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Résumé

Ce mémoire met en évidence I'importance des modeles mathématiques structurés par age
dans I'étude de la dynamique de transmission de la tuberculose, en tant que maladie
infectieuse caractérisée par une période de latence et par la possibilité de rechute apres la
guérison.

Dans ce travail, nous étudions un modele épidémique de type SEIR structuré par age, qui

décrit I'évolution de la maladie en introduisant I’age de latence a et I'age d’infection b, tout

en tenant compte de la rechute au taux J. L’analyse mathématique du modeéle vise a étudier

le bon posé du probléme, a déterminer I'équilibre sans maladie E° et & obtenir le nombre de
reproduction de base R,, qui représente un seuil épidémiologique fondamental pour
comprendre le comportement de la maladie au sein de la population. Les propriétés de stabilité
locale et globale du modeéle sont également étudiées. La théorie du contrdle optimal est

utilisée afin de proposer des stratégies efficaces pour réduire la propagation de la tuberculose,
fondées sur la vaccination et la réduction de la rechute, tout en tenant compte du colt

des interventions. Les résultats confirment I'importance de la modélisation mathématique

et du contréle optimal dans I'appui aux décisions de santé publique fondées sur des bases
scientifiques.

Mots-clés : tuberculose ; modeéle SEIR structuré par age ; nombre de reproduction de base R,,;

stabilité locale et globale ; controle optimal.




Abstract

This dissertation highlights the importance of age-structured mathematical models in studying
the transmission dynamics of tuberculosis, as an infectious disease characterized by alatency
period and the possibility of relapse after recovery. In this work, we study an agestructured
SEIR epidemic model that describes the evolution of the disease by introducing the latency age
a and the infection age b, while taking relapse into account through the rate &. The
mathematical analysis of the model aims to study the well-posedness of the problem,
determine the disease-free equilibrium E°, and derive the basic reproduction number
Ro,which represents a fundamental epidemiological threshold for understanding the behavio
of the disease within the population. The local and global stability properties of the model are
also studied. Optimal control theory is used to propose effective strategies to reduce the
spread of tuberculosis, based on vaccination and relapse reduction while taking intervention
costs into account. The results confirm the importance of mathematical modeling and optimal
control in supporting scientifically based public health decisions.

Keywords: tuberculosis; agestructured SEIR model; basic reproduction number R,; local and

global stability; optimal control.
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Introduction

Infectious diseases are among the main topics studied in epidemiology because of their
direct impact on the health of individuals and populations. Understanding how these dis-
eases spread is an essential step in analysing their behaviour and proposing suitable ways
to reduce their effects. In this context, mathematical modelling is used as an important
tool to study the dynamics of infectious diseases. It allows us to represent the epidemic
phenomenon by mathematical equations and to analyse the factors that influence the
evolution of the disease in a population [1, 2|.

Epidemic models are usually based on dividing the population into different classes
according to the health status of individuals. One of the classical models is the SIR
model, introduced by Kermack and McKendrick, where the population is divided into
susceptible, infectious, and recovered individuals [5]. However, this model is not sufficient
for diseases in which an infected individual passes through a stage where he is infected
but not yet infectious. For this reason, SEIR-type models were introduced by adding the
exposed or latent class in order to describe this epidemiological stage |7, 6].

Tuberculosis is an infectious disease with a particular epidemiological behaviour. After
infection, an individual may remain in a latent stage before becoming able to transmit the
disease. The duration of this stage may vary from one individual to another according to
biological and health-related factors. In addition, the disease may return after recovery,
which is known as relapse. Therefore, the study of tuberculosis requires a model that
takes into account the latent stage, the infectious stage, and the possibility that recovered
individuals return to the infectious class [9, 10].

In classical epidemic models, individuals are often not distinguished according to the
time they have spent in each epidemiological class. However, this distinction becomes
important for diseases in which individual characteristics change with time, such as the
duration of latency or the duration of infection. For this reason, in this dissertation we
consider an age-structured model, where the variable a denotes the latency age of latent
individuals e(t,a), and the variable b denotes the infection age of infectious individuals
i(t,b). This choice gives a more accurate description of the transition from the latent
class to the infectious class, and from the infectious class to the recovered class, while also
taking into account the effect of relapse [14, 16].

After formulating the model, we study some of its qualitative properties, especially
the disease-free equilibrium FEjy and the basic reproduction number Ry. The equilibrium

Ey represents the situation where the disease is absent from the population, while R,




allows us to determine the conditions under which the disease disappears or persists. If
Ry < 1, then the disease tends to die out, whereas if Ry > 1, the disease may persist in
the population and a positive endemic equilibrium may appear |3, 18].

The analysis of the model is not limited to the determination of equilibria. It also
requires the study of their stability. Local stability allows us to understand the behaviour
of solutions near an equilibrium, while global stability gives a clearer idea about the
long-term behaviour of solutions in the biologically feasible region. For this purpose,
we use some tools from dynamical systems, such as the linearization method, Lyapunov
functionals, and LaSalle’s invariance principle, in order to determine the cases where the
disease disappears or persists in the population [19, 22].

After completing the qualitative analysis of the model, we study an optimal control
problem in order to reduce the spread of tuberculosis over a fixed time interval. For
this purpose, two time-dependent controls are introduced into the model. The control
uq (t) represents the vaccination effort applied to susceptible individuals, while the control
us(t) represents the relapse-prevention effort applied to recovered individuals. The aim of
this study is to reduce the number of susceptible, latent, and infectious individuals, while
taking into account the costs of applying the vaccination and relapse-prevention strategies
[24].

This dissertation is organized as follows. The first chapter is devoted to some mathe-
matical concepts and tools used throughout the study. The second chapter presents the
formulation of the age-structured epidemic model, the existence, uniqueness and bound-
edness of solutions, the determination of the basic reproduction number, and the stability
analysis of the disease-free equilibrium. In the third chapter, we study the optimal control
problem by introducing two time-dependent controls, where u;(t) represents vaccination
and us(t) represents relapse prevention. We also define the objective functional, which
combines the reduction of the susceptible, latent, and infectious populations with the
costs of the two controls. Then, we prove the existence of an optimal control and use the
variational method and the adjoint system to derive the necessary optimality conditions

and characterize the optimal controls.




Chapter 1

Preliminaries

This chapter collects the functional-analytic and dynamical tools used in the sequel. We
first recall the basic spaces and modes of convergence, then the operator- and semigroup-
theoretic results underlying the well-posedness of the age-structured model, the stability
notions used for the equilibrium analysis, and finally the elements of optimal control

invoked in the existence and characterisation of optimal strategies.

1.1 Basic Functional Spaces and Convergence Concepts

Definition 1.1.1 (Normed vector space). Let X be a vector space over R or C. A function

| -] : X = [0,00) is called a norm if for all x,y € X and all scalars «,
1. ||z|| = 0 if and only if v = 0;
2. |loz|| = lal ||=|/;
. Nl +yll < =l + [yl

The pair (X, || - |) is called a normed vector space.

Definition 1.1.2 (Inner product). Let H be a vector space over R or C. An inner product
on H is a mapping (-,-) : Hx H — R (or C) satisfying, for all x,y,z € H and all scalars

«,

1. (x,z) >0, and (x,z) = 0 if and only if z = 0;

2. (z,y) = (y,x);

3. (ax +y,2) = alx, z) + (y, 2).



Preliminaries

Definition 1.1.3 (Complete space). A normed space (X, ||-||) is complete if every Cauchy

sequence in X converges to an element of X.
Definition 1.1.4 (Banach space). A Banach space is a complete normed vector space.

Definition 1.1.5 (Hilbert space). An inner product space H endowed with the norm
|||z = \/{z,x) is called a Hilbert space if it is complete with respect to this norm.

Definition 1.1.6 (LP(2) space). Let Q@ C R™ be measurable and 1 < p < oo. The
Lebesgue space LP(Y) consists of (equivalence classes, modulo equality almost everywhere,

of ) measurable functions f: Q — R with [, |f(x)[P dx < oo, equipped with the norm

1/p
1 llove = ( / \f(x)\pdx) |

Definition 1.1.7 (L>°(Q2) space). The space L>(2) consists of measurable functions f :

Q0 — R with esssup,q | f(z)| < oo, with norm

[fllzo= ) = esssup [f(z)].

