space of HY* () is denoted by H-™ () = [H* (Q)]".

Lemma 1.5.1 Since D (Q2) is dense in HJ" (), we identify a dual H=™ (Q) of HJ" () in a

weak subspace on ), and we have

D(Q) — HI'(Q) — L*(Q) — H™(Q) = D (Q).

1.6 The L7 (0, T; X) spaces

Definition 1.6.1 [5/] Let X be a Banach space, denote by LP (0, T;X) the space of mea-

surable functions
f:]0, T[— X

such that

T
J U5 OB =17, 1, 30 < o
0

Ifp=o0
||f||Loo(0, T, X) — SUp €SS 1Lf ()l -
t €]0, T]
Theorem 1.6.1 ([78],[72])The space LP (0, T, X) is a Banach space.
af
Lemma 1.6.1 Let f € LP(0, T, X) and o € LP(0, T, X) for1l < p < oo, then the
function f is continuous from [0, T] to X. i. e. f € C*(0,T,X).

Proof. see of [51], [58]. =

1.6. The L? (0, T; X) spaces 14



Chapter 1. Preliminary and functional analysis

1.6.1 Green’s formula

Proposition 1.6.1 (/75]) Let 0 be an open subset of R | with a Lipschitz boundary. Then
for all u,v € H' () we have

0 0 .
/(agv—i— 8;}u) dr = /VO(U)%(U)mdS, i=1,...,d.

Q o0N

where n; 1s the 1 — th component of the outward normal vector 0.

1.7 Maximum principle

A large number of results of existence or uniqueness of solutions to boundary problems (elliptic
or parabolic), can be established using the maximum principle. Here we give some variants
of this result.
Let €2 be an open set of R", a(.) = (ai; ()),; ;<, & matrix, b(.) = (b; (.)),<;<, a vector and c
a function. We consider the second-order symmetric operator L defined by
ij=1 i=1

It is assumed that the square matrix a satisfies the coercive (or elliptic) condition.

Ja >0, VEER, a(z) =Y ay; (2) & > alé]” aeon Q, (1.6)

ij=1

where [¢| designates the Euclidean norm of £ in R”

Theorem 1.7.1 ( Classical maximum principle ) [/5] Let Q a bounded and connected
open set, and L as in (1.5) . We suppose that ¢ > 0, (1.6) is satisfied and a;;,b;, c € C (Q).
Ifue C*(Q)NC (Q) verify Lu < 0 then we have

supu () < supu® (o)  where ut (o) = max (u(0),0)
zeQ oceIN

Theorem 1.7.2 (Hopf maximum principle ) [/5] Let Q a bounded and connected open
set, and L as in (1.5). We suppose that ¢ > 0, (1.6) is satisfied and a;j,b;, c € C (ﬁ)
IfueC*(Q)nct (ﬁ) verify Lu < 0 and if u reaches a maximum > 0 in the interior of €1,

then u is constant on €.

1.7. Maximum principle 15



Chapter 1. Preliminary and functional analysis

Theorem 1.7.3 (Aleksandrov maximum principle) [/5] Let Q a bounded and connected
open set, and L as in (1.5). We suppose that ¢ > 0, (1.6) is satisfied and a;;,b;, ¢ € C (ﬁ)
and f € LY (Q). There exists C > 0 depending on N, [0l .~ () and the diameter of @ such
that if u € VVli’CN () NC (Q) verify Lu < f then we have

supu (v) < supu (o) + C || f[[ px g
2€Q o€

Lemma 1.7.1 (boundary point lemma) [05] Suppose u is continuous on Q; Lu > 0

(resp. Lu <0) on Q , and u reaches its mazimum (resp. minimum) at a point p € OS).

So, all outward directional drifts from u to point p are positive (resp. negative).

1.8 Eigenvalue problem
Definition 1.8.1 We say that u € Wol’p () ,u # 0, is an eigenfunction of the operator —A,u
if:
[IVulP 2 Vu.Vede = X [ ul’? u.pds (1.7)
Q Q

for all p € C§° (). The corresponding real number X is called eigenvalue.

Let A\; defined by
[ Vul’ dx

A\ = inf LA 1.8
L e o [ ulf da (18)
Q

equivalent to

A = inf{f \Vul? dz; [ ul’ de = 1,u € Wy* (Q),u # 0}
Q Q
A1 is the first eigenvalue of the p-Laplacian operator with null Dirichlet conditions at the edge.

Lemma 1.8.1 \; is isolated, i.e there exists 6 > 0 such that in the interval (A, \; + d), there

is no other eigenvalues of (1.7).
Lemma 1.8.2 a) Let p > 2, then for all £1,& € R”

&P > |G +plalP 2 6,6 — &) +C () |6 — &P,
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b)Let p < 2, then for all &,& € R™

&1 — &°
(& + |&)*™

|Eof” > &P+ pl&P 77 (€, & — &) + C (p)

where C' (p) is constant depending only on p.

Lemma 1.8.3 The first eigenvalue Ay is simple, i.e, if u,v are two eigenfunctions associated

with A\, then, there exists k such that u = kv.

Lemma 1.8.4 Let u an eigenfunction associated with the eigenvalue My, then u does not
change sign on Q, further if u € CY*, Vo € Q. u(x) #0

Proof. By lemma 1.7.1, we can suppose that u, v are positive on 2, and taking

(uP — vP)
Yro= T
(VP — uP)
Y2 = T

two test functions in the weak formulation 1.7, we get

P _ P P _ P
/|Vu|p_2 Vuv (“ - >dq; _ A/\U|P—2u(“ — )da: (1.9)
u u
0
p _ P p _ P
/]Vv\pQ VoV (v 7u )daj = )\/\v|p21) (U 7u >da:
(s (s
0

The addition of these two formulas gives

P _ P D __ 4P
0— / Vul’ 2 Vuv (“ ° )dx—l—/|VU|p2 VoV (“ “ )d:c (1.10)
up—1 Pl
Q Q

And using the identities

D __ P p—1 D
V(u U> = Vu—pv Vv—f—(p—l)%Vu,

up~1 up—1
\% < s > = Vv-— e Vu+(p—1) EVU, (1.11)
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we get the first term of 1.10

P _ P p—1
/|Vu|p_2VuV (u _11) )dm = /|Vu]pdx—p/v — 2 VoVudz (1.12)
up upP
Q 0 Q
1) 1 vupd
w012 vu da
0
= /lVlnu]pupda:—p/vp]VIHu\p_2 (VInu,Vinv)de
0 0
—i—/(p— 1) |VInu|’ vPdx
0

We have a similar expression for the second term of 1.10. Then the formula 1.10 becomes

0 = /(up—vp)ﬂVlnu]p— |VIno|”)dx (1.13)
oP ( |V1nu|p_ (Vlinu,Vinv — Vinu)) dz

—p [ uP |V1nv|p_2 (Vinv,ViInu — Vino)) dz

Taking & = VInwu and & = VInwv and using lemma 1.6.1 we get, for p > 2

OZ/C(p)|Vlnu—V1nv|(up+vp)dx (1.14)
Q
or

0=|Vinu—Vinv| (1.15)

then v = kv. m

Theorem 1.8.1 (Dominated convergence theorem) [/5/ Let {f.},-, a series of func-
tions of L* () converging almost everywhere to a measurable function f. It is assumed that
there exists g € L' (Q) such that for allm > 1, we get | f,| < g a.e on Q. Then f € L' ()

and

Q

n—+oo

1.8. Eigenvalue problem 18



Chapter 1. Preliminary and functional analysis

Definition 1.8.2 [/8] Let w be a part of a Banach space X and F : w — R. Siu € w, we
says that F is Gateauz differentiable (or G-differentiable ) at w, if there exists | € X' such
that in each direction z € X where F (u+ tz) exists for t > 0 small enough, the directional

derivative F! (u) exists and we have

hmF(u+tz)—F(u) ey

t—0t t

we write F' (u) = 1.

Theorem 1.8.2 Let Q@ C R™,n > 3, an open set, for p € (1,400) we define a functional
J:WyP(Q) =R by
J(u) = / |Vul? d
Q

then J is differentiable in W,” () and

J' (u) (v) = p/ V|’ Vu.Vodz, Yo € W7 (Q)
QO

Proof. We consider the function ¢ : R" — R, defined by ¢ (z) = |x|”, it is a function of class
C', and Vo = plzfP %z,
then for all z,y € R,

i P&+ ty) — o ()

_ p—2
lim : =plz[" "2y

as a consequence

lim |Vu (z) + tVo (z)]” = |[Vu (x)”

t—0 t

= p|Vu ()] Vu (z) . Vv (z)

by Mean value theorem, for almost every x € ) and for ¢ > 0, there exists a function 6 that

takes its values in ]0, 1] and we can write

IV (2) + tVo ()] — |Vu ()P = tp |[Vu (2)P% Vu () Vo (2)
= tp|Vu(z)+0(t,2)tVo ()P (Vu (z) + 6 (t, ) tVv (z)) . Vo (z)
—tp|Vu ()" Vu (x) . Vo (z) (1.16)

By dividing by t, we get for almost every x :
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lim IV (u+ tv) ()" — |Vu (2)]P —tp|Vu (2)]P > Vu (z) . Vo (x)

t—0 t

= 0.

On the other hand, one can see that the second member of the equality 1.16 devided by ¢ is
bounded by
h(z) = 2|Vo ()] (|Vu (2)] + Vo (2)])"

Then using the Holder inequality we have:

< cvoll, (I9ully™ + 197

One can apply the Dominated convergence theorem and conclude

J/ (U) (U) = p/ |Vu’p_2 VU.V’UCZ,I‘,\V/’U c WOLP (Q)
Q

then J is Gateaux differentiable. m
Lemma 1.8.5 (Comparison lemma)[/] Let u,v € W, (Q) satisfying

/|Vu|p_2 Vu.Vedr < /|Vv|p_2 Vou.Vdx (1.17)
Q Q

for all o € WP (), >0, then u < v a.e in Q.

Proof. Our proof is based on the arguments presented in [8,9]. We start by defining the
function J : W, (Q) — R by the formula

T (u) = ]1?/|Vu|pdx (1.18)
Q

it is clear that the functional J is Gateaux differentiable and continuous and its derivative at
w e Wy (Q) is the function J' (u) € Wy ' (Q) i.e
J' (u) (p) = / \Vul"~? Vu.Veds, o € Wy (Q). (1.19)
Q

J' (u) is continuous and bounded. We will show that J’ (u) is strictly monotonic in W™ ().

Indeed, for all u,v € VVO1 P (Q),u # v without loss of generality, we can suppose that

/|Vu|pd:v > /|V"U|pd93

Q Q
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Using the Cauchy inequality we have
Vu.Vu < |Vul|Vu| < = (|Vu| +[Vol?) (1.20)

from formula (1.18) we deduce

1
/|Vu|p dr — / \Vul""? Vu.Vods > 3 / \VulP7 (|Vul? = [Vol?) dz (1.21)
0 0 0

1
/]Vv|pdx — / \Vo|" > Vo.Vudz > 5 / Vo'~ (|Vv|2 - |Vu|2) dx (1.22)
Q

If |[Vu| > |Vu|, By using (1.18)-(1.20), we get

Ii(u) = J"(u) (u) = J" (u) (v) = J" (v) (w) + J" (v) (v)

[Vul de — [ |Vul"~? Vu.Vvdx)
0 Q

Q

(

( [|VolP~? VU.Vudx—f|Vv|pdx>
> [3IVul” “(IVul* = [Vof*) de (1.23)
—%f{ (VulP? (|Vul? = Vo) dz

%@f (IVul"=2 = Vo 2) (IVul]? - [Vo]) dz

%fjl‘(|vu|p 2= |VulP) (IVuf® = Vo)) do
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if |Vu| > |Vul, by changing the role of u and v in (1.18)-(1.20) we have
Iy(v) = J(v)(v) = J" (v) (u) = J' (u) (v) + J" (u) (u)

= <f|Vv|pda:—f|Vv|p2 Vv.Vudx)

Q Q

— (f \VulP? Vu.Vude — [ |Vu|pdx>
0 Q

> L [Vl (IVof* = [Vul) da (1.24)
Q

L Vo7 (|Vo]? = |Vaul?) da
Q

= %g{ (IVo]P 2 = |VulP %) (IVo]? = |Vuf?) do

> %s{ (|Vv|p_2 — |Vu|p_2) (|VU\2 — |Vu|2) dx
from (1.21)-(1.22), we have
(J' (u) = J (v)) (u—v) =1 = I, > 0,Vu,v € Wy (Q)
in addition, if u # v and (J' (u) — J' (v)) (u — v) = 0, then we have

[ (IVuP~? = |VoP~2) (|Vul]? = |Vo]?) dz = 0,
Q

if |Vu| = |Vv| in Q, we deduce that
(' (w) = J" () (u=v) =J () (u—v)=J (v) (u—0)
(1.25)
= g{ \Vul""? |Vu — Vo|* dz = 0,
i.e u — v is a constant, given u = v = 0 on 0f) we are getting v = v , which is contrary with
w# v. Then (J' (u) — J' (v)) (u—v) > 0 et J' (u) is strictly monotonic in Wy '? (Q) . Let u,v
two functions such that (1.19) is satisfied, let’s take ¢ = (u — v)", the positive part of u — v

as a test function in (1.19), we get that

(J (u) = J (v) (p) = S{ \VulP 2 Vu.Vds — g{ IVolP? Vu.Veds < 0. (1.26)

Relationships (1.23) and (1.24) imply that u < v. m
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Chapter 2. Results on existence and non-existence of positive weak solutions for 3 x 3
p-Laplacian elliptic systems

In mathematics, in the field of partial differential equations, a boundary value problem
is a differential equation together with a set of additional constraints, called the boundary

conditions following:

(2.1)

Au=f in Q,
Bu=g onl,

where () is an open domain in RY and I' = 91 is the boundary of €.

A solution to a boundary value problem is a solution to the differential equation which also
satisfies the boundary conditions. It’s called the strong solution of the problem, and (2.1) is
called the strong formulation of the problem.

A side from the boundary condition, boundary value problems are also classified according
to the type of differential operator involved. For an elliptic operator, one discusses elliptic
boundary value problems and for an parabolic operator, one discusses parabolic boundary
value problems.

In most cases it is not possible to find analytical solutions of these problems i.e. that the
explicit computation of the exact solution of such equations is often out to be achieved.
Therefore, in general, the exact problem is the solution weak positive by a discrete problem
that can be solved by sub-super solution methods.

During the past few years, the treatise of positive solutions of singular partia differential
equations or systems has been an extremely active research areas. The singular nonlinear
problems emerge naturally and they take a main role in the interdisciplinary eld between
analysis, biology, geometry, mathematical physics, elasticity, etc.

We will explain in this chapter the main for the solution weak by sub-super solution methods
that will be used later.

Consider in this chapter for elliptic system problem the following :

( —Apu = A (2) f (u,v,w) in Q,

_Aqv = /'L/B (I) g (U, U,U)) n Qa
(2.2)
—Ayw = vy (x)h(u,v,w) in Q,

| u=v=w=0ond,

where A,z = div (|VZ|°T72 Vz) ,o > 1, X\, pand v are functions on L* (€2) and 2 is a bounded
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domain of RY with a bounded border 9. we prove the existence of a positive weak solution

for A , u and v big enough under the following condition

t—+oo Pl t—+oo 41 t—+oo 1

=0.

2.1 Definitions and notations
Let X be the Cartesian product of the 3 spaces W, * (Q), W, (Q) and W, " (Q), i.e,
X =Wo? () x Wy (Q) x W™ ().

Let’s start by defining the weak solution, the weak sub-solution and the weak super-solution

of problem (2.2)

Definition 2.1.1 We say that (uy,uq,usz) € X is a weak positive solution of (2.2) if

[IVulP > Vu.Véide = X [ a(x) f (u,v,w) prdz,
Q Q
[IV0|*2 Vo.Vosda = [ B (x) g (u,v,w) ¢od,
Q Q

[ Vw|" 7 Vw.Nsdr = v [ (x)h (u,v,w) psdz,
0 QO

for all ¢ = (@1, ¢2, ¢3) € X with ¢; > 0.