€

We write LY (S2) for its nonnegative elements.

Definition 1.1.8 (L%*(Q) space). The space L*() is the case p = 2 above (real-valued

functions). It is a Hilbert space with inner product and norm

() 2w = /Q f@g(@)de, 1l = ( /Q \f(x)\de)m.

Definition 1.1.9 (C(Q) space). The space C(SY) consists of all continuous functions on

the compact set Q, endowed with the supremum norm || f|s = sup,cq | f(2)].

Definition 1.1.10 (Sobolev spaces WP (Q) and W (Q)). Let 1 < p < co. The Sobolev
space WHP(Q) is

W'P(Q) = {ue LP(Q): D*ue LP(Q), |af <1},
where Du denotes the weak derivative of u, with norm

n 1/p
_ p g
[ullwre) = (Huumm + ;‘ L (Q) '

The space WHH(Q) is the particular case p = 1, with norm |[ullwri) = |Julpi@) +
Yoiy |0u/0x;|| 1q).  On the half-line (@ = (0,00), n = 1) this reduces to ||ul|p1 =

[l x4 [l o1

ou
ox;




Preliminaries

Definition 1.1.11 (Dual space). Let K be R or C. The space
X*=L(X,K)={¢: X > K : ¢ linear and continuous}
15 called the dual space of X.

Definition 1.1.12 (Reflexive space). A Banach space X is reflexive if the canonical

embedding X — X** is surjective. Hilbert spaces and LP(§2) with 1 < p < oo are reflezive.

Definition 1.1.13 (Strong convergence). A sequence (x,,) in a normed space X converges
strongly (or in norm) to x € X, written x, — x, if ||z, — z||x — 0 as n — oo.

Definition 1.1.14 (Uniform convergence). A sequence of functions (f,) from a set
into R (or C) converges uniformly to f, written f, unify f, if supyeq | fu(z) — f(z)] = 0

as n — oQ.

Definition 1.1.15 (Weak convergence). A sequence (x,,) in a normed space X converges

weakly to x € X, written x, — x, if p(x,) — ¢(x) for every ¢ € X*.

Definition 1.1.16 (Weak convergence in L?(Q2)). A sequence (f,) in L*(Q2) converges
weakly to f € L*(Q), written f, — f, if

(fn: D) r2) — (f, 9) 2() Vg e L*(Q).

Definition 1.1.17 (Lipschitz and locally Lipschitz continuity). Let XY be normed
spaces. A map f : X — Y is Lipschitz continuous (equivalently, uniformly or glob-

ally Lipschitz) if there is a constant L > 0 with

1f(x) = fWll < Lz —yll,  Ve,yeX,

and L is called a Lipschitz constant. It is locally Lipschitz continuous if for every x € X
there exist a ball B(xz,r) and a constant L, > 0 such that || f(u) — f(v)|| < Lg|lu—v|| for
all u,v € B(z,r).

Definition 1.1.18 (Uniform continuity and equicontinuity). A map f: X — Y between
metric spaces is uniformly continuous if for every e > 0 there is 6 > 0 such that dx (x,y) <
d implies dy (f(x), f(y)) <e. A family F of maps X — Y is equicontinuous if for every
e > 0 there is 0 > 0 such that dx(x,y) < 6 implies dy(f(x), f(y)) < ¢ for all f € F

simultaneously.

Definition 1.1.19 (Lower and upper semicontinuity). Let X be a topological (or metric)
space and f : X — R. Then f is lower semicontinuous if x,, — = implies f(zx) <

liminf, . f(x,), and upper semicontinuous if x,, — = implies f(x) > limsup,,_, . f(x,).

6



Preliminaries

Definition 1.1.20 (Weak lower semicontinuity). A functional J : X — R on a Banach

space X is weakly lower semicontinuous if, for every sequence with x, — x,

J(z) < liminf J(x,).

n—oo
Definition 1.1.21 (Convex set and convex functional). Let X be a real vector space. A
set C C X is convex if \x+ (1 —=N)y € C for all x,y € C and X\ € [0, 1]; that is, the whole
segment joining any two of its points lies in C'. A functional J : C'— R on a convex set

C is convex if
J(Az 4+ (1= Ny) < AJ(z) + (1= A)J(y), Ve,y e C, XA e€0,1].

The following compactness and weak-topology results are used repeatedly.

Theorem 1.1.22 (Arzela-Ascoli). Let K be a compact metric space and let {f,} C
C(K,R™) be uniformly bounded and equicontinuous. Then {f,} has a subsequence that
converges uniformly on K. Equivalently, a subset of C(K) is relatively compact for the

supremum norm if and only if it is bounded and equicontinuous.

Theorem 1.1.23 (Weak compactness in reflexive spaces). Let X be a reflexive Banach

space. Then every bounded sequence in X has a weakly convergent subsequence.

Theorem 1.1.24 (Mazur). In a normed space X, a convezx set C C X 1is strongly closed
if and only if it is weakly closed. In particular, a convex, strongly closed set is weakly

closed.

Theorem 1.1.25 (Convexity implies weak lower semicontinuity). Let X be a Banach
space and J : X — R conver and strongly lower semicontinuous (in particular, convex

and continuous). Then J is weakly lower semicontinuous.

1.2 Linear Operators, Semigroups, and Abstract Cauchy

Problems

Definition 1.2.1 (Domain and bounded operators). Let X,Y be Banach spaces. For an
operator A : D(A) C X — Y, the domain is D(A) = {x € X : Az is defined}. The space
of bounded linear operators is

| Aul
el

LIX,)Y)={A: X =Y : A linear and continuous}, | Al z(x,y) = sup
u#0

We write L(X) := L(X, X).
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Definition 1.2.2 (Closed operator). An operator A : D(A) C X — Y is closed if,
whenever x, — x and Az, — y with x,, € D(A), one has © € D(A) and Az = y.

Definition 1.2.3 (Compact operator). A linear operator A : X — Y is compact if it

maps bounded subsets of X into relatively compact subsets of Y.

Definition 1.2.4 (Dense subset). Let X be a normed space and M C X. The set M is
dense in X if M = X ; equivalently, for every x € X and every € > 0 there exists y € M
with ||y — z|| < e.

Definition 1.2.5 (Resolvent set and resolvent operator). Let A : D(A) C X — X be

linear. The resolvent set s
p(A) ={NeC: (N — A)~" exists and is bounded},
and for A € p(A) the resolvent operator is R(\, A) = (A — A)~%.

Definition 1.2.6 (Hille-Yosida operator). Let X be a Banach space. A closed linear
operator A : D(A) C X — X is a Hille-Yosida operator if there exist constants M > 1
and w € R such that (w,00) C p(A) and

M

IO =7 < oy

VA>w, Vn > 1.

The domain D(A) is not required to be dense in X.

Remark 1.2.7 (Part of A in D(A)). Set Xy := D(A). The part of A in X is

on = AZ‘, D(Ao) = {.Z' € D(A) cAr € Xo},

and Ay generates a strongly continuous semigroup {Ta,(t)}i>0 on Xo. When D(A) = X

one recovers the classical theory below; when D(A) C X (as for the age-structured operator

A, whose domain is not dense) one works with the integrated semigroup of Definition 1.2.9.

Theorem 1.2.8 (Hille-Yosida, classical Cy-semigroup case). A linear operator A : D(A) C
X — X generates a strongly continuous semigroup {T'(t)};>o with ||T(t)|| < Me“" if and
only if A is densely defined, closed, and satisfies the resolvent estimates of Definition 1.2.6.
In that case

R\, A)z = / e MT(t)x dt, A>w, zeX.
0




Preliminaries

Definition 1.2.9 (Integrated semigroup). A strongly continuous family {S(t)}i>0 C
L(X) with S(0) = 0 is the integrated semigroup generated by A if, for all x € X and
t>0, fOtS(s)x ds € D(A) and

t
S(t)r = A/ S(s)rds+tx.
0
Fvery Hille-Yosida operator generates a unique integrated semigroup.