Definition 2.1.2 We say that (¢1,9,13), (21, 22, 23) € X are respectively sub-solution and

positive super-solution of (2.2), if the following formulas are satisfied

JIV P2V Vide < A [ a(z) f (1, ¥2,¥3) drdz,
Q Q
S{ |Vaho| 772 Vapy. Vpodr < pu ({B () g (1,2, 13) odz,

[ V3|2 Vep3.Vesdar < v [ () h (11, o, 103) dada,
Q Q
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respectively

i |V21]p_2 V. Vorde > X [ a(z) f (21, 22, z3) $rda,
) )

/ |V,22|q_2 V2. NVoodr > p fﬁ (x) g (21, 22, 23) Pad,
Q Q

i |VZ3|T72 Vz3.Vosde > v [y (x) h (21, 22, 23) psde,
Q Q

U)Z'thog'lbz'Szi,fOTall¢:(¢1,¢2,¢3)€X wzthqﬁZZO,ngSS

We suppose that f,g and h : [0,00[ x [0,00[ x [0,00[ — R are respectively in L*" (Q), re-

spectively L7 (Q) et L™ (Q), where p* = NN—_’;, q = NN—_qq et r* = ]\],Vfr, verify the assumption

1) f,g9,h:0,00[ x [0,00[ x [0, 00[ = R monotonic of class C*,

(2.3)
2D m Fltete)=, lm gt tets) = lim At tets) = too,
3) Elko > 0 : f (tl,tg,tg) , g (tl,t27t3> s h(tl,tg,tg),) Z —ko pour tout tl,tg,tg Z O,
4
ap < a(x) <o (2.4)
4) 3Jao, Bosv0, a1, 81,71, > 0: ¢ B < B(x) < By
[ =7 () <m
t.t.t t.t. 1t h(t t.t
lim £ G0 oy 966D o REED (2.5)
t—too tP—1 t—too t4—1 t—too {71
¢ _ q p=1 r(2=L
fltito ts) <685 +771t2< - +C1t3( »)
. p(7H) g-1 r(1F
3E1, &2, &3, M1, M2, M35 V1, Voy V3 > 0 g(t1,ta,t3) < &th 7 +metd + Coty ? (2.6)

p—1 r—1

| Rt ta, t3) < 5315’1’(7) + nyfg(ﬂ + Gty
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Let A1, i1 and vy respectively the first eigenvalues of —A, ,—A, ,—A,, with the homogeneous
Dirichlet conditions at the boundary, ¢,, ¢, and ¢, the corresponding positive eigenfunctions
with [|opll. = lledll = llerlls = Liet my, mg, my, 6, g, Bo, Y0, a1, Bi,71 > 0 real numbers
verifying

[ 1Vel” = Mgk = m,

[Vipg|" — papd > my in Qs ={r € Q:d(z,00) <6} (2.7)

L Ve =gl >m,
Note by
«
0 = (ﬁ (& + &)+ Bim + 71(1) )

0> <(pﬁ_1 0 (m +m2) + onéy + 71(2) )

2

03 = <(p _1 0 (C1+G2) +aréo + 51772) :

pA
(p—1) max (6;)
qH
(¢ — 1) max (6;)
Ty

(r—1) nax, (6s)

Ao =

Ko =

vy =

2.2 Existence result

Theorem 2.2.1 Assume that (2.3) and (2.4) are true, then for \,u, and v large enough,

system (2.2) admits a weak positive solution(u,v,w) .
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Proof. choose (11, 19,13) € X, as following

Maoko\oip (p=1) 7T
= (amhe)r (B21) o,

ko [ o—1 4
o = (Mbu)Ts (421) o

Wy = (k) (L) o T
and see that it is a sub-solution of (2.2) for A, u and v large enough.
Let ¢ = (¢1, ¢2, ¢3) € X with ¢; > 0,1 < i < 3. A simple calculation shows that

f_Ap¢1¢1d$ = f |VQ/J1|1072 Vi1.Voidx
Q

Q

= MOkO f ¥p ‘V@p‘pi Vo, Vorde

= AaOkO {f |v90p|p QVSDP (@pgbl)d‘r - f |V‘Pp|p ¢1dx}
Q

= dacko [ (N8 — |Vig ") gnda.
Q

—Agapadr = %quo J (1108 — [Vpg|?) podux.
Q

A pspsdr = Woko f (#1% - ’V90r| )(,1536155-

d
A
Now, in Qs we have
|v90p|p - )\1905 > My,
[Vepg|" — pnp? > my,

Vel = nig” = m,.
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Which imply that

apky

(Mt — [Vol”) — a (@) f (11,92, 13) < ko (ag — a () <0,

(1l = [Vepgl") — B () g (11,9, 93) < ko (Bo — B (x)) <0,

k
0 (w10}, = [Vprl") = (2) h (1, ¥, v5) < Ko (20— 7 (2)) < 0.

Whereas in Q\ﬁg, we have ¢, > 0, ¢, > 04 and ¢, > o, for 0,0, and o, > 0, and then for

A, o and v large enough

a () f (Y1, 9, 3) > aOko/\1 > O:;Lko (At — [V, |")
Boko Boko . g

B (x) g (1, 12,13) > m, p1 2> m, (Ml% — [V )

3 @) b (o ) > 20 > 000 gy

And consequently

[V P2 Ve Vide < AS{ a (z) f (1, 2, U3) drda,

Q

({ Vo] 172 Vs Vhodz < pu S{ B(x) g (1,2, 13) pod,

[ IVs|" 2 Vibs . Vgdr < v [y (x) b (11, o, V3) psde,
Q Q

i.e. (11,19,13) is a sub-solution of (2.2).

Let e,, e, and e, the solutions of the following problems:

—Aye, =1in ), —Age,=11inQ, —A,e, =1in Q,
and
ep, = 0 on OS. eq = 0 on 0N). e, = 0 on 0f).

2.2. Existence result 29



Chapter 2. Results on existence and non-existence of positive weak solutions for 3 x 3
p-Laplacian elliptic systems

Let

2 = ()1 (g (OAP%, AT OA:h))qll €,

1
—1

2 = (1) <h (cm%, O, cmli))f er.
where C'is a large enough positive number. We are going to check that (zy, 22, 23) is a super-

solution of (2.2) for A\, u and v large enough.
by (2.3) and (2.4), we can choose C' large enough so that

(O3)™ 2 el g (O3, 1, €05

> g (CAP%, AT, CAP%) ed=l = 24!
which implies
OAﬁ Z Z9

and consequently

(Cmily_l > Jle |-t vh (CM%,CATL,CATL)

> uh (mril, CAFT CATL) er1
from which we deduce that
CANT > 24

which implies then

(ex)™ = el ar (oar oar oa)

_ C
> el A (SN el 0T, 0177 )
HepHoo
> eyl Af ( Aphep,cm,cm)
el

= lleplPS P A f (21, 22, 23)
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then we have

[IV2P 2 V2. Voida

] ) [|Vep' Ve, Voida

lepll

5
Mo ) J o
Mo

| \/

1f 21,22, 23 ¢1d$

v

A

D

a(x) f (21, 22, 23) prdx

On the other hand

V2|17 V2. Vodr = ubig CA%)C)\TL,C)\TL Ve, |72 Ve Noodx
J J q q

C 1 1
_uf&gQ‘H *H%MwCM*>¢ﬂx
p

> u [ g (21,22, 23) dodx > i [ B () g (21, 22, 23) podx
Q Q

and with the same way, we get

[ V2] 2 V2. Vesde = vyih (C)\p O, OAFT ) [ Ve, 2 Ve, Vsdo
Q

C 1 1 1
>v [mh (—)\Pl ||ep||OO,C’/\Pl,C'/\Pl) psdx
o lepllo

v

Vv

Y (33) h (217 Z9, ZS) ¢3d1’

D

i.e (21, 22, z3) is a super-solution of (2.2) with z; > 1); for C' large enough,i = 1,2, 3. Hence the
existence of a weak solution (u,v,w) of (2.2) with ¢y < u < 21,99 < v < 29 and Y3 < w < z3.
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2.3 Non-existence Result
Theorem 2.3.1 Assume that f,g and h verify (2.6) and
£(0,0,0) = ¢(0,0,0) = £ (0,0,0) =0,

then for
0<A<A,0< < ppand 0<v <. (2.8)

system (2.2) admits only the trivial solution.

A1, i are vy are respectively the first eigenvalues of the operators —A,,—A, and —A,.

Proof. Let’s multiply the first equation by u, and integrating on €2, using Young’s inequality,

we get

[Vl = f/\a (u, v, w) udr < Aoqf <§1up Lot a(75 >+C1w (%)) udz

<Ay [ (&up + W+ (p—1)v7) + % (uP + (p— 1)w7’)) dx
Q
< )\alg{ (51 T ; Clup + (%) nv? + (%) Guw" ) dz

pYel _
= 28 (g o+ Gl + A (2] flolld + Aan (B2) G ol

then we have

Aag (p—1) Aag (p—1)

)\Oél r
IVl < —, Patm+a) lully + mllvllg + G [Jewlly

IVoll < 220 (& + qne + o) [[oll] + “E2e [lullf +

W@ w|” (2.9)

= D fully + 2= Dy o

[Vwll, < 2 (& + 13+ 1¢) [lw]l; + ns ||lv
q

On the other hand

Vull? Vul|? r
vuly Vel

p = S
lull, lvllg lwlly

A = inf (2.10)
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combine (2.9) and (2.10) we get

(A1 = o) [lully, + (u1 = po) [lvllg + (1 = wo) lw]l7 < 0.

which contradicts (2.8). So (2.2) does not admit weak solutions other than the trivial solution

(u=v=w=0). =

2.4 Applications

Theorem 2.4.1 For the system :

( ,
—Ayu = Au™vmwh in Q,

— A = pum™vmw'2in Q,

(2.11)
—A,w = vu™v™wb in Q,
[ u=v=w=0 on 0,
1) If
m1+n1—i—l1 <p—1,
Mo + Ng + 1o <q—1, (212)
ms+ns+Il3<r—1.
System (2.11) admits a large positive weak solution.
2) If
grmy + prng + pgly = gr (p — 1),
qrms + prog + pgly = pr(q — 1), (2.13)
qrms + prog + pals = pg (r —1).
and
0< A< A, 0<pu<pand 0<v<uy. (2.14)
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system (2.11) admits only the trivial solution

Proof. 1) (2.5) implies that (2.12) is verified. So by theorem (2.2.1) the system (2.11) admits
a weak positive solution.

2) The first equation in (2.13) implies that

A

) + ey 1 (2.15)

Using the generalized Young inequality, we get

M1, 1 ,,m161 1 ,,n1602 1,063
fi(u,0,w) = umMomwt < gou™% 4 g™ 4 gow

(2.16)
= %up_l + %Uq(pp;l> -+ %wr(%)
The assumption (2.6) is satisfied.
Let
)\0 = % ()\ (m1 + 1) + umo + I/mg) < )\1,
Lo = é()\nl —‘l_ll/(nQ + 1) + VTL3> < 1,
Vg = % ()\ll +,ul2 —|—V<13 + 1)) <.
Then
PA=A)+q(p—p)+rv—1r)<0. (2.17)
Therefore, the system (2.11) does not admit non trivial positive weak solutions. m
Theorem 2.4.2 For \ large, the problem
—A3u = Ny (2) H (u, —Apu, A2u) in €,
(2.18)

u:Apu:Agu:O on 052,

admits a positive weak solution.
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Here Q) is a bounded domain of RY with a smooth boundary 9€2, \ is a positive real parameter,

v € L*(Q) and

H : ([0,00[)*® = R is of class C,

H (t1,t9,1t3) is increasing compared to a t1,t3,

H (t1,ta,t3) is decreasing compared to ts, (2.19)
H (t, —\t, \*t

lim (t, A7) =0,p>2

t—+o00 tp—1

E”{Z() >0:H (tl,tg,tg) > —]C(),V(tl,tg,tg) S ([0, +OOD3
Proof. The problem (2.18) can be written in the following form

( —Ayu = Av in Q,
—Ayv = A w in Q,

—Ayw =My (z) H (u, — v, N*w) in Q,

([ u=v=w=0on JQ,

in this case, the assumptions of theorem (2.2.1) are satisfied. m
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In this chapter deals with the study of existence of positively solution and its asymptotic
behavior for parabolic system of (p(x), ¢(x))-Laplacian system of partial differential equations
using a method sub and super solution according to some given boundary conditions. We will
study an extension of Boulaaras’s [13],[15, 15], that is which studie the stationary case, we
will study idea is new for evolutionary case of this kind of problem for (p(z), ¢(x))-Laplacian

parabolic system.

We consider the following evolutionary problem: find u € L*(0, T, Hy(2)) solution of

. % _ Ap(z)u = )\p(x) [)qa(x)f(v) + M10<l’)h(u)} in QT — (O,T) > 97
% — Dyayv = M@ Nob(x)g(u) + pod(z)T(v)] in Qp = (0,T) x Q,

(3.1)

u=v=0 on 90Qr=(0,T) x 09,

L U(CB70) = 90(93)7
where Q C RY is a bounded domain and the functions p(z),q(z) belong to C*(Q) and
satisfying the following conditions:

1<p :=infp(r) <p':=supp(r) <oo,1 <q :=infq(z) <q¢" :=supq(r) <oco (3.2)
zeQ Q ze) €N

and satisfy some natural growth condition at u = oco.

Ap(z) Is given by Appyu = div(]Vu|p(x)_2 Vu) is called p(z)-Laplacian, the parameters A, A1, A, 11
and pg are positive with a, b, ¢, d are regular functions. In addition we did not consider any
sign condition on f(0),¢(0),k(0),7(0).

The linear and nonlinear stationary equations with operators of quasilinear homogeneous type
as p-Laplace operator can be carried out according to the standard Sobolev spaces theory
of W™P and thus we can find the weak solutions. The last spaces consist of functions
having weak derivatives which verify some conditions of integrability. Thus, we can have the
nonhomogeneous case of p(.)-Laplace operators in this last condition. We will use Sobolev
spaces of the exponential variable in our standard framework, so that LP() (Q) will be used
instead of Lebesgue spaces LP ().

We denote new Sobolev space by W™P (), if we replace LP (2) by LPO) (Q), the Sobolev

spaces becomes W™P() (Q). Several Sobolev spaces properties have been extended to spaces
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of Orlicz-Sobolev, particularly by O’Neill in the reference ([61]). The spaces W™P0) () and

LP1) (Q) have been carefully studied by many researchers team (see the references ([13] and

[30, 39, 40]).

Here, in our study we consider the boundedness condition in domain €2, because many results
under p-Laplacian theory are not usually verified for the p(x)-Laplacian theory; for that in

([11]) the quotient

\ fQ zﬁ |Vu|p(x) dx

(3.3)

7 uewg'?’%g(ﬂ)\m} Jo 5y Il @) dy
becomes 0 generally. Then A, can be positive only for some given conditions. In fact, the
first eigenvalue of p(x)-Laplacian and its associated eigenfunction cannot exist, the existence
of the positive first eigenvalue )\, and getting its eigenfunction are very important in the p-
Laplacian problem study. Therefore, the study of existence of solutions of our problems have
more meaning. Many studies of the experimental side have been studied on various materials
that rely on this advanced theory, as they are important in electrical fluids, which states that
viscosity relates to the electric field in a certain liquid.

Recently, in ([13, 11, 11]), we have proved the existence of positive solutions of many classes of
(p(x), g(x))-Laplacian stationary problems by using the sub-super solution concept. The cur-
rent results are an extension of our previous stationary study to the parabolic case, where
we follow-up the same procedures mathematical proofs similar to that in ( [13, 16]) by using
difference time scheme taking into consideration the stability analysis of the used scheme and
the same conditions which have given in references mentioned earlier. Our result is an exten-
sion for our previous study in ( [13, 16, 45]) which studied the stationary case, this idea is
new for evolutionary case of this kind of problem.

The outline of chapter consists as follow: In first section we give some definitions, basic
theorems and necessarily propositions in the functional analysis which will be used in our

study. Then in Section 3.4, we prove our main result.

3.1 Preliminaries Results and Assumptions

In order to discuss problem (3.1), we need some theories on W, (=) (2) which we call variable
exponent Sobolev space. Firstly we state some basic properties of spaces I/VO1 p(@) (Q) which

will be used later (for details, see [71]).
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Let us define

LP®@ (Q) = { u : u is a measurable real-valued function such that / u (2)[P™) dz < 0o

Q

We introduce the norm on LP(® (Q) by

()] ey = inf { A > 0 ;/

Q

and
W (Q) = {u € L") (Q);|Vu| € L@ ()},
with the norm
ull = |4l o) + VU oy > Vi € WP (Q).

We denote by Wy ™ () the closure of C£° (Q) in W) (Q) .

We introduce in this applying for problem (2), we will assume that:
(Hi) pgeC' Q) and 1 <p_ <py,1<q. <qy;

(Hs) f,g,h and 7 : [0, +0oo[ — R are C*;monotone functions, such that

lim f(ug) = +o0 1ir+n g(ug) = +oo, lim h(ug) = 400, lim 7(ux) = +oo,
U—r+00

u——+00 u—+00 u——+00
M Lfl*l
(Hz) lim f (g(?fk» ) =0, for all M > 0;
u——+00 ug -1
h
(Hy) lim @ =0, and lim Luk) = 0;
u—~+00 ui -1 u—~+00 ui -1

(Hs) a,b,c,d : Q — (0,+00) are contionous functions, such that

a; = mina(z),b; = minb(x),c; = minc(x),d; = mind(x),
el z€ef) € €}

ay = maxa(z), by = maxb(x), co = maxc(z),dy = maxd(z).
€N e z€QN z€Q

3.2 The Semi-Discrete problem

We discrete the problem (3.1) by difference time scheme, we obtain the following problems
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(

u, — 7' Aoy, = TN Na(z) f(v) + pe(x)h(ug)] + up—1 in Q,

v — 7' Dy@yv = 7AW Nob(2) g(uy,) + pod(x)7(v)] + vp—y in €,
(3.4)

ug, = v = 0 on 0f),

L U0 = Yo,
where N7 =T,0< 7 <1,and for 1 <k < N.
We define
(L(uy),v) = / Vg, [P 72 Yy, Vode, Vay, v € WP P(Q).
Q
According to([15] in Theorem 3.1), the bounded operator L : Wg™™(Q) — (W&’p(r)(ﬂ)>*is

a continuous and strictly monotone, and it is a homeomorphism.