Definition 1.2.10 (Integrated (mild) solution). Let A be a Hille-Yosida operator, Xy =
m, and F : Xog — X. A continuous map u € C([0, tmax), Xo) is an integrated solution
of the abstract Cauchy problem u'(t) = Au(t) + F(u(t)), u(0) = ug, if f(f u(s)ds € D(A)
for allt € [0, tyax) and

ult) = uo + A/Otu(s) ds + /Ot F(u(s)) ds.

Theorem 1.2.11 (Existence and uniqueness of integrated solutions). Let A be a Hille—
Yosida operator on X and let F' : Xo — X be locally Lipschitz continuous on Xy =
D(A). Then for every ug € Xo there exist tmay € (0,00] and a unique mazimal integrated
solution u € C([0, tmax), Xo). Moreover, the blow-up alternative holds: if ta.x < 00 then

limsup,_,,._[lu(t)]lx = +oc.

max

Theorem 1.2.12 (Positivity and invariance). Under the hypotheses of Theorem 1.2.11,
let X, C X be a closed cone and Xoy = XoN Xy. Assume

1. A is resolvent positive: (A — A)7'X, C X, for all A\ > w;

2. for every r > 0 there ezists ¢ > 0 (subtangential condition) such that F'(u) + cu €
X4 for alluw € Bx(0,r) N Xo,.

Then Xoy is positively invariant: ug € Xoy implies u(t) € Xoy for all t € [0, tpax)-

1.3 Stability Analysis
Consider an autonomous dynamical system
#(t) = f(z(t),  =(0) = w0, (1.1)

where f : D — R" is continuously differentiable on an open domain D C R™. Let x* € D

be an equilibrium, f(z*) = 0.




Preliminaries

Definition 1.3.1 (Stability). The equilibrium x* is stable (in the sense of Lyapunov) if
for every e > 0 there exists § = d(e) > 0 such that ||x(0) —z*|| < & implies that x(t) exists
for allt >0 and ||z(t) — a*|| < € for all t > 0.

Definition 1.3.2 (Local and global asymptotic stability). The equilibrium z* is locally
asymptotically stable (LAS) if it is stable and there exists 6y > 0 such that ||z(0)—z*|| < o
implies limy_, . x(t) = x*. It is globally asymptotically stable (GAS) on D if it is stable
and limy_,o, x(t) = a* for every x(0) € D.

Theorem 1.3.3 (Hartman-Grobman). Let z* be an equilibrium of (1.1) and A = D f(x*)
the Jacobian at x*. If x* is hyperbolic, i.e. R(\) # 0 for every eigenvalue \ of A, then there
exist neighborhoods U of x* and V of the origin and a homeomorphism h : U — V such
that (1.1) is topologically conjugate to its linearization § = Ay: if x(t) is a trajectory of

the nonlinear system, then y(t) = h(x(t)) is a trajectory of the linear one, and conversely.

Remark 1.3.4. Consequently, the nonlinear system and its linearization have the same

qualitative behaviour in a neighborhood of x*.

Corollary 1.3.5 (Local stability via linearization). Let z* be a hyperbolic equilibrium of
(1.1) and A= Df(z").

1. If R(X) < 0 for every eigenvalue X of A, then z* is locally asymptotically stable.
2. If R(\) > 0 for some eigenvalue A of A, then x* is unstable.

Definition 1.3.6 (Definiteness). Let V € C°(S) on a region S C R™ containing x*, with
V(z*) = 0. Then V is positive definite on S if V(z) > 0 for all z € S, x # x*, and
negative definite if V(x) < 0 for all x # x*. If the inequalities are non-strict, V is positive

(resp. negative) semi-definite.

Definition 1.3.7 (Derivative along trajectories). For V € C*(R"), the total derivative of
V' along solutions of (1.1) is

.d o, -
V= V() = ; 7o, () &5(t) = VV (2)T f().

Theorem 1.3.8 (Lyapunov). Suppose there is a function V with (i) V(z*) = 0, (it) V
positive definite, and (iii) V negative semi-definite along the trajectories of (1.1). Then

V' s a Lyapunov function and x* is stable.

Remark 1.3.9. If, moreover, V is negative definite, then x* is asymptotically stable.

10
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In many models—including age-structured epidemic systems—the strict inequality
V < 0 fails: one only has V < 0, with equality on a whole set. LaSalle’s principle recovers

asymptotic stability in this situation.

Definition 1.3.10 (Invariant and largest invariant set). A set M C D is invariant for
(1.1) if every trajectory starting in M remains in M for allt € R, and positively invariant
if this holds for allt > 0. Giwen E C D, the largest invariant set contained in E is the
union of all complete trajectories lying entirely in E (equivalently: discard from E every

point whose trajectory eventually leaves E ).

Theorem 1.3.11 (LaSalle’s invariance principle). Let Q@ C D be a compact positively
invariant set and V€ CH(Q,R) with V(z) <0 on Q. Set E = {z € Q: V(z) = 0} and
let M be the largest invariant set in E. Then every solution starting in €2 approaches M :

dist(z(t), M) — 0 as t — oo.

Remark 1.3.12 (LaSalle in infinite dimensions). For the age-structured model the state
space s infinite dimensional, so the above principle applies only after one verifies that
the bounded orbits are precompact (i.e. the semiflow is asymptotically smooth). Under
the boundedness established in the well-posedness chapter this holds, and the infinite-
dimensional version of LaSalle’s principle yields convergence to the largest invariant set

contained in {V = 0}.

1.4 Elements of Optimal Control

Finite-dimensional optimization problems read inf,cy ®(u) with ® : U — R and U a sub-
set of a Euclidean space, whereas a calculus-of-variations problem minimizes a functional
J over an infinite-dimensional set,

inf J[ul, J:U —R.

ueU

A frequent instance is the integral functional J[x] = fabL(u, z(u), 2’ (u)) du, where L is

the Lagrangian.

Definition 1.4.1 (Local and global minima). Let X be a normed space, K C X, and
J: K — R. A pointu € K is a local minimum of J on K if there is 6 > 0 such that
lv—u| <0, ve K, implies J(v) > J(u); it is a global minimum if J(v) > J(u) for all
veK.

11
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Definition 1.4.2 (Infimum and minimizing sequence). The infimum inf,cx J(v) is the
greatest lower bound of the values of J on K (equal to —oo if J is unbounded below, and
to 400 by convention if K = @&). A sequence (u,) C K 1is a minimizing sequence for
J on K if lim,_, J(u,) = inf,cx J(v). By the definition of the infimum, at least one
minimizing sequence always exists; note that this says nothing about convergence of (uy)

itself.

Definition 1.4.3 (Gateaux derivative). A map F : @ C X — Y is Gateaux differentiable
at u € Q if there exists DF(u) € L(X,Y) such that

DF(u)v = lim Flutev) - F(u), Vv e X.

e—0 g

For a real functional J we also write J'(u)(v) := DJ(u)v.

Theorem 1.4.4 (First-order necessary condition on a convex set). Let X be a normed
space, U C X convex, and J : U — R Gateaux differentiable. If u* € U minimizes J over
U, then

J'(u)(u—u*) >0, Vuel.

In R™ this is (V f(x*),y — ) > 0 for all y € Q.

Remark 1.4.5. The direct method of the calculus of variations combines these tools as fol-
lows: a minimizing sequence in a bounded, convex, closed admissible set is weakly compact
(Theorems 1.1.23 and 1.1.24); the associated states are uniformly bounded and equicon-
tinuous, hence uniformly convergent along a subsequence (Theorem 1.1.22); and weak
lower semicontinuity of the cost (Theorem 1.1.25) passes the limit through the functional,

yielding the existence of a minimizer.
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Chapter

Stability Analysis of the
Age-Structured SEIR Model

In this chapter, we study the main stability properties of the proposed age-structured SEIR
epidemic model, which describes the transmission dynamics of an infectious disease using
partial differential equations and age-dependent epidemiological parameters. We begin by
formulating the model and presenting the main biological assumptions, then we establish
the positivity and boundedness of solutions and prove the existence and uniqueness of
global solution in order to ensure the mathematical and biological relevance of the system.
Next, we derive the disease-free equilibrium and compute the basic reproduction number
Ry, which represents the epidemic threshold. Finally, we investigate the local and global

stability of the disease-free equilibrium according to the values of R,.