We considere mapping A : Wol’p(x)(Q) — <I/V01’p(gc)(ﬂ)>>k as

(Aug), o) = / <]Vuk|p(x)72 VupVo + h(x, uk)go> dz, for all ui,v € Wol’p(z)(Q),
Q

where h(x,u;) is continuous on Q x R, and h(z,.) is increasing function.It is easy to verify

that A is a continuous bounded mapping. By the proof ([73]).

3.3 Existence of positive solutions of (p(z), ¢(x))-Laplacian

parabolic systems

An weak solution to discretized problems (Fy) is a sequence (ug, v)o<r<n such that ug = ¢
and (ug,v) is defined by

(

u — 7' Apyur, = 7X@ Na(z) f(v) + pre(x)h(ug)] + ug—1  in Q,

U — T' NV = X [(\ob(2)g(up) + pad(x)7T(v)] + vp_y  in Q,

| s =v=0 on 011,
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such that

(

_Ap(x)uk — \r(@) Aa(x) f(v) + pre(z)h(ug)] — WeTUE—1p (),

T

§ —Ay@v = @) [\ob(2)g(ug) + pod(x)7(v)] — L= in Q, (3.5)

T

| s =v=0 on 0f.

We have the following:
(1) If (ug,v) € (Wol’p(m)(ﬂ) X Wol'q(x)(Q)) , (ug, v) is called a weak solution of (3.5) if it satisfies

/ |V 972 Vg, Vipda = / [W Na(@) f(v) + pe(@)h(u)] - %] pda,

Q 0

/ (V|72 Vo Vipda = / {XM) [Aab(2)g(ug) + pod(x)7(v)] — %] pdx.  (3.6)
Q

for all
(e.v) € (W™ (@) x Wy ()

with (¢, ) > 0.
(2) We say called a sub solution (respectively a super solution) of (3.1) if

U — U—1

/|Vuk|p(m)_2 Vuy.Vdr < (respectively 2)/ {)\p(”) Aa(x) f(v) + prc(x)h(ug)] — - 1 pdx,

Q Q

T

/|Vv|q(gc)_2 Vou.Vipdr < (respectively 2)/ l)\qm Aaob(2)g(uy) + ped(x)T(v)] — Uk_—/vk_l] Wd.
Q

-
Lemma 3.3.1 (Comparison principle) Let uy, v € Wo ™ (Q) verify Aug—Av > 0 in (Wol’p(z) Q)) :

and  p(x) = min {ux(z) — v(x),0}. If o(x) € WeP(Q) (i.e., up = v on 0Q),then uy, > v

a.e i ).

Here, we will use the notation d(x,02) to denote the distance of x € €2 to denote the distance
of Q.

Denote d(z) = d(z,09) and 092, = {x € Q : d(z,00) < e}.

Since 90 is C? regularly, there exists a constant § € (0,1) such that d(x) € C?(035) and
|Vd(z)| = 1.
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Denote also
yd(z), d(x) <4,

2

v(x) =< 76+ féd(x)’y(%gt)ﬁ()\l% + #101)ﬁdt, 0 < d(x) < 26,

v6 + f(;% ’7(255%)”_%1()\1(71 + ,Lb1d1)1’_27—1dt, 26 < d(z)

and )
vd(z), d(z) <,
U2(‘r) = 9 ’75 + fad(x) 7(%)ﬁ()\2a2 + MQCQ)f%dt, (5 S d(I) S 257
20 25—ty =7 —2
\ 75+f5 Y(255) P =1 (Aaby + pada) o —tdt, 26 < d(x).
Obviously,
0 < v (x), va(x) € CH().

Considering

—Apw(r) =n in Q
(3.7)
w=0 on .

Lemma 3.3.2 ([72]), If positive parameter 1 is large enough and w is the unique solution of
(8.7), then we have
(i) For any 6 € (0,1) there exists a positive constant Cy, such that

1
CinprT—1+0 < maxw(x).
€N

(ii) There ezists a positive constant Cs, such that

1
max w(z) < Conr -1
€S

3.4 Existence result

In the following, once we have no misunderstanding, we always use C; to denote the positive

constants.
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Theorem 3.4.1 Assume that the conditions (Hy)—-(Hs) are statisfied. Then, problem (3.1) has

a positive solution when X\ is large enough.

Proof. We establish Theorem 3.4.1 by constructing a positive subsolution (¢x,, ¢x,) and
supersolution (zg,, zx,) of (3.1) such that ¢, < z, and ¢y, < zj,, that is (¢, ¢x,) and

(2, , 2k, ) satisfies

(bk - ¢k1 1

/ [Von "7 Von, Vids XD aalw) f () + pe(e)h(én)] - T—} ez,
Q

IN
SEN

A Dablolg(on) + (o]~ 2

/ IV i, |* 72 Vb, Vibda
Q

IN
{O\

and

9P O ot = [ [0 iale) ) + metonen)] - 222

\V,
SE

z)— - 2y — Zhy—
/ V2, " 2 V2, Vpde > NI Nob(2)g(zh,) + prad(2)T(28,)] — u} Wb,

SEN

-
Q

for all (p, ) € (Wol'p(x)(Q) X Wol'q(x)(ﬂ)> with (p, 1) = 0. According to the sub-super solution

method for (p(z),q(z))-Laplacian systems see ([32, 15]), the problem (3.1) has a positive

solution.

Step 1. We will construct a subsolution of (3.1). Let o € (0,9) is small enough. Denote

;

k@) — 1, d(z) < o,

Gry (@) = § ehd@) _ 1 4 [90) poko (25 gy 6 < d(z) < 20,

ekd(®) —1—{—f keko (2=L)p=—1 *1dt 20 <d(z)

and

k@) — 1, d(z) < o,

Opy () = ¢ eFd@) 1 f5 k;e’“’(i? L)a=-1 = dt, o <d(z) < 26,

ehd@) _ 1 4 [ peho (2=tyi=ige 25 < d(x).
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It easy to see that ¢y, , dr, € CH(Q).

Denote

& — min { infp(z) —1 inf q(z) — 1 1}
A(sup |Vp(x) + 1) 4(sup |Vg(x) + 1])’
and
¢ = min {A1a1 f(0) + p1e1h(0), Aabrg(0) + pradio(0), =1} .

By some simple computations we obtain

[ k(PO (p(x) — 1) + (d(z) + ZE)YVpVd + 44] | d(z) < o

{ L2060 1) _ (252 [(1y pebo) (2=2) 71 vpvd 4 Ad] }

20—0 p——1 20—0o 20—0o

_AP($)¢1€1 = 2(p(z)—1)
% (Keko)p(r)—l (gg_:z) P 71, o< d(l‘) < 25’
L 0, 20 < d(x)
and
( (e [(gfa) — 1) + (d(z) + BE)VgVd + 2] | d(x) < o,
2(g(z)—1 _ - _dy —=—
{2 - (329) [(nket) (322) 7 VoV + ad] )
D) Pk, = 2(q(z) = 1)
x (Keko) @7 (2=d) g7 =1 5 < d(z) < 25,
0, 20 < d(x)

FM=1) > 1, g(M—1)>1,
h(M—-1) > 1, o(M—-1)2>21
Let 0 = %lnM, then
ok =1n M. (3.8)
If k is sufficiently large, from (3.8), we have
— Dp(a)Pr, < —kPDa, d(z) < 0. (3.9)
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Let A = ka, then
k@) o > — 2@,

From (3.9), we have

— Ay b, < NOEND (Nyay f(0) + pacrh(0))
(3.10)

< WO (\a(@) f(dr,) + me(@)h(én)),  dz) <o

Since d(z) € C?(93s), there exists a positive constant Cs, such that

2p() = 1)
20 —d p——1

{2t - (20

_2
=

o (20 —d\ 71
X [(lnkek ) (25—0—) VpVd + Ad

(Mar + pacr)

f

< (4 (Kek”)p(m)_l (May + pier) Ink, o <d(x) < 20.