2.1 Model Formulation

We consider an age-structured SEIR epidemic model describing the transmission dynam-
ics of TB infectious disease. The total population is divided into four epidemiological
compartments: susceptible individuals, exposed individuals, infectious individuals, and
recovered individuals. The susceptible population at time ¢ is denoted by S(¢). The
latent and infectious populations are structured with respect to age variables. More pre-
cisely, e(t,a) denotes the density of latency individuals having latency-age a, whereas
i(t,b) denotes the density of infectious individuals having infection age b. Finally, R(t)
represents the number of recovered individuals at time ¢. In order to describe the dy-
namic of the TB infectious in this work, we assume that our model satisfies the following

biological assumptions:

13
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The disease transmission process depends on the infection age through the transmission

function rate B(b). Therefore, the incidence function rate is defined by

S(6)M(1), -MG%=Amﬁ®M@JM&

where M (t) represents the global infection pressure generated by all infectious individuals
at time ¢.

Moreover, new susceptible individuals enter the population at a constant recruitment rate
I1, all individuals experience natural mortality at rate u, latent individuals progress toward
the infectious class at rate ¢(a), infectious individuals recover at rate 1 (b), recovered
individuals may relapse into the infectious class at rate J, a proportion p € [0,1) of
newly infected individuals enters directly into the infectious class, while the remaining
proportion enters the latent class. Finally, under the previous assumptions, the epidemic

dynamics are governed by the following system:

( W) 11 sty - M)S (),
dt
2 1 2 (ot pla) et ),
i(t,b)  Di(t,b 21)
WD) 9D — ok w) it
\ %it) = /000 W(b)i(t,b)db — (u+ d)R(1).
The associated boundary conditions are given by
e(t,0) = (1 —p) M(t) S(t),
0 (2.2)
i(t,0) =pM(t) S(t) + /0 p(a)e(t,a)da+ dR(t).
The initial conditions are
S(0) = S, e(0,a) = eg(a), i(0,0) = ig(b), R(0) = Ry. (2.3)

Assumption 1. Throughout this chapter, we assume the following hypotheses:

(H1) The model parameters satisfy: 11 >0, £ >0, >0, 0<p< 1.
(H2) The transmission, progression and recovery function rates satisfy: 3, ¢, v € L5°(0,00).

(H3) The initial conditions are nonnegative and satisfy:

Sp >0, Ry >0, e, g € L (0, 00).

14
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2.2  Well-posedness of solution

This section focuses on the existence, uniqueness, positivity, and boundedness of solutions
to the proposed age-structured epidemic model (2.1)-(2.3). To this end, we employ the
integrated semigroup approach. We begin by introducing the Banach space X =R x
L0, 00), equipped with the norm

()

For the latent and infectious classes, we define the linear operators

X

Ac:D(A)Cc X =X, A:DA)cX—X

A (?) - (—f’(a) w %a»m)

(0 _ —9(0)
4(0) = Com - ors vionotn)
with D(A.) = D(A;) = {0} x Wh1(0, 00). Next, for A € p(A.), where p(A.) denotes the

resolvent set of A,, let

e ()-0) ()<

Then, we have (g) € D(A.) and (A — Ae)(g) = ().

w2

and

By the definition of A., this is equivalent to

A(SJ) - (—w'<a> o L<a>>w<a>) - (Z)

(Aw +w'(a) N & w(a))w(a)) - (Z) |

That is,
Hence,

Therefore, we can write

w(a) = we” Mt Ji @) ds / OO [T (5 ds.(24)
0

Similarly, for A € p(4;), let

()0 (e
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Then (°) € D(4;) and
b
v(b) = vje”Mmb e~ Jov +/ e_(’\+“)(b_5)e_fsbw(T)dTUQ(s) ds. (2.5)
0

Now define e(t) = (6(2')), i(t) = (i(i))'
Then the system can be written in the form
( dS P
— = —uS+ Fi(S,€,i, R),
dt
de ~
£:A£+gw@@m,
(2.6)

di n
dt—AZ‘i‘F:}(S; ) 7R)7
dR ~

| 5 = )R+ Fi(S,20R),

where

(2.7)

) =
S, R) / (b
\
Now, let us introduce X =R X X x X x R,
X; =Ry x (Ry x L1 (0,00)) x (Ry x L} (0,00)) x Ry,
Xo =R x ({0} x L'(0,00)) x ({0} x L}(0,00)) x R,

and X0+ — XO ﬂ X+

For
S

(2)
u = € € Xo,
(?)
R
we use the norm |lul|x = [S| + |le]| (0,000 + Il L1 (0,00) + | R]-

Moreover, we define the linear operator A : D(A) C X — X

by
S — S
A (2) — Ae(g) ,
() Ai(3)
R —(n+0)R
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with D(A) =R x D(A.) x D(A;) x R.

Define also the nonlinear map F': Xy — X

by
S Fi(S,¢,R)
O | | (S8, R)
O | | FB(s.87 R)
R Fy(S,8,9, R)
Hence, the system can be written as
Cfl—l:(t) = Au(t) + F(u(t)), t>0, (28)
u(0) = up € X,

where ul(t) = ((t),2(0).3(0), 7(0)) " anduo = (S0, (2). (2). o)

€o 10

We are now in a position to prove the following result.

Proposition 2.2.1. Assume that the assumptions of the model hold. Then, for every
up € Xog, there exist tmax € (0,00] and a unique continuous map u € C([0, tmax), Xo+)

which is an integrated solution of problem (2.8), that is,

t
/ w(s)ds € D(A), Vit € [0, tmm),
0
and

u(t) = up + A/tu(s) ds + /tF(u(s)) ds, Vt € [0, tmax)-

Proof. We divide the proof into three steps:
e Assume that A\ € C,Re(\) > —u. Then, by using (2.4), we could obtain

|w(a)| < |w1|€—(Re(/\)+u)a +/ 6—(Re(A)+u)(a—s)|w2(S)’ ds.
0

Thus,
|wllzr < ]w1|/ e~ (ReM)+pa da+/ / e~ (BeF1@=9) 14, (5)| ds da.
0 o Jo
Therefore,
1
< 1). 2.9
Jollr < gary s (e + el (2.9
Hence,
1 w
A — A (wl) < H( 1) 2.10
v =2 ()] < re | o)l (210)
and therefore
1
M—A) Yooy < ——. 2.11
10T = 407 ey < ooy T (211)

17



Stability Analysis of the Age-Structured SEIR Model

Exactly the same argument gives

1
M —A) Yo < ———. 2.12
Now, since A is block diagonal, we have

A+ p)t 0 0 0

0 M — A 0 0
()\[ o A)fl — ( )

0 0 (N — Ay~ 0
0 0 0 A+pu+0)"

Therefore, using (2.5) and (2.7), we obtain

AL = A)Hlex) < . VA€eC, Re(A)>—pu.

Re(}) +
More generally, we get

1
(Re(A) +p)™’
Thus, A is a Hille-Yosida operator on X.
o Let u = (S, (O), (Q),R)T and u = <§, (9), (%),é)T be two elements of X,. Assume

€ (2 e

AL = A) " lex) < Vn>1, Re(d) > —p.

that both belong to a bounded ball Bx(0,C) N Xy. Then, we will show that there exists
K& > 0 such that

|F(u) — F(u)||x < Kel|lu— 1l x, Vu,u € Bx(0,C) N Xp.

Recall that
M = B(b)i(b) db M = B(b)i(b) db.
/0 ( )Z( ) ) /0 ( )Z< )

Then,

M =TI < [ BN - T db < |8l i - T (2.13)
Similarly, N N

| et~ [ otite) da| < lllm e~ (2.14)
and . .

/0 W (b)i(b) db — /0 w<b>”z’<b>db‘ < [l ool = |1 (2.15)

Since u, % € Bx(0,C) N X, we have |S| < C, [[i]|y1 < C. Thus, [M| < [|B]|r il <
C||8|| . Moreover, SM — SM = S(M — M) + M(S — S). Hence, by using (2.13), we
obtain

[SM — SM| < ClBllze~ (1S = S + i = llur) (2.16)
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Now, for the first component, we get
Fy(u) — Fy () = —SM + SM.
Hence, by (2.16),
[Fy(u) = Fy(@)| < ClBlle (15 = 81+ 1li = Tl ) - (217)

For the second component, we have

a—mxww—ﬁﬂv.

5@—@@:( .

Thus,
|Fo(u) — Fa(@)||¢ < |SM — SM].

Therefore, by (2.16),
|Fo(w) = B@llg < CllBlI= (1S = 51+ i =Tl ) (2.18)

For the third component, it follows that

gm)zym<ﬂSM§M3+Aw¢@@M)EM”M+&RE5.
0
Hence, by (2.14) and (2.16),
|Fs(w) = Fo(@)lig < ClBlz (IS = 51+ 1li = Tller ) + @l e = ell + | R — Bl (2.19)
For the fourth component, by (2.15), it results that

|Fa(w) = Fy(@)] < [[ob]|poolli = ]| 1. (2.20)
Combining (2.17)—(2.20), we can choose

Ko = max {3C| 8], ¢, 3C[ Bl + [[¢]| 2, 6} > 0

such that

|F() = F@)llx < Ke (IS = 51+ le = &llu + i = Gllp + R Rl) .

Therefore,

[1F(u) = F(u)lx < Keollu —ullx. (2.21)
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This implies that F' is locally Lipschitz continuous on Xj,. Since A is a Hille-Yosida
operator on X and F'is locally Lipschitz continuous on X, the abstract Cauchy problem

(2.8) admits a unique maximal integrated solution
u € O([O, tmax)y X())

e To establish this step, we first prove that A is resolvent positive, that is,

AN -A)'X, Cc Xy,  YA>—pu (2.22)

Y1\ (Yia g
Yy = (V. ’ 1)y, X,
(S’ (Yez)’(ym)’ R) €A+

Since A is block diagonal, the resolvent acts componentwise. The scalar components

Let

satisfy
(A +p) 1Y >0, (A +p+8)"1Yr >0,

for all A > —p. For the exposed age-structured component, using (2.4), we obtain
w(a) = Y, jeOtrlag=f§ e(s)ds / e~ Otma=)g= 2 otr)dmy, (o) s
0

Since Ye1 >0,  Yea(s) >0,
and all exponential factors are nonnegative, we get w(a) > 0, Ya > 0. An identical

argument using (2.5) yields
v(b) >0, Vb > 0.

Hence, (A\[ — A)™'Y € X, which establishes (2.22). Next, we show that for every r > 0,
there exists ¢ > 0 such that
F(u) +cu e X4, Vu € Bx(0,7) N Xy (2.23)
Let
T
) G B}((O7 7“) ﬁ X0+.

Then S > 0, e >0, 1> 0, R>0.
Moreover,

M= / B db < 18]l lills < 18]l
0
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Choose ¢ = 7|5 o

Then ¢ — M > 0. Now,

I+ S(c—M)
((l—p)SM)
F(u) 4+ cu = (pSM+ /000 p(a)e(a)da + OR

)

/ h w(b)z’?b) db+ R
0
All components of this vector are non negative. Hence,
F(u)+cue X,.
Since conditions (2.22) and (2.23) are satisfied, it follows that
u(t) € Xoy, Vt € [0, tmax)-
This completes the proof.

Proposition 2.2.2. For every ug € Xy, the corresponding solution is global and bounded.

More precisely, tpma.x = +00.

Proof. From the previous proposition, the solution is nonnegative on its interval of exis-

tence. Define
N(t) = S(t) +/ e(t,a)da +/ i(t,b) db+ R(t).
0 0
Differentiating N (t) with respect to time and using the equations of system (2.1)-(2.3),

we can obtain
%N(t) =11 — puS(t) — S(t)M(t)
a)

i /ooo [_% — (p+ p(a))e(t, a)] da
i /O°° {_ aigz; 28 (14 (0))i(t, b)} db

o0

4 [ ()it b) db — (u+ O)R(2).

Integrating by parts, we use

o0 8€<t, a) - o _al(t, b) .
/0 5 da = e(t,0), /0 5% db = i(t,0).
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Thus,

LN = 11— uS() — S@OME) + e(t,0) + (1, 0)

dt i N
_“/o e(t, a) da—/o p(a)e(t, a)da

—p/oooi(t, bydb— [ w()i(t,b) db

0
+ / »(b)i(t,b) db — pR(t) — dR(t).
0
After straightforward simplification, we get

%N(t) =I—pu (S(t)—|—/Oooe(t,a)da+/oooi(t,b)db+R@))-

Hence, N'(t) =11 — uN(t), Therefore, by solving this differential equation it yields

N(t) = % + <N(0) - %) et

Consequently,

Therefore, it yields
N(t) <D, with maX{N(O),—} =D, t > 0.
Since all components are nonnegative, it follows that

0< S(), /Oooe(t,a) da, /Oooz'(t,b) db, R(t) < D.

Therefore, the solution remains bounded on its interval of existence. If ¢, < +0o0,

then the blow-up alternative implies
|lu(t)||x — +o0 as t = tmax.-
However, since the solution is non negative,
lu(®)lx = S(t) + /OOO e(t,a) da + /Oooi(t, by db+ R(t) = N(1),

and N(t) is bounded. This contradiction shows that ¢,,., = +00. Thus, the solution exists

globally and remains bounded for all ¢ > 0.
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2.3 Disease-Free Equilibrium and Basic Reproduction

Number

In this section, we derive the disease-free equilibrium E° and the basic reproduction
number Ry, which characterizes the threshold dynamics of the disease.

The disease-free equilibrium corresponds to the absence of infection in the population,
ie.,

e=1=R=0.

Setting the susceptible equation at equilibrium gives

0=1I — puS°,
and therefore
o 1
L
Hence, the disease-free equilibrium E° of system (2.1)-(2.3) is given by
IT
E° = (—,0,0,0) . (2.24)
i

Now, before introducing the basic reproduction number Ry, we define the survival

probabilities in the latency and infectious classes as follows
U, (q) = e~ Jo (e dr Wy (b) = e~ Jobtv()dr, (2.25)

Moreover, by using these quantities, we define

0y = /000 v(a)Vy(a)da, (2.26)
Qf:/mwwmﬂwda (2.27)
Qy:/wﬁ@WAMM. (2.28)

Here, €2; denotes the probability that a latent individual becomes infectious, €y the
probability of recovery, and 23 the cumulative infectivity generated during the infectious
period.

Furthermore, tt the disease-free equilibrium E°, a newly infected individual becomes
infectious either directly with probability p or after passing through the latent stage with
probability (1 — p)€2;. Hence, the effective probability of reaching the infectious class is
p+ (1 — p)y. Therefore, the expected number of secondary infections generated by one

infectious individual is then

Ror =S [p+ (1 —p)]Qs.
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The model also accounts for relapse from the recovered class, yielding the additional

contribution

J
7]
Thus, the specific expression of the basic reproduction number R, of system (2.1)-(2.3) is

ROQ - Qg.

)
)

11

2.4 Local Stability of the Disease-Free Equilibrium

In this section, we investigate the local asymptotic stability of the disease-free equi-
librium associated with system (2.1)-(2.3). The disease-free equilibrium is given by
E° = (5°0,0,0).

The local behavior of the system around E° is determined through the spectral analysis

of the linearized system.
Let S(t) = S° + S(t), where S° = %, and e(t,a) = &(t,a), i(t,b) =i(t,b), R(t) =
R(1).

Substituting into system (2.1)-(2.3), we obtain the linearized system:

%(f) = —puS(t) — S°M(t),  M(t) = /0 N B(b)i(t,b) db,

D 1 2B (ot pla))elta),

- ~ (2.30)
e )

\ %Et) — /OOO (DYt b) db — (u+ ) R(t).

The corresponding boundary conditions are

&(t,0) = (1—p)S°M(1), 2.3)

2.31

i(t,0) = pSM(t) + / o(a)e(t,a) da+ SR(t).
0
We now seek exponential solutions of the form

S(t) = ze™, &t a) = xa(a)e™, i(t,b) = x3(D)eM,  R(t) = x4eM.

Substituting into the system (2.30)-(2.31) and ignoring the first equation for x;, we
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get

(

ry(a) = =(A+ p+ p(a))z2(a),

23(b) = —(A+ p + ©(b))z3(b),

Ay = /¢ (b)as(b) db — (1 + &), (2.32)

22(0) = (1—p 50/59:3

pSO/ B(b)xs( )db+/ p(a)rs(a) da + dxy.