If k is sufficiently large, let A( = ka, then we have

Cg (KC’W)p(x)_l (/\1&1 + ,u101) Ink = 03 (kM)p(x)il ()\1&1 + ,U1Cl) Ink

< )\p(x)(klal + ,ulcl),

then
— Ap@)Pr, < /\p(””)()\lal +picr), o <d(x) <2 (3.11)

Since ¢y, (), ¢r,(x) and f, h are monotone, when A is large enough, we have

~Apaybr < N (Na(@) f(r,) + me(2)h(én)), o < d(x) <26

and
— DB, = 0 < N (N\ay + pier) < N (\a(x) f(o,)

+ pc(x)h(dr,)), 20 < d(x). (3.12)
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Combining (3.10), (3.12) and (3.13), we can deduce that

- AP(I)QSM < )‘p(m)(/\la(x)f(gbkz) + Mlc(x)h(¢k1))’ a.e. on (2. (313)
Similarly
— A y(ryPry < MNP (Nab(2)g(r,) + p2d(x)7(¢ry)), ae. on Q (3.14)

From (3.13) and (3.14), we can see that (¢, , ¢x,) is a subsolution of problem (3.1).

Step 2. We will construct a supersolution of problem (3.1), we consider

p

_AP(I)Zkl = )‘p+<)\1a2 + M1CQ)[L in €,

—Ag@) 2k, = A (Aiby 4 p1da) g(B(NPT (Mrag + pcz)p)) in €,

[ %k =2k, =0 on 09,

where

B - B(APJF()\laZ + N102>M) - meaﬁx Zka (iL‘)

We shall prove that (z,, zx,) is a supersolution of problem (3.1).

From Lemma 3.3.2, we have

max z, () < Cy [NW*(Mag + pca)p] 71
re

and
1

maﬁx Zky ($) <Oy [)‘q+()‘2b2 + M2d2)g(ﬂ()\p+()\1a2 + ﬂlc2)ﬂ>)] g -1
e

For ¢ € Wy '™ (Q) with ¢ > 0, it is easy to see that

f |Vzk2|Q(x)_2 VZkQVQZJd.Z‘ = f )\Q+()\2b2 + ,U/QdQ)g(ﬁ()\pJ'_()\lCLg + ulcg)u))d}da@ 2
Q Q

J A habla)g(an e + [ X0 1ad(2)g(BOP oz + e ) i

By (Hy), for  a large enough, using Lemma 3.3.2, we have
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(BT (Maz + pacz)p))

1

> 7(Co [ATF (Aaby + piada) g (BN (Aras + prica) )]« 1) (3.15)

> 7(2p,).

Hence

/|Vzk2|q(x)_2 V2, - Vibdr > //\qJ’)\Qb(x)g(zkl)@Z)da:—l—/)\q+u2d(x)7(zk2)¢dx. (3.16)
Q 0 0

Also, for ¢ € WP@)(Q) with ¢ > 0, it is easy to see that

/ IV 2, [P 72 V2, Vpda = /)\p+()\1a2 + pico) ppde.
Q Q
By (Hs), (H,) and Lemma 3.3.2, when p is sufficiently large, we have

——1

1 1

P
(Mag + e = ot [aﬁ(AH(}\le + Ml@)ﬂ)]

> ph(BPT (Mag + pacz)p))

P f (Co [ATHabs + piada)g(BOV* (s + pea) )] 77 )

Then
/\Vzk1|p(x)2 Vi, -Veodr > /)\p+/\1a(x)f(zk2)gpda:+/)\Hulc(:ﬂ)h(zkl)godx. (3.17)
0 0 0

According to (3.16) and (3.17), we can conclude that (zy,, zx,) is a supersolution of problem
(3.1). Tt only remains to prove that ¢y, < z, and ¢p, < 2zp,.
In the definition of vy (x), let

v= % (max Or, () + max [Vy, | (13)) :
Q Q
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We claim that
O, () < vi(z), Vo el (3.18)

From the definition of vy,it is easy to see that
¢k1 (LC) < 2max (bkl (CC) < 7)1(513'), when d(x) =0,
Q

br, (1) < 2max ¢y, (7) < vi(x), when d(x) =6
0

and
Ok, () <wy(z)  when d(z) < 0.

Since v; — ¢y, € C(0€;s), there exists a point o € 0, such that

v1(w0) — ¢k, (20) = min (vi(wo) — dr, (0))-

20 €05

If vy (o) — Pk, (z0) < 0, It is easy to see that 0 < d(x) < § and then
Vl)l (ZL‘()) — V¢k1 (1’0) = 0

From the definition of v;,we have

2

Vo] = = 5 (e on o)+ m0x V| ) > [, )

It is a contradiction to
Vvl (ZE()) — ngkl (.170) = 0

Thus, (3.18) is valid.

Obviously, there exists a positive constants C'3, such that v < C3\.

Since d(x) € C?(9€s;), according to the proof of Lemma 3.3.2, there exists a positive constant
Cy, such that

—Ap@i(z) < C AP0 < 0 NP@1H0 5 0 Q) where 0 € (0,1).

Since n > AP* is large enough, we have —A,yvi(z) < n.

Under the comparaison principle, we have

vi(z) < w(z), for all z € Q. (3.19)
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From (3.18) and (3.19), when n > A" and A > 1 is sufficiently large, we have
o1, (1) < v1(z) < w(z), for all z € Q. (3.20)
According to the comparaison principle, when p is large enough, we have
v1(x) < w(z) < 2, (x), for all z € Q.
Combining the definition of v;(z) and (3.20), it is easy to see that
Or, () <v(z) <w(x) <z, (z), forall z e Q.

When p > 1 and ) is a large enough, from Lemma 3.3.2, we can note that

B(APT(Arag + pyco)p is large enough, then

AT (Noby 4 pada) g(BAF (Arag + o))

is a large enough. Similarly, we have ¢y, () < z,(z). This completes the proof. m

3.5 Asymptotic behavior of the (p(x), ¢(z))-Laplacian parabolic

systems

Definition 3.5.1 A measurable funtion u : Q7 — R is an weak solution to parabolic systems
involving of (p(x),q(x))— Laplacien (3.1) in Qr if u(.,0) = ug in 2,
we C(0,T: L2()) N L0, Ts HY(Q),

ou

o € LX(Qr), Vu € (L*(Qr))"

and for all p € CY(Qr) and ¢ € CY(Qr), we have

T T

T
/ / pdxdt + / / IVul'' 2 VuV pdzdt + / / (=M@ () h(w)) pdadt
0 Q

0 0
://)\p(x))\la(:c)f(v)gpdxdt (3.21)
0 Q
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Lemma 3.5.1 ([77])

// ¢d1‘dt+//’vv|q Vvvwdxdt—i—// N \ob(2)g(w) )bdwdt
:U/Q/)‘q(x)ﬂzd(x)a(v)z/)dxdt

Lemma 3.5.2 ([77]) Let u,w be the solutions of (3.1) with u(x,0) = p1,u(x,0) = ps.Then

u (z,t) is nondercreasing in t, U (x,t) is nonincreasing and @ > w for allt > 0,z € )

Theorem 3.5.1 Let hypotheses (Hy), (Hs) and (H3) be satisfied. and let u(x,t) the solution
of a new class of parabolic systems (3.1) with W € S* then

fimu(r.6) =

us (z) ifu, < WU <y

Proof. The pair (ug, us) and the pair (us,us) are both sub-super solutions of (4.3), the
maximale and minimale property of T, and u, in S* ensures that: u, is the unique solution in

[ts, u,] and Ty is the unique solution in [ug, us]. =
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Chapter 4. Study of existence the positive solutions for a class of Kirchhoff parabolic
systems with multiple parameters.

In this chapter, we introduce the problems of a new class of Kirchhoff parabolics systems,
we will study the existence of weak positive solution by using sub-super solutions method for
a class of Kirchhoff parabolic systems in bounded domains with multiple parameters. This

results are natural extensions from the previous ones in [I1] and [39].

4.1 Statement of the problems and assumption

In this chapter, we consider the following system of parabolic differential equations

7 %_A(J|Vu|2dx) Au:)\la(a:)f(v)+ﬂlﬁ(x)h(u) in QT:QX[O,T],
%—B(S{]vadw) Av = Ny (2) g (u) + pon (2) 7 (v) in Qr = Q x [0,7T],

(4.1)

u=wv=0ondQr,

L ul(z,0) = (2),

where @ € RY (N > 3) is a bounded smooth domain with C? boundary 0, and A, B
: Rt — RT are continuous functions, «, 3,v,n € C (ﬁ) , A1, A9, i1, and po are non negative
parameters.