Solving the ODE part of system (2.32) gives

Ta(a) = wa(0)e o Ve,

and

After a straightforward computation, the characteristic equation at the disease-free equi-

librium E° of the linearized system (2.30)—(2.31) is obtained as follows:

)
1=25° 1 —p) (N Q5(N) + ————— (A 2.33
o+ (1= DU D0 + 5 =520, (2:33)
where
D () = / pla)e o Otrreldr 4q, (2.34)
/ W(b) o= Jo Ot A qp, (2.35)
)\):/ B(b)e‘fé)(”““”(”)”db. (2.36)
0

Theorem 2.4.1. The disease-free equilibrium E° is locally asymptotically stable if Ry < 1,
and unstable if Ro > 1.

Proof. Let A be an eigenvalue of the linearized system (2.30)-(2.31) and assume Re(\) > 0.

Then, we have

) )
ImOﬂsm,mengl%Oﬂs%,‘ \<

Atp+0| " p+d
Now, by taking the modulus in the characteristic equation (2.33) yields

o
+9

1<S%p+(1—p))Qs + P 2y = Ro.

25



Stability Analysis of the Age-Structured SEIR Model

Thus, if Rg < 1, no eigenvalue can satisfy Re(\) > 0, and hence all eigenvalues lie in the
left half-plane, proving local asymptotic stability of E° whenever Ry < 1.
Next assume Ry > 1. Define
)
+ —— (M),
A+ 6 2(A)
The characteristic equation (2.33) reads J(\) = 1. Since

I(A) = S%p+ (1 —p)U(N)]Q2s(N)

9(0) =R > 1, J(A) = 0 as A = +o0,

by continuity there exists A* > 0 such that J(A\*) = 1. Hence the system (2.30)-(2.31)

admits a positive real eigenvalue, implying instability of E° if Ry > 1.

2.5 Global Stability of the Disease-Free Equilibrium

We establish the global asymptotic stability of the disease-free equilibrium E° under the
condition Rg < 1, using a Lyapunov functional and LaSalle’s invariance principle.

Before proceeding, we introduce the function
g(x) =z —1—Inz, x>0,
which satisfies g(x) > 0, with equality if and only if z = 1. We define the constants
S =p+(1—p, 52:L, 53:%-

We also introduce the age-dependent functions

i) = [ plrle B ay(h) = [ [B(r) + )] K0 o
It follows that 71 (0) = ©; and 5(0) = Q3 + &3 Qs. Moreover, we have

n(a) = (n+¢la))mnla) —¢la),  75(b) = (1 +1b(b))12(b) — [B(b) + & (b)]-

We now introduce the Lyapunov functional V() as follows:

V(t) = Vi(t) + Va(t) + Va(t) + Va(t),

Vi(t) = S% <%) :
‘%ﬂZAMMWR@Mmu

Va(t) = £5° / " B)it, ) b,

Va(t) = &S R(1).

where
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Since g(x) > 0 and all state variables are non-negative, we have V(¢) > 0.

Differentiating V; along solutions of system (2.1)-(2.3) gives:

dvi (8-S 0

= g = S(O)M () + S°M(2),

dV: >

T — Qefr.0) - / pla)e(t,a) da,

d‘/3 0 . 0 0 = ),

= = a8 (B + & Q)i(t,0) = LS M(F) — &6 / b(b)i(t, b) db,
0

AY >

d_t4 = 5250/0 »(b)i(t,b) db — & S° (1 + §) R(t).

Using the definition of M(t) = [ B(b)i(t,b) db together with the relations between the
constants, all non-local terms cancel after straightforward algebraic simplification, leading

to

av (5 =59?
@ H g

If Ry <1, then % < 0. Moreover, % = 0 implies

— (1 - Ry)i(t, 0). (2.37)

S(t) = SY, i(t,0) =0,
which leads to
i(t,b) =0, e(t,a)=0, R(t)=0.

Thus the largest invariant set contained in {4 = 0} is {E°}. Therefore, by LaSalle’s
invariance principle, every solution converges to E° as t — oco. Hence, the disease-free

equilibrium is globally asymptotically stable whenever Ry < 1.
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Chapter

Optimal Control System

Optimal control theory is a mathematical approach based on the calculus of variations
that seeks to determine time-dependent intervention strategies capable of optimizing a
prescribed objective. In epidemiological modelling, it provides a powerful tool for de-
signing control policies that reduce disease burden while accounting for implementation
costs. In this chapter, we apply optimal control techniques to identify effective interven-
tion strategies for reducing the susceptible, latent, and infectious populations.

To formulate the control problem, we introduce two time-dependent control functions
uy(t) and wus(t), with ¢ € [0, 7], into the age-structured model (2.1)-(2.3).

e The control u;(t) represents the vaccination effort applied to susceptible individuals.
Vaccination moves susceptible individuals into the recovered class; consequently, the term
u1(t)S(t) appears as a removal term in the susceptible equation and as a recruitment term
in the recovered equation.

e The control us(t) represents relapse-prevention effort. This intervention reduces the
rate at which recovered individuals return to the infectious class. Since relapse occurs
at rate d, the factor 1 — us(t) scales this transition. Thus, us(t) = 0 corresponds to the
absence of relapse control, while us(t) = 1 represents maximal suppression of relapse.

Therefore, the controlled system takes the following form:

( %@ — 11— uS(t) - S(1) /O " BB b — i ()S(0),
862&2 a) N 86((9156,6@) — —(u+ p(a))elt, a),
. | (3.1)
az(atg b, f%gféb) = —(u+ ()it b),
\ dlz—it) - /Uoozﬂ(b)z'(t,b) db — (14 8(1 = us(1))) R(1) + ur (1)S(0)-
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e(t,0) = (1 - )S(t) / " B)ilt,b) db,

i(t,0) = pS(t) /OOO B(b)i(t,b) db+ /000 p(a)e(t,a)da + 6(1 — us(t))R(t).
The initial conditions are
S(0) = S, e(0,a) = egp(a), i(0,b) = ig(b), R(0) = Ry. (3.2)

For convenience, we define

Bt) = / e(t.a)da,  I(t) = / it b) db. (3.3)
0 0
The admissible control set is defined by
U= {(ul,uQ) € (L2(0, 7)) : 0 < ur(t) < wpmas 0 < ta(t) < e, t € [o,T]}. (3.4)

Here, %) max and us max denote the maximal admissible levels of vaccination and relapse-

prevention effort, respectively, with
0< U1, max S 1a 0< U2, max S 1.

The objective is to reduce the susceptible, latent, and infectious populations over the
intervention period [0, 7|, while minimizing the implementation costs of vaccination and
relapse-prevention strategies. Accordingly, we define the objective functional by

J(uy, uy) :/0 {S(t) + E(t)+ I(t) + %uf(t} + %ug(t) dt, (3.5)

where B; > 0 and B, > 0 are weight constants associated with the costs of the two control
strategies. Thus, the optimal control problem consists of finding a pair of admissible
controls (uj,u3) € U such that

J(uj,uy) = inf  J(uy,usg), (3.6)

(u1,u2)€U

subject to the controlled state system (3.1)-(3.2).
We establish the existence of an optimal control pair associated with the control prob-

lem defined in Sections (3.1)—(3.2).
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3.1 Existence and uniqueness of an optimal control
Throughout, the admissible control set is
U, = {(U/l,UQ) € L=(0,7)%: 0 < ui(t) < Ujmax a-e. on [0,7T], i = 1,2},
and the objective functional is split as
T T
0 0

We write [|5]|oo, [|@lloo, [|#]|co for the L> norms of the (nonnegative) kernels and M (t) =
Js° B(bYi(t,b) db for the force of infection.

Lemma 3.1.1 (Convexity and weak lower semicontinuity of J.). The control cost J. is

convez on U, and weakly lower semicontinuous on L*(0,T)?.

IN

Proof. The map = +— z? is convex, so for A € [0,1] and a.e. t, (Au; + (1 — \)v;)?
Au? + (1 — A)v?. Multiplying by B;/2 > 0 and integrating gives J.(Au + (1 — A)v) <
Ade(u) + (1 = X)Je(v), i.e. convexity. Since J, is also strongly continuous on the Hilbert
space L?(0,T)?, and a convex strongly continuous functional on a Hilbert space is weakly

lower semicontinuous, the claim follows.

Theorem 3.1.2 (Existence of an optimal control). There ezists an optimal control pair
(uj,ud) € U such that

J(ui,uy) = min  J(uq, us).
(uiu) = min (s,

Proof. The admissible control set U, is nonempty, convex, and bounded in L?(0,7)2.
Since it is also strongly closed, it is weakly closed.
Define

m= inf  J(u,uz) > 0.
(u1,u2)EUq

Let {(u},uy)}n>1 C U, be a minimizing sequence satisfying
J(uf, uy) —m as n — 00.

Because U, is bounded in the reflexive Banach space L?(0,T)?, the Banach—Alaoglu
theorem ensures the existence of a subsequence, still denoted by {(u},u})}, and controls

(uf,u}) € L*(0,T)? such that

uy — ) weakly in L*(0,7), i=1,2.
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Since U, is weakly closed, it follows that (uj,ul) € U,.

Let (Sy, En, In, R,) denote the state variables associated with (uf,u}). By Proposi-
tion 2.2.2, the sequences {S,}, {E.}, {I.}, and {R,} are uniformly bounded and uni-
formly equicontinuous on [0, T]. Therefore, by the Arzela—Ascoli theorem, there exists a

further subsequence such that
Sp — S, E, — E7, I, — I", R, - R*

uniformly on [0, T7.

Passing to the limit in the integral formulation of the state system, and using the
uniform convergence of the state variables together with the weak convergence of the
controls, we conclude that (S*, E*, I*, R*) is precisely the state associated with the control
pair (uj,u}).

Finally, the uniform convergence of the state variables yields
Js(uy, uy) — Jy(ug, us).

Moreover, by Lemma 3.1.1, the control cost functional is weakly lower semicontinuous, so
that

Je(ul,usy) < liminf J.(u, uy).
n—o0

Consequently,

J(ui,uy) < liminf J(uf, uy) = m.
n—o0

Since (uf,u3) € U,, by definition of m we also have
m < J(uj,uy).
Therefore,
J(u, up) = m,
which proves that (u},u}) is an optimal control pair.

To derive the necessary optimality conditions, we use the Géateaux derivative. Let
u§(t) = ui(t) +evi(t), and us(t) = us(t) +eva(t), where vy and vy are admissible variation
functions and 0 < € < 1 and let (5%, €%, 4%, R°) be the solution of (3.1)-(3.2) corresponding

to (u5,u5). Define the variations

S(t) = lim w7 et a) = lny e*(t,a) 5— e(t, a)’
0. =y DI gy O
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Then the linearized system of (3.1)—(3.2) is given by

| B w50~ S0 - SaM 0 - ST,
P TG (ot plapet, o),
ai(gt, b . ang,b) (B, (3.7)
T = [0 n - ek 801 = )R
\ + OR(t)va(t) + uy (t)S(t) + S(t)vi(t),
with boundary conditions
((t,0) = (1—p) [S(t)M(t) + S(t)M(t)]
i(t,0) = p [S)M(t) + SH)M(t)] + /0 h p(a)e(t, a) da (3.8)
+ 8(1 — ua(t))R(t) — SR(t)vy(t),

where
T(t) = / BbYi(t, bdb.
0
The Gateaux derivative of the objective functional J(uy,us) in the direction (vy,vq) is

given by the following expression:

%WMWWQZA [S(t) + E(t) + 1(t) + Biui(t)vi(t) + Bouo(t)va(t)] dt, (3.9)

where
B(t) / o(ta)da,  T(t) = / (¢, b) db.
0 0
Furthermore, let us introduce the adjoint variables A1 (t), Aa(¢, a), A3(t,b), \4(t) associated
respectively with S(t), e(t,a), i(t,b), and R(t), respectively. Then, by using integration
by parts and the transversality conditions, the adjoint system of (3.1)—(3.2) is obtained

as
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' OO (o an (£)0006) + [M) — (1~ DAalt, 0) — pAa(t,0)] (1)
—up(t)Aa(t) — 1,
Palts) | Pelbt) _ (4 plap)att,a) — pldoft,0) 1,
Pl OBt p st
£ [alt) = (1= pDAa(t, 0) — po(t, 0)] B)S()
—Y(b)A(t) — 1,
| P — (50 = wa())Aalt) = 51 = wa(t) (1,0).
(3.10)
The transversality conditions are
)\1(T) = 07 )\Q(T, a) = O, )\Q(t, OO) = 0, (311)
and
/\3(T, b) = 07 /\3(t, OO) = 0, )\4(T> =0. (312)
Using the adjoint system (3.10)-(3.12), the Gateaux derivative (3.9) reduces to
Tt (i3, 1) = / (1) Buus (1) + (a(t) = (0)) (1))
0 (3.13)

+ / ' vy (t) [BQUQ(t) + 5(Aa(t) — As(t, 0))R(t)] dt.

Theorem 3.1.3. Let (u},ul) € U be an optimal control pair minimizing (3.5), and let
(S*,e*,i*, R*) and (A1, A2, A3, \g) be the corresponding state and adjoint variables. Then

the optimal controls are characterized by

w*(t) = min {ul,max, max {0, (Ault) = Aa(t)S°() }} , (3.14)

By

and

(3.15)

u5(t) = min {um max {0, Wslt,0) = MWD E'(Y) }} .

By
Proof. Using the adjoint system (3.10), the Gateaux derivative reduces to (3.13). Since

(uj,ul) is optimal, the variational inequality

J(uy, ud)(ug — uy,ug —ud) >0
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holds for all (uq,us) € U.

Hence, the pointwise optimality conditions yield

Byui(t) + (Aa(t) = Au(#))S™(t) = 0,

and

Therefore, the unconstrained controls are

(A (t) = Ma(2))5™(2)
B1 ’

(751 (t) =
and
6(A3(t,0) — A\a(t)) R* (1)
Bs ’

Projecting these expressions onto the admissible intervals

U9 (t) =

O S Uy (t) S Ul,maxa 0 S Ug(t) S U'Q,maxa

we obtain(3.14) and (3.15). This completes the proof.

3.2 Numerical simulations and discussion

In this section we illustrate the theoretical results obtained above by solving the optimality
system numerically and discussing the epidemiological meaning of the optimal strategies.
All state variables are expressed as fractions of a reference population, so that multiplying
any value by the population size gives an absolute head count; for a reference population
of 100,000 individuals the quantities below translate directly into numbers of people (for
instance 1(0) = 0.0038 corresponds to 381 infectious individuals). The baseline parameter

values are listed in Table 3.1 and the initial conditions in Table 3.2.

B(b) = B e 20— (1 +0.35sin %b) ;o pla) = e, () = (1 — e )

In the folloiwng We compare four scenarios: (i) no control (uy = ug = 0); (ii) relapse
prevention only (uy = 0, ug optimal); (iii) vaccination only (u; optimal, uy = 0); and (iv)

the combined strategy (both controls optimal).
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Table 3.1: Baseline parameter values (rates in yr~!; population variables as fractions of

the reference population).