Since the first equation in (4.1) contains an integral over €2, it is no longer a pointwise identity,
Therefore, it is often called nonlocal problem. This problem models several physical and
biological systems, where u describes a process which depends on the average of itself, such as
the population density, see [74]. Moreover, problem (4.1) is related to the stationary version
of the Kirchhoff equation

L
9%u P, FE ou|? 0%*u
22+ = [ |Z= — =0 4.2
Porr ~\ "oz ) o] ©) Ba2 (4.2)
0
presented by Kirchhoff in 7883 (see [19]). This equation is an extension of the classical

d’Alembert’s wave equation by considering the effect of the changes in the length of the string
during the vibrations. The parameters in (4.2) have the following meanings: L is the length
of the string, h is the area of the cross-section, £ is the Young modulus of the material, p is

the mass density, and F, is the initial tension.
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By using Euler time scheme on (4.1), we obtain the following problems
up —7'A (f |V |? dx> Au=T1"[Ma(x) f(v) + wf(x) h (ur)] + up—1 in Q,
Q

v —7'B (f |Vol? dw) Av =T1"[Aoy () g (ug) + pan (x) 7 (V)] + vp—1 in €,
) (4.3)

up = v, = 0 on 051,

L U0 = P

where N7 =T,0< 7 <1,and for 1 <k < N.

In recent years, problems involving Kirchhoff type operators have been studied in many papers
as ([13], [59], [74], [17]-[35], [75]). In this thesis chapter, we have used different methods
to get the existence of solutions for (4.1) in the single equation case. Z. Zhang in ([59]
and [71]) studied the existence of nontrivial sign-changing solutions for system (4.1) where
A(t) = B(t) = 1 via sub-supersolution method. Our of the thesis is motivated by the
recent results in [10], [I1], [16], [10], [44] and [45] . Azzouz and Bensedik (Theorem 2 in [11])

investigated the existence of a positive solution for the nonlocal problem of the form

-M (f |Vu|2dx) Au = |[ulP"u+ \f (z) in Q,
. (4.4)

u =0 on 0f),

where € is a bounded smooth domain in RY, N > 3 and p > 1, i.e. the nonlinear term at
infinity and f is a sign-changing function.

Using the sub and supersolution method combining a comparison principle introduced in
[10], in this chapter we established the existence of a positive solution for (4.4), where the
parameter A > 0 is small enough. In the present chapter, we consider system (4.1) in the case
when the nonlinearities are “sublinear” at infinity, see the condition (Hj). We are inspired
by the ideas in the interesting paper [10], in which the authors considered system (4.1) in
the case A(t) = B(t) = 1. More precisely, under suitable conditions on f and g, we shall
show that system (4.1) has a positive solution for A > A*. To our best knowledge, this is
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a new research topic for nonlocal problems (see [59] and [74]). In the current in this thesis,
motivated by previous works in ([11], [10]) and by using the sub and supersolutions method,
we study the existence of weak positive solution for a class of Kirchhoff parabolic systems in

bounded domains with multiple parameters.

4.2 Existence result

Lemma 4.2.1 ([10]) Assume that M : RT — R* is a continuous and nonincreasing function
satisfying
M (s) > myg, for all s > s, (4.5)

where myq is a positive constant and assume that u,v are two non-negative functions such that

-M (f |Vu|2dx) Au>—-M (f Vol dx) Av in €,
0 0
(4.6)
u=v=0 on 09,

then v > v a.e. in Q.

Proof. (Thanks to [10]) Suppose further that the function H (t) = tM (t?), ¢t > 0 is a
increasing on R™.
We follow along the lines of Alves’ work in [10]. Multiplying both sides of the inequality by v

and v and integrating, we get

M) WP s M) P
M (|[o]%) | M (|[ull)
and so
M (l[ull®) lull = M ([lol*) [lo]

H ([[ull) = H ([vl]) -

Since H is increasing, we obtain
[ull =[],

then
M ([[ull®) < M (JJo]?) - (4.7)
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Because M is nonincreasing. On the other hand, by application of the maximum principle to
(4.4), we get

M (Jlull?)u = M (Jo]]?) .
This with (4.7), yield u > v. This ends the proof. =
In this chapter, we shall state and prove the main result of this thesis. Let us assume the
following assumptions:

(H1) Assume that A, B : Rt — RT are two continuous and increasing functions and there

exist a;,b; > 0,7 = 1,2, such that

a; < A(t) <ay, b <B(t)<by forallteR",

(H2) a, B,v,n € C’(ﬁ) and
a(z)>ay>0,0(x)> Lo >0,v(x) > >0,n(x) >mn >0,

for all x € €,
(H3) f, g, h, and 7 are continuous on [0, +o0o[, C'! on (0, +c0), and increasing functions such
that

lim f(t) = +oo, tligl g(t) =400, lim h(t) =400, lim 7(t) = o0,
—+o0

t—4o00 t——+00 t—400

(H4) Tt holds that
lim M =0, for all K >0,

t—+o00
(H5)
lim M:O, lim ﬂ:O.
t—s+oo ¢ t—>+o0o

4.3 Application methods of the existence positive of

Kirchhoff parabolic systems.

Theorem 4.3.1 Assume that the conditions (H1) — (H5) hold, we assumption A, B are con-
tinuous functions RY — RT. Then for Aoy + p1 5o and Mayo + pano are large then problem

(4.1) has a large positive weak solution.

We give the following two definitions before we give our main result.
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Definition 4.3.1 Let (uy,v) € (Hj (Q) x H} (), (ug,v) is said a weak solution of (4.3) if

it satisfies

A (g{ V| dq:) g{vukwdz - g [Ala (@) f () + mf (2) b (uy) — 2= “’H} ¢dz in Q,
( [ Vol d:zs) [ vovids = [ [m () g () ¥ + pa () 7 (v) — @] Yz in Q

for all (¢,v) € (H} () x H} ().

Definition 4.3.2 A pair of nonnegative functions (uy,v) , (w,v) in (Hg (Q) x Hg (Q)) are
called a weak subsolution and supersolution of (4.1) if they satisfy (%, Q) , (ug,v) = (0,0) on

o0

Uk — Uk—1

A (g{ }V%|2dx) hfv%wdx < @f [Ala(x) F @)+ () h(w) - } ¢ dz in Q,

!

B ([ 1Vefde) [T ude < [ 3y (o) g )+ pano) 7 (0) = 2 0 drin

!

and

Uk — Ug—1

A ({j; |Vu_k|2dx) S{Vu_ngzSd S{ [Ala (©) + p B () b (w;) — } ¢ dz in Q,

!

B (S{ ywﬁd:p) S{Wwd > [ {)\2’)/ 9 (@) + pan (2) 7 (T) — k‘—“’“} ¥ dv in Q

& 7!
for all (¢,v) € (Hg (Q) x Hy ().

Proof. of theorem 4.3.1. Let o be the first eigenvalue of A with Dirichlet boundary conditions
and ¢, the corresponding positive eigenfunction with ||¢;| = 1.

Let ko, mo,d > 0 such that f (¢), g (t), h(t),7(t) > —ko for all t € R* and |V, |* —0¢? > mg
on Q5 ={x€Q:d(x,00) <§}. For each A\jag + 180 and Ayyo + pa Mo large, let us define

e — (()\1040+M150)k‘0) g

2m0a1
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and

v (()\270 + p2mo) ko ) 2

2mob;
where a; and by are given by the condition (H1). We shall verify that (% , y) is a subsolution
of problem (4.1) for Ajag + 1180 and Aoy + 2 Mo large enough. Indeed, let ¢ € H} (2) with
¢ >0in Q. By (H1) — (H3), a simple calculation shows that

A k
/\v%fdx /V%.ngda: = A /\v%fdx (o + o) O/qslwl.wdx
1
Q Q Q Q

moa

_ (/\1040+M1/30)7€0A /|V%|2d:c %

moay
Q

/V¢1 (¢1.0 dx—/lngSl pdx

Qs
A k
_ Buaotmbo)ko /|V%|2d:ﬁ / o¢? — |Vor|*) ¢dz.
moay
Q Qs
On Qs, we have |V, |> — 0¢? > my, then by using (H3)
ko
f, h(w), g(w), 7@)=—,

mo

thus

(Mg + 115o) ko
Mo

S (06? = [Vén|*) oda
Qs

A ([ |V%]2d:1:) | VurVede <
Q Qs

U — Uk—1

¢ dx.

b\

[)\104 (v) + B (x) h (ug) —

7—/

Next, on Q\Q;, we have ¢; > r for some r > 0. Therefore, under the conditions (H1) — (H3)
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and the definition of v, it follows that

U — Uk—1 koas

[ i) 10408 0 () = 2 0 > O+ )

Q

o [ ¢dx

001 O\Qs

\Qs

k
2(A1a0+ulﬂo)m0 A( f \v%fd;c)a [ ¢dx
Q Q

0 \a\as

\Q2s

> (Mag + 1 Bo) f A( J |V%|2d$> / (U¢%_|V¢1|2)¢d9ﬁ
Q Q

Mot \Qs

:A< J |V%|2d:ﬁ> | VuVedsz,
Q

\Qs Q\Qs

for A\jag + p180 > 0 large enough.
Relations (4.8) and (4.9) imply that

A /‘V%fdx /V%ngdxg / [Ala(x)f(y)-hulﬁ () h (ug) —%} ¢dz in Q,
Q Q

Q

(4.10)

for Ajag + 130 > 0 large enough and any ¢ € H] () with ¢ > 0 in Q.