Symbol Meaning Value  Equivalent / note

1 natural mortality rate 0.0131 mean lifespan 76.34 yr

II recruitment rate of susceptibles 0.0124 = 1,240 per 10°/yr

P fast—progression fraction 0.1227 1 — p = 0.8773 enter latency
0 relapse rate 0.1000 mean time to relapse 10 yr
Ioht transmission scale in 5(b) 3.5 peak contact transmission

V1 amplitude of ¢(a) = aje=2* 0.0213 latent—infectious progression
Do decay of ¢(a) 0.0602 with latent age a

o saturation recovery rate 0.3000 (b)

() rise rate of (b) 0.5000 with infectious age b

Table 3.2: Initial conditions (fractions of the reference population; counts per 100,000 in

parentheses).
Variable Fraction Per 100,000
S(0) susceptible 0.7500 75,000
E(0) latent 0.2405 24,049
I(0) infectious 0.0038 381
R(0) recovered 0.0057 570

V(0) vaccinated /immune 0.0000 0

3.2.1 Effect of the controls on the SEIR dynamics

Figure 3.1 shows the four state variables S(t), E(t), I(t) and R(t) under the four scenarios.
The two controls act on the epidemic through two very different mechanisms, and the

figure makes this contrast clear.

e Vaccination u; acts upstream. The vaccination control transfers susceptible indi-
viduals into the immune class, S = R. Consequently, the susceptible population declines
much faster than in the no—control and relapse-only scenarios. By reducing the pool of
susceptibles, vaccination lowers the force of infection M (t) = [;° 8(b)i(t,b) db and limits
the number of new infections. This leads to a substantial reduction in both the exposed
and infectious classes, while the recovered /immune population increases steadily through

the accumulation of vaccinated individuals. Overall, vaccination acts directly on trans-
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Figure 3.1: Time evolution of S, F, I and R under the four scenarios: no control, u, only,

uy only, and both.

mission and produces the largest improvement across all epidemiological compartments.

e Relapse prevention u; acts downstream. The control us reduces the relapse flow
through the factor (1 — usy), acting only on the transition §(1 — ug)R — I. Its impact is
therefore more targeted than that of vaccination. Since it neither reduces susceptibility
nor alters the primary transmission pathway, the trajectories of S(t) and E(t) remain close
to those of the uncontrolled case. Its main effect appears in the infectious class, where
limiting reactivation reduces the number of active TB cases. Although relapse prevention

alone cannot suppress transmission, it removes an important source of recurrent infection.

e The combined strategy is optimal. The combined strategy benefits from both
mechanisms: vaccination reduces new infections, while relapse prevention limits the re-
turn of recovered individuals to the infectious class. As a result, the infectious population
remains lower than under either single-control intervention, while the exposed population

is also minimized and the protected class is enhanced. This ranking—from no control, to
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relapse prevention only, to vaccination only, and finally to the combined strategy—is con-
sistent with the objective functional, which seeks to minimize the overall disease burden

while balancing intervention costs.

3.2.2 Influence of the latent age a and the infectious age b

Because the model is age—structured, the progression rate ¢(a) and the recovery rate ¢ (b)
depend on the time elapsed in the latent and infectious compartments. To quantify their
role we vary the mean latent period (through a; = 12/a, with a in months) and the
mean infectious period (through 1, = 12/b, with b in months): a longer latent period

corresponds to a slower progression ¢, and a longer infectious period to a slower recovery

.

No control w =0, u2 70

a=36 mo a=36 mo

a=60 mo a=60 mo
a=120 mo ¥ a=120 mo
a=240 mo a=240 mo

/

/

u; #0, up=0 w1 70, up A0
0.25 a 0.25 7 2

0.2 0.2

= =
o 015 o 0.15

0.1 0.1

0.05 0.05

Figure 3.2: Sensitivity of the latent class E(t) to the latent period a.

Latent period a and the behaviour of E(t) (Figure 3.2). Under no control (and
similarly under the us—only strategy), the latent period strongly influences the evolution
of the latency population. A shorter latent period corresponds to a faster progression
from latency to infection, causing the latent class to reach an early maximum before

declining as individuals leave the compartment. In contrast, a longer latent period slows

37



Optimal Control System

this progression, allowing exposed individuals to remain latent for longer and leading
to a sustained accumulation of E(t) over time. The intermediate values of a produce
trajectories between these two extremes. When vaccination is introduced (u; # 0), the
inflow of new exposed individuals is substantially reduced, and the latency population
decreases for all latent periods. Although the decline remains faster for shorter latent
periods than for longer ones, the same ordering of the curves is maintained. These results
indicate that increasing the latent period enlarges the latent reservoir and reduces the

speed at which control measures can eliminate it.

No control ur =0, ua#0
0.06 u T 0.05 T T
b=6 mo b=6 mo
b=12 mo b=12 mo
0.05 b=18 mo 0.04 b=18 mo
b=36 mo b=36 mo
0.04
0.03
o003 =
0.02
0.02
0.01 0.01
0 0
0 5 10 15 0 4 10 15
t t
-3 Uy 0, 'u.g:U -3 Uy 0, Uz 0
16 210 _u# . 14 210 _uAluF0
m—b=6 mo = b=6 mo
14 b=12 mo 12 b=12 mo
b=18 mo b=18 mo
12 b=36 mo b=36 mo
10
= = 8
8
6
6
4 4
2 2
0 5 10 15 0 5 10 15

Figure 3.3: Sensitivity of the infectious class I(t) to the infectious period b.

Infectious period b and the behaviour of /(t) (Figure 3.3). The infectious period is
a key determinant of the size of the infectious population. In the absence of control, longer
infectious periods allow infected individuals to remain infectious for extended durations,
leading to a greater accumulation of I(t), whereas shorter infectious periods promote
faster recovery and lower infectious levels. The relapse-prevention strategy (uo only)
reduces the infectious burden by limiting reactivation from the recovered class, with a

more noticeable effect when the infectious period is long. A much stronger reduction is
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obtained when vaccination is introduced. By decreasing transmission at its source, u;
lowers the number of new infectious cases for all values of b and changes the trajectory of
I(t) from sustained growth to a rise followed by decline. Although the relative ordering
of the curves remains unchanged, the combined strategy consistently produces the lowest
infectious levels, particularly when longer infectious periods increase the contribution of

relapse to disease persistence.

3.3 Discussion and Conclusion

The numerical simulations demonstrate the importance of combining epidemiological con-
trol measures with an age-structured description of tuberculosis progression. The optimal-
control analysis reveals that vaccination is the most effective intervention for reducing dis-
ease transmission. By acting directly on the susceptible population, vaccination decreases
the force of infection and consequently reduces both the latent and infectious burdens.
In contrast, relapse prevention acts only on individuals who have already recovered and
therefore has a more limited, although still beneficial, impact on disease dynamics. While
relapse control alone cannot substantially alter the course of the epidemic, it reduces the
reactivation of tuberculosis and contributes to lowering the number of active infectious
cases.

The results further show that the combined strategy consistently outperforms either in-
tervention applied separately. Vaccination limits the generation of new infections, whereas
relapse prevention suppresses an additional pathway through which infectious individuals
can re-enter the transmission process. The simultaneous implementation of both controls
therefore produces the smallest infectious burden and the largest protected population,
illustrating the value of integrated intervention strategies in tuberculosis management.

The sensitivity analysis highlights the significant role played by the age-dependent
progression and recovery mechanisms. Increasing the latent period leads to a larger ac-
cumulation of latent individuals, creating a substantial reservoir of infection that can
sustain disease persistence over long time horizons. Similarly, increasing the infectious
period prolongs the time during which infected individuals contribute to transmission,
resulting in higher levels of active disease. These findings emphasize that the temporal
characteristics of disease progression are as important as the control measures themselves
in determining the overall epidemic outcome.

Overall, the study shows that effective tuberculosis control requires both the reduction

of transmission and the limitation of disease reactivation. Moreover, the age-structured
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framework provides valuable insight into how latent and infectious durations influence
epidemic behaviour and the effectiveness of interventions. The results suggest that vac-
cination should remain the cornerstone of tuberculosis control programmes, while relapse
prevention serves as an important complementary strategy, particularly in populations
where long infectious periods and recurrent infections contribute significantly to disease

persistence.
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Conclusion

In this dissertation, we studied an age-structured SEIR epidemic model describing the
transmission dynamics of tuberculosis, while taking into account the latency stage, the
infection stage, and the possibility of relapse after recovery. The introduction of the la-
tency age a and the infection age b allowed us to represent more accurately the evolution
of individuals within the different epidemiological classes. After formulating the model,
we studied the existence and uniqueness of solutions, and we established their positivity
and boundedness in order to ensure the biological meaning of the model. We also deter-
mined the disease-free equilibrium FEy and derived the basic reproduction number Ry, then
investigated the stability of this equilibrium by using suitable mathematical tools such as
the linearization method, Lyapunov functionals, and LaSalle’s invariance principle. In the
last part, optimal control theory was applied by introducing two time-dependent controls,
where w4 (t) represents vaccination and us(t) represents relapse prevention. The aim was
to reduce the number of susceptible, latent, and infectious individuals while taking into
account the cost of the interventions. In general, this study shows that age-structured
models combined with optimal control provide an appropriate mathematical framework
for understanding the spread of tuberculosis and for suggesting strategies that may help

reduce its transmission and limit the effect of relapse.
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