Similarly,

2 Vg — VUg—1 .
B [1vufar ] [vevoar< | [m () g (1)  + pon () 7 (0) — f} b in 9,
Q Q Q

(4.11)

for Aoyo + pamo > 0 large enough and any ¢ € H} () with ¢ > 0 in Q. From (4.10) and (4.11),
(%7 y) is a subsolution of problem (4.3). Moreover, we have u; > 0, v > 0 in €, u = 400
and v — 400 also A\jag + 189 — +00 and \oyg + peny — +oo.

Next, we shall construct a supersolution of problem (4.3). Let e be the solution of the following

problem:
—Ae=11n €,
(4.12)
e =0 on 0f2.
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Let

- _ A +
= ce, o= (el trelil) ey e,

where e is given by (4.12) and C' > 0 is a large positive real number to be chosen later. We
shall verify that (uz,v) is a supersolution of problem (4.3). Let ¢ € Hj (Q) with ¢ > 0 in Q.
Then, we obtain from (4.12) and the condition (H1) that

A /|Vu_k]2dx /Vu_k.ngde = A /|Vu_k|2dm C/Vw.ngSdm
Q

Q Q Q
= A /|Vu_k|2dx C/gbdg;
Q Q
> alo/qbda:.
Q

By using (H4) and (H5), we can choose C' large enough, thus

A2 (17l oo + 12 {17l o
€ 2 ol ([Pt e e e ) + Nl C el

Therefore,

<f|Vuk.| dx) V. Vodx
A — Up—
> Pl ([Pl g el el ) + Bl (€lell) | - [ 4= s
A2 [Vl +qu77|| Up — Up
> el (] =] Clll) el ) oo+ [ 0 ell) o — 0
=3 [/\1a(x)f(y) + B (x) b (ug) — 22 _T,“ —1} $dz.

(4.13)
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Also, we have

B(IIW|2dx)fVWwdxz(A2||v|| ) [ 9(C el v
Q Q

Vg — Up—
> [7(2) g (@) Ydo + pz [ 0(2) g (C lell) vdw = [ =—==da.
Q

(4.14)
Again by using (H4) and (H5) for C large enough, we have
(A2 [[Vllog + 112 171l ) _
9(Cllells) = T{ - b, . g(Cllello) el | = 7 (@) (4.15)
From (4.14) and (4.15), we have
www

7—/

Q/ Vo[ da / VoVide > A Q/ v (2) g (TF) -t Q/ 0 (2) 7 (5) wdz—

Q

SEN

)

(4.16
From (4.13) and (4.16), we have (@, ?) is a subsolution of problem (4.1) with u <% and v <
for C' large enough.

|

In order to obtain a weak solution of problem (4.3), we shall use the arguments by Azzouz
and Bensedik [I1] (observe that f, g, h, and 7 does not depend on x). For this purpose, we
define a sequence {(u,,v,)} C (H} () x H} (Q)) as follows: ug = u,v9 = v and (uy,v,) is

the unique solution of the system

( _A (f |Vun|2 dl’) Aun = )\104 (37) f (Un—l) + ,Ulﬁ (ZL’) h(un_l) — M in Q
Q
—-B (f |an|2 dx) Avy, = Aoy (2) g (un—1) + pen () 7 (V1) — YUk — Uk—1 in Q, (4.17)
Q

U, = v, = 0 on 0.

\

We have (u,_1,v,-1) € (Hj (Q) x H} (©2)), in the sense that, the right hand sides of (4.17) is
independent on u,, and v,.
Setting

A(t) =tA(t?),B(t) =tB ().
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Since A(R) =R, B(R) =R, f (vp_1), h(un_1), g (tun_1), and 7 (v,_1) € L* (), we deduce
from the results in [10], that system (4.17) has a unique solution (u,, v,) € (H} (Q) x H} ().
By using (4.17) and the fact that (ug,vg) is a supersolution of (4.1), we have

, A (f |Vu|? d:p) Aug > Ma(z) f(vo) + B (x) h(ug) — %

9)

=-4 (f ‘Vul‘QdSE) Auy,

9)
- (f Vool da:) Avg > Ay () g (o) + pan (z) 7 (vo) — %

Q

=—-B <f (Vo dac) Avy

%)

\

and by using Lemma 4.2.1, we also have ug > u; and vy > vy. In addition, since uy > u, vy >

v and under the monotonicity condition of f, h, g, and 7, we can deduce

A [Vl de | Sun = Mao) F o)+ s (o) () -
Q
U — Up—
> Mo (@) f @)+ mb (@) h(w) - =
> —A /|Vg|2d:1: Au
Q
and
B [IVafds ) s = day ()9 (o) + (o) () - E
Q
Vi — Ug—
> Ay (0) g () + pon (0) 7 (1) = =

v

—B /|VQ|2dl‘ Av.
Q

According to Lemma 4.2.1, we have u; > u, v; > v for any us, v9, thus we can write
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U — Ug—
A [Vl de | Sun = Na@) F (o) + g e bag) - P
Q
Uk — Up—
> M (@) f (o) +mb (@) b (w) - A=
= —A /]Vu2]2dx Ay,
Q
_ Vg — Up—1
-B |\Vui|de | Avy = /\27($)9(U0)+M277(95)7(U0)_T
Q
Vg — Vk—
> oy (2)g () + pan () 7 (01) — =
= -B /|va|2d1: Av,.
Q
Then, u; > uq, v1 > vs.
Similarly, us > u and v, > v because
Uk — Up—
A [ IValtde | Bus = @) @) b e b ) - B
Q
U — Up—
> M) f () + mb (@) h(w) - S
> —A /|Vg|2dx Au,
Q
Vg — Vk—
B / Voo do | Ay = Aoy () g () + puan (2) 7 (vn) = =—+=
Q
Vg — Uk—
> Ny (@) g (W) + puan (2) 7 (1) = =

> —-B /|VQ|2dx Av.
Q

Repeating this argument, we get a bounded monotone sequence { (u,, v,)} C (Ha () x Hj (2))
satisfying
U=UyZ UL Z U > . Z Uy > . >u>0 (418)
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and

V=0 >V >VUy>...>0, >..>0>0. (4.19)

Using the continuity of the functions f, h, g, 7 and the definition of the sequences {u,} , {v,} ,there

exist constants C; > 0, i = 1, ...,4 independent of n such that
|f (o) < C1y R (un-1)] < Co, g (un-1)] < Cs (4.20)

and

|7 (up—1)| < Cy for all n.

Multiplying the first equation of (4.17) by u,, integrating, using the Holder inequality and

Sobolev embedding, we can show that

a1/|Vun|2d:E < |Vun| dx /|Vun| dx

Il
:)\
Q

(Vp—1 undx+u1/5 un_l)undx—/w_—f%lundx

T
Q

IN

Q

IN

Cl)\l/\un\dm+02u1/]un]dx—/—uk Ykt |u,| dz
’7—
Q Q

Q

IN

Cs ||UnHH3(Q)7

or

”unHH&(Q) < Cs, Vn, (4.21)
where C5 > 0 is a constant independent of n. Similarly, there exists Cg > 0 independent of n
such that

10all g3y < C6, Vn. (4.22)

From (4.21) and (4.22), we infer that {(u,,v,)} has a subsequence which weakly converges in
H} () to a limit (u,v) with the properties u > u > 0 and v > v > 0. Being monotone and
also by using a standard regularity argument, {(u,,v,)} converges itself to (u,v).

Now, passing the limit in (4.17), we deduce that (u,v) is a positive solution of system (4.4).

The proof of theorem is completed. m
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Conclusions

In this thesis, our result is an extension for our previous study in ( [13, 16, 441]) which studied
the stationary case, this idea is new for evolutionary case of this kind of problem, This thesis
deals with the existence of positively solution and its asymptotic behavior for parabolic system
of (p(z), q(z))-Laplacian system of partial differential equations using a sub and super solution
according to some given boundary conditions, which is familiar in physics, since it appears
clearly natural in inflation cosmology and super symmetric filed theories, quantum mechanics,
and nuclear physics (see [10, 40]). This sort of problem has many applications in several
branches of physics such as nuclear physics, optics, and geophysics (see [11, 16]). In future
work, we will try to extend this study for the hyperbolic case of the presented problem, but
by using the semigroup theory.
